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Abstract 

Motivated by the work of Jiirgen Neukirch and Ivan Fesenko we propose a general definition of an 
abelian class field theory from a purely group-theoretical and functorial point of view. This definition 
allows a modeling of abelian extensions of a field inside more general objects than the invariants of a 
discrete module over the absolute Galois group of the field. The main objects serving as such models 
are cohomological Mackey functors as they have enough structure to make several reduction theorems of 
classical approaches work in this generalized setting sind, as observed by Fesenko, they even have enough 
structure to make Neukirch's approach to class field theories via Frobenius lifts work. This approach is 
discussed in full detail and in its most general setting, including the pro-P setting proposed by Neukirch. 
As an application and justification of this generalization we describe Fesenko's approach to class field 
theory of higher local fields of positive characteristic, where the modeling of abelian extensions takes 
place inside the cohomological Mackey functor formed by the Milnor-Parsin K-groups. 

The motivation for this work (which is the author's Diplom thesis) was the attempt to understand what 
a class field theory is and to give a single-line definition which captures certain common aspects of several 
instances of class field theories. We do not claim to prove any new theorem here, but we think that our 
general and uniform approach offers a point of view not discussed in this form in the existing literature. 
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1. Introduction 

The author's first contact with class field theories was Jiirgen Neukirch's presentation of this concept in his 
famous book [Neu99, chapter IV] on algebraic number theory. Unfortunately, and this may be explained 
by the author's lack of knowledge and intuition in algebraic number theory, the author did not understand 
what the goal of all the investigations was until the very end of the presentation where the main results 
were summarized in a theorem. Surprised by the fact that this theorem was not presented at the beginning 
as a motivation for all further considerations, the author started to think about the abstract core of this 
theorem and tried to define what exactly a class field theory is. Such a single definition did not exist in 
the literature and it seemed that this was an obvious concept for people working in algebraic number the- 
ory. However, the author's abstract considerations were further motivated by the exercises in this chapter 
where Neukirch proposes a generalization of his approach, mentioning that this generalization has been 
applied by Ivan Fesenko in [Fes92]. This thesis is the result of trying to understand what a class field 
theory is and trying to give a single-line definition (see 3.4.4) which captures certain aspects of several 
explicit class field theories. Although no new theorems are proven and the reader familiar with class field 
theories will not find anything surprising in this thesis, the author still hopes to communicate at least a 
certain point of view which is not presented in this form in the existing literature. 

To give an overview of the contents, we first have to present one result of the above considerations, namely 
what the idea of a class field theory is (we will give a more detailed motivation at the beginning of chapter 
3). The essence of an abelian class field theory (ACFT for short) is to provide for a field k a description of the 
finite abelian extensions of finite separable extensions K\k. There may exist of course several formaliza- 
tions of this fuzzy concept and in this thesis we will develop one particular formalization. We understand 
an ACFT as consisting of three parts: a group-theoretical part, a functorial or compatibility part and an 
arithmetic part. 

In the first place, an ACFT should model for each finite separable extension K\k the finite Galois extensions 
of K as certain subgroups of some abelian group C(K) in such a way that this model is faithful on the 
lattice of abelian extensions of K and such that abelianized Galois groups can be calculated in this model. 
More explicitly, there should exist a map (^(K,-) : S^{K) SHC(K)) from the set S^(K) of all finite Galois 
extensions of if to the set S^(C(K)) of all subgroups of C(K) such that the restriction of <HK,-) to the 
lattice S^iK) Q S^{K) of finite abelian extensions is an injective morphism of lattices and there should exist 
an isomorphism, called reciprocity morphism, 

PL\K ■ GaM.L\Kr^ - C{.K)mK,L) 

for each L e g^{.K). We can depict the passage from the field internal theory to its model as the following 
scheme 

K C(K) 
L e sHK) (5(K,L) < C(K) 

Gal(L\K) C(K)mK,L). 

These data are what we will refer to as the group-theoretical part of an ACFT. The functorial part of an 
ACFT is the requirement that this passage should satisfy several compatibility relations. It is an essential 
part of this thesis to precisely define these compatibility relations and to introduce objects that capture 
these relations. These objects will be the RIC-functors introduced in chapter 2. The abbreviation RIC 
stands for Restriction-Induction-Conjugation, three natural operations which occur in several places of 
mathematics. In particular, such a triplet of operations exists on the abelianizations above and therefore 
the abelian groups C{K) should also be connected with such operations, that is, they should form a RIC- 
functor C and the reciprocity morphisms should be compatible with these operations, that is, the reciprocity 
morphism should be a morphism of RIC-functors. The arithmetic part of an ACFT will remain to be a fuzzy 
concept and can be described as the condition that an ACFT should be tied to the "arithmetic" of k . The 
meaning of this is two-fold. On the one hand, it means that the groups C{K) should be obtained directly 
from k itself By what we have said about ACFTs, this would imply that all the abelian extensions and their 
Galois groups can be computed by data directly connected to k. Claude Chevalley explains this philosophy 
in [Che40] as follows: 

L'objet de la theorie du corps de classes est de montrer comment les extensions abeliennes d'un 
corps de nombres algebriques k peuvent etres determinees par des elements tires de la connais- 
sance de k lui-meme ; ou, si Ton veut presenter les choses en termes dialectiques, comment un 
corps possede en soi les elements de son propre depassement (et ce, sans aucune contradiction 
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interne !). 

To get an idea of this, we note that for local (respectively global) fields there exists an ACFT in the sense 
discussed so far, called local class field theory (respectively global class field theory). For a local field k 
the RIC-functor C of the local class field theory is given by the multiplicative groups C(K) = Ghi(K) with 
the obvious conjugation, restriction and induction morphisms. For a global field k the RIC-functor C of 
the global class field theory is given by the idele class groups C(K) - GLi(Aif )/GLi(i^) with the canonical 
conjugation, restriction and induction morphisms, where Ak is the adele ring of 1^ . In both local and global 
class field theory it is evident that C is more or less directly obtained from k. 

On the other hand, the meaning of being tied to the "arithmetic" of k is that an ACFT should, at least in 
the case of local or global fields, provide information about the ring of integers in the extensions such as 
ramification. Both the local and global class field theories provide such information. As it is not clear if 
all explicit ACFTs share certain arithmetic properties and as our general group-theoretical and functorial 
point of view of ACFTs does not allow a formalization of such properties, we will ignore the arithmetic part 
of ACFTs in this thesis. These have to be uncovered in explicit situations. 

As indicated by the examples of local and global class field theories, the main source of the RIC-functors 
C in which the modeling of abelian extensions takes place are the invariants of discrete modules over the 
absolute Galois group Gal(fe) of the ground field. But from the general point of view using RIC-functors 
this would be an unnecessary restriction. In fact, it turns out that important reduction theorems, which 
reduce the amount of work necessary to verify that a morphism is a reciprocity morphism and thus gives 
a class field theory, already work when C is just a cohomological Mackey functor Moreover, Neukirch's ap- 
proach to class field theories presented in [Neu99, chapter IV] can be generalized to this setting. This was 
observed by Ivan Fesenko in [Fes92] who applied this to get an ACFT describing the abelian extensions 
of a higher local field and thus giving Aleksej Parshin's original approach to this problem presented in 
[Par85] the interpretation as being just another instantiation of Neukirch's theory, although it is of course 
not trivial to see this. The cohomological Mackey functor C in this case is formed by the Milnor-Parsin 
K-groups and the point is that the values of C cannot be identified with the invariants of a discrete mod- 
ule so that the classical theory, which just deals with discrete modules, cannot be used. This (and further 
problems discussed in 3) should be a motivation and justification for the general point of view of this thesis. 

In chapter 2 the main objects needed to define an ACFT from the proposed point of view, namely the RIC- 
functors, are introduced. Mackey functors are identified as special cases of RIC-functors and the important 
examples of discrete modules and abelianization as cohomological Mackey functors are discussed. In chap- 
ter 3 a special type of RIC-functors, the representations, are identified as being the right objects to model 
abelian extensions. A definition of ACFTs in this language is then given and several abstract theorems 
about them are provided, most importantly the reduction theorems. The heart of this thesis is chapter 4 
where Neukirch's approach to class field theories is generalized as far as possible, namely to cohomological 
Mackey functors instead of discrete modules and to a pro-P setting, that is, to fields whose absolute Galois 
group is a pro-P group which admits a quotient of the form Zp - Opep with P being a set of prime num- 
bers. The only reference for the passage fi-om discrete modules to cohomological Mackey functors in this 
theory is [Fes92] and the proof given there is kept rather short. Moreover, the passage from the Z to the 
Zp-setting, which involves a shift in the interpretation of Neukirch's theory, is not mentioned elsewhere in 
the literature except for an exercise given by Neukirch which was the motivation for this generalization. 
Therefore, this theory is discussed full detail. Chapter 5 is an overview about discrete valuations and in 
particular discrete valuations of higher rank. This chapter is a preparation for chapter 6 where the way to 
obtain the classical local class field theory and Fesenko's higher local class field theory is described. The 
appendix contains a summary of some results about topological groups and projective limits of topological 
groups which the author has written to convince himself that all arguments work and to reduce the amount 
of external references. Moreover, a general concept of certain universal abelian quotients of compact groups 
is introduced which generalizes the theory in the case of profinite groups presented in [RZOO, section 3.4] 
but which is not needed elsewhere in this thesis. The reader who is either familiar with topological groups 
or is not interested in class field theories describing more special abelian quotients than the maximal abe- 
lian quotient can ignore nearly all references to the appendix. 

The author's original plan was to also present in full detail Fesenko's approach to higher local class field 
theory, and in particular to verify the properties of the Milnor-Parsin K-groups needed to get a class field 

^"The object of class field theory is to show how the abelian extensions of an algebraic nvimber field k can be determined by objects 
taken from our knowledge of k itself; or, if one wishes to present things in dialectical terms, how a field contains within itself the 
elements of its own surpassing (and this without any internal contradiction!)." 
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theory. Unfortunately, it turned out that too many details are involved in this theory (not only about Milnor 
K-theory but also about sequential topologies). The time available for writing this Diplom thesis did not 
suffice for the author to work through all these details and therefore some details of Fesenko's approach 
to higher local class field theory are only sketched. However, the author tried to make this everj^hing as 
precise as possible and so this thesis may also be viewed as a guide to this approach. 

I would like to thank my supervisor. Prof Dr. Gunter Malle (University of Kaiserslautern), for the motiva- 
tion to work on this topic, for the possibility to ask questions at any time and for reading all this. Moreover, 
I would like to thank Prof Ivan Fesenko (University of Nottingham) for sending me copies of some of his 
papers which were nowhere else available. 

The author wants to close this introduction with the following quote by Alexander Grothendieck found in 
[CSOl, lettre de 19.9.1956] which describes very accurately the author's familiarity with class field theory: 

[...] j'ai revu un peu la theorie du corps de classes, dont j'ai enfin I'impression d'avoir compris 
les enonces essentiels (bien entendu, pas les demonstrations !).^ 



Conventions. 

As set theoretic foundation we use NBG set theory as presented in [Men97, chapter 4] extended by the 
axiom of choice and extended by the axiom of regularity. We assume consistency of this theory. 
All constructions concerning limits in categories are formulated in the language of [HM07], although ev- 
erjrthing should be standard terminology. 

A ring is always a ring with unit and a morphism of rings is always unit preserving. For a ring k the 
category of left unital fe-modules is denoted by Mod and its full subcategory of finitely generated ^-modules 
is denoted by ^.mod. 

For a commutative ring k the category of ^-algebras is denoted by j^Alg and the category of commutative 
fe-algebras is denoted by ^CAIg. We moreover define a geweraZ k-algebra to be a ^-module A equipped with 
a fe-bilinear map A x A — A and we denote the category of general fe-algebras by ^.GenAlg. 
Topological spaces are in general not assumed to be separated. The closure of a subset A of a topological 
space is denoted by cl(A). . The notions quasi compact and compact are used as in [BouOTa]. The category 
of topological groups is denoted by TGrp, the category of topological abelian groups is denoted by TAb and 
the category of separated (compact, locally compact) abelian groups is denoted by TAb^ (TAb'"'™, TAb^'^). 
If G is a topological group, then we write H <^G {H <„ G, H <\cG, H <o G) to denote that H is a closed 
subgroup (open subgroup, closed normal subgroup, open normal subgroup) of G. We denote by S^G) (SHG), 
S^{G)) the set of all abstract (closed, closed of finite index) normal subgroups of G. 

Fields are always commutative. A field extension L ^ K is also denoted by L\K. The Galois group of 
a field extension L\K is denoted by Gal(L\K) and the absolute Galois group of a field k is denoted by 
Gal(^) := Gal(^^l^), where is the separable closure ofk. By S^K) we denote the set of all finite Galois 
extensions of i^. 



'[...] I have been reviewing class field theory, of which I finally have the impression that I understand the main results (but not 
the proofs of course!)." 
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2. RIC-functors 

In this chapter we will introduce a mathematical object that provides a formal framework for the following 
situation which is encountered in several places of mathematics: suppose we are given a group G, a set 6b 
of "interesting" or "relevant" subgroups of G, a category and an object ^(H) oi'W attached to each H e&iy 
describing the group H itself or describing objects connected to H. An example would be to take as ©b the 
set of all subgroups of G and as (&{H) the cohomology group H"(J7, A) of a fixed G-module A for fixed n e N or 
the additive group of the representation ring RkiH) over a commutative ring k (assuming that G is finite 
to be careful with notations). Now, the mathematical context of the map $ : ©b — * OhC^) might provide 
relations between the objects (S>{H) and <!>(/) for certain H,I e ©b- More precisely, we might have have 
a S^-morphism res*^ : ^(H) ^(I), called restriction morphism, whenever H e&i, and / £ &AH), where 
&t(H) is a set containing the subgroups otH to which a restriction is allowed. Similarly, we might have a 
^-morphism ind* ^ : $(/) 0(77), called induction, whenever e ©b and I e &i(H). Moreover, we might 
have a ^-morphism con*^ : (^(H) — <5(^i?), called conjugation, for each H £&\, and g e G.^ In the case of 
the cohomology groups such relations are indeed present: we can take as restriction the usual restriction, 
as induction the corestriction and as conjugation the multiplication with the conjugating element. Since 
the corestriction is only defined for subgroups of finite index, we see that &i(H) is in this case only allowed 
to contain subgroups of finite index of if. For the representation ring we also have such relations: we can 
take as restriction, induction and conjugation the morphisms assigning to a representation its restriction, 
induction and conjugation. 




The idea of a RIC-functor (note that to make this picture readable, we assiimed that &i(H) £ &riH) but we will not assume this in 

general).* 

If one wants to abstractly characterize what the above mathematical structure is about, then one imme- 
diately realizes that the pivot in this characterization is the upper disc in the picture which can be seen 
as the template or skeleton of this structure. From a more general point of view, and for our discussion 
of class field theories we need a slightly more general point of view, this upper disc can be described as 
consisting of a set S)b enriched with an action ju of some group G and a family S)* - {Di,{x) | x e 2)b} of 
subsets Di,(x) Q S)b for ★ e {r, i}. Now, the mathematical structure we are interested in can be characterized 
as consisting of such a "domain" D - (S)b,Sr,®i,G,^) together with a map O : Sb ^ OhC^) into the object 
class of a category ^ and together with restriction, induction and conjugation morphisms between objects 
determined by 35 and 

In general the restriction, induction and conjugation morphisms should satisfy some natural compati- 
bility relations, for example the restriction morphisms should satisfy the triviality resf^ = id(p(x) for all 



Here, we have to assume of course that S), is closed under conjugation with elements from G. 
The two ellipses in the picture are supposed to be seen as discs in 3-space. 
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x e !Db, the transitivity resf y o reSy ^ - resf ^ for all x e Sb, y £ Sr(*^) and z e Dr^y), and the equivariance 
con*y o res*^ = res^ o con*^ for all x e Db, ye 2)r(x) and g ^G, where % = n(.g,x). Similar relations 
should hold for the induction and conjugation morphisms. But to make these relations always well-defined 
we have to put several conditions on the sets Di^ix) for ★ e {r,i}. For example, to make the transitivity 
of the restriction morphisms always well-defined we have to assume that DAy) ^ 2)r(^) for x £ S)b and 
y e S)r(x). These conditions lead to the definition of a RIC-domain and the collection of the data to- 
gether with restriction, induction and conjugation morphisms satisfying the compatibility relations is what 
we will call a S^-valued RIC-functor on 2) or simply RIC-functor, where RIC is of course an abbreviation 
for Restriction-Induction-Conjugation. We may summarize the aim of this chapter as being the exploration 
of "RIC-phenomena", that is, of mathematical structures possessing a notion of restriction, induction and 
conjugation, and we may now describe this precisely as the study of RlC-functors.^ 

In 2.1 a precise definition of the category of RIC-functors is given and some of its properties are investi- 
gated. In 2.2 a special type of RIC-domains, the G -subgroup systems, are introduced which describe the 
structures mentioned at the beginning. Moreover, in this section the notion of a cohomological Mackey 
functor is introduced which will be of fundamental importance in class field theory. In 2.3 the main ex- 
ample of cohomological Mackey functors, the discrete G-modules, are discussed. In 2.4 another important 
type of cohomological Mackey functors, the abelianizations, are discussed. 

2.1. Definition and basic properties of RIC-functors 
2.I.I. If ju : G X X — ' X and ju' : G' x X' — ' X' are two left group actions on sets, then we write ;u' < jU if and 
only if jU can be restricted to an action of G' on X' and this restriction coincides with fj , that is, G' < G, 

X' eX and ^l'{g',x') = ^{g' ,x') for all g' e G' and x' e X'. 

2.1.2 DeGnition. A RIC-domain is a tuple (S)b,S)r,2)i,G,/i) consisting of: 

• a non-empty set S)b> 

• two families Dt = [DAx) | x e Dbl and Di = {S)i(x) | x e Dbl of subsets Tlr(x),Di(x) Q S)b, 

• a group G, 

• a left G-action ;u : G x J)b — * 2)b> (g,x) %, on Db, 

such that the following conditions are satisfied for all xeD^ and * e {r,i}: 

(i) xe2)*(x). 

(ii) IfyeS)*(x),thenSv^(y)cS)*(x). 

(iii) ^D*(x) = for all g€G, where we define := I y e 

2.1.3. If £»' = (£>(^,2);,S)[,G',^i') and £» = (2)b,Sr,2)i,G,;u) are RIC-domains, then we write £»' < D if and 
only it n' < ij. and S)'^(x) c for all xeD'^ and ★ e {r,i}. A RIC-domain of the form Ob, Sr, Si, 1,1), 
where 1 is the trivial group and 1 denotes the trivial action, is called an Rl-domain. 

2.1.4. In most situations the RIC-domain is obtained and inherits structure from an enveloping set X 
equipped with a partial order and a monotone action of a group. In the following paragraph we will make 
this precise. The reader may then already take a look at 2.2.4 for the most important example of RIC- 
domains. 

2.1.5. A RIC-domain in a partially ordered set (X, <) is a RIC-domain Ob,2)r,53i,G,|/) with S)b ^ X and 

X)r(x),Di(x) c Db(x) {y I y e Db and y < x} 

for all X e S)b- An equiordered set is a tuple (X,<,G,n) consisting of a poset {X,<) and a left G-action ju 
on X such that y <x implies ^y < % for all x,y e X and g ^G, where % := fi{g,x). Let 3^ = iX,<,G,[i) 
be an equiordered set and let (£>b;Si;®r, 1,1) be an Rl-domain in {X,<) such that ^S)b ^ S)b and ^D-^(x) = 
Diri^x) for all g e G and x e Sb. Then (Db,Di,Dr,G,n\G^sJ is a RIC-domain.^ Any RIC-domain of this 
form is called a RIC-domain in the equiordered set 9C and we usually just write (S)b,Sr,S)i) for such RIC- 
domains. Let Sb = X and for x e Sb let Dr(^) = Si(^) = 3b(^) = iy I y e and y < x}. Then the reflexivity 
and transitivity of the order together with the monotonicity of the G-action imply that (2)b,S)r,2)i) is the 
maximal RIC-domain in X . 

2.1.6. Let 2)' = (S)|j,2);.,£>j) and D = (2)b,2)r,Si) be two RIC-domains in the equiordered set ^ = (X,<,G,/i) 
such that n Sb 0. Then 

S'n2):=(2){;,S);',2)f) 

^There may exist of covirse other abstract approaches to these phenomena, but our approach is exactly what we will need. 
^mIgxSi, denotes here the simultaneous restriction to G x Sj, and corestriction to Dj,. 



with S)^' := n S)b and D'l(x) := D'^(x) n Di,(x) for each x e D'^ is also a RIC-domain in ^. 

2.1.7 Definition. A i?7C-/Mrector is a tuple consisting of 

• a RIC-domain D = (D]j,Dr,Di,G,^i), where iJ.(g,x) is denoted by % for all g e G and x e S)b> 

• a category 

• a map : 2)b ^ Ob(<^), 

• a S^-morphism res*^ : <Hx) — for each x e and y e Dr(x), called restriction, 

• a Sg'-morphism ind*^ : OCy) ^ <I>(x) for each x e Db and y e J)i(x), called induction, 

• a '^-morphism con*^ : <t(x) ^ <!)(%) for each x e ©b and g^G, called conjugation, 
such that the following properties are satisfied: 

(i) (Triviality) 



res*,, = indf., = con^., = ido(;,) 



for all X e Db-'^ 
(ii) (Transitivity) 



for all X e S)b, y e S)r(x) and z e DAy); 



$00 
res^^3,ores3,^^=res^_,. 



ind*3,oind*2=ind*^ 



for all X e Db, y e 53i(x) and z e Di(y); and 



o $ $ 

con^,^^^ocong^ = cong,^.^ 



for all X e £>b and all g,g' e G.^ 
(iii) (Equivariance) 



4> „„„„3> ^„3> 



con„,, oreSvv = i"es 



e,y y,x 



for all X e Db, y e DAx) and g e G; and 



con*^ o ind*3, = ind* o con* 3, 

for all X £ 2)b, y £ ©{(x) and g^G? 

To simplify notations, we denote the tuple consisting of the map <1> and all the restriction, induction and 
conjugation morphisms again by O so that the RIC-functor becomes a triple O.O,'^) which we also denote 
by : 53 — ► "i^. We call 23 the domain and the codomain of the RIC-functor. A RIC-functor with domain a 
Rl-domain will be called a Rl-functor. 



A morphism (p between two RIC-functors O, ^ : 23 — , denoted by ^, is a family q) = {(px \ x e 23b} of 

S^-morphisms q)x ■ ^(x) — ^(x) such that the following diagrams commute for all x e 23b, y £ 23r(x), z e 23i(x) 
and g€G: 



0(x) 
4>(y) 



^ Y(x) 



a>(x) 



^^(x) 



<Py 



"Viy) 



indJ 



3>(x) 

a>(%) 



^^(x) 



^(%) 



The composition of two morphisms (p : ^ ^',y/ -.W ^ @ is defined by 1^ o = {1//^ o | x £ 23b} which is a 
morphism 1^0 ^ : $ — 6. With respect to this composition the morphism ido : fl> — O defined by the family 

{id(i)(x) I X £ 23b} is an identity. The set of all RIC-functors with domain 23 and codomain together with 
morphisms, composition and identity as defined above forms a category which is denoted by Fct(23,'^). 

2.1.8 Assumption. For the rest of this section we fix a RIC-domain 23 - (23b,23r,23i,G,/i) and a category S^. 
We write % := ^(g,x) for all g e G and x e 23b. 

2.1.9. If $ : 23 — "i^ is a RIC-functor, then it follows immediately from the triviality and transitivity of the 
conjugation morphisms that con*,^ is an isomorphism with inverse con*_^ for each x e 23b and g^G. 

^These morphisms are defined since x e D*(.x) by 2.1.2(i). 

®As y € Di,ix), it follows from 2.1.2(ii) that Tli^iy) £ and consequently z e Hence, both res®^ and ind*^ are defined. 

^This is well-defined by 2.1.2(iii). 
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2.1.10. If D' is a RIC-domain with S' < D, then it is easy to verify that we get by restriction a functor 

(-)l J,/ : Fct(S), Sg') ^ Fct(D','^). Let ^' be another category and let L : ^ 'g' be a functor. If $ e Fct(2),<^'), 
then it is easy to verify that the following data define a functor L o O e FctO.'i^): 

• (L o $)(x) := L(a>(x)) for all x e Sb- 

• res^°* ■^(res*^) for all x e Db and y e S)r(x). 

• ind^y* := L(indf y) for all x e Db and j £ S)i(x). 

• con^°f := L(con|^) for all x £ Db and ^ £ G. 

2.1.11. It is evident that HAe'^, then the following data define a functor <S?a e Fct(S),^): 

• : Sb is the constant map x >— A. 

• res*^ :- id^ for each x e 2)b and y e S)r(a;)- 

• ind*^ := idA for each x £ Db and y e 2)i(x). 

• con*^ := idA for each x e 2)b and g€.G. 

The functor ^a is called the constant functor with value A and is also simply denoted by A.^" 

2.1.12. It is easy to see that a morphism (p in Fct(25,'^^) is an isomorphism if and only if (px is an isomor- 
phism in for each x e Sb- 

2.1.13 Proposition. The following holds: 

(i) Let J' he a category and let 2) : ^ — FctO, S^) be a functor. For x e S)b let be the following functor: 

J)X.j! _^ <^ 

i — D(i)(x) 

^ D(i)(x)°^=' DijXx). 

If has a limit in for all x e S)b, then D has a limit in Fct(S), S^) and 

(limD)(x) = D'= 



for all X e Db- In particular, if has J^-limits, then FctO.'i^) also has ^-limits, 
(ii) The categorical dual of the above statement also holds. 

Proof. This is a standard proof in category theory. □ 



2.1.14 Proposition. Let be a preadditive category. The following holds: 

(i) Fct(S),.s2/) is canonically preadditive. 

(ii) If .b/ has kernels, then a morphism <p : $ — >• ^ in Fct(J),«/) is a monomorphism if and only if (px : 
(S>{x) W{x) is a monomorphism in ^ for each x e 35b- 

(iii) The categorical dual of (ii) also holds. 

(iv) If .s/ is abelian, then Fct(J),*/) is also abelian. 

Proof. 

(i) This is straightforward. 

(ii) Let (p:(^^^he& morphism in Fct(2),«^). Since has kernels, the category FctO,^) also has kernels 
by 2.1.13. Let k:K ^<^he the kernel of ^. As Fct(2),.s/) is preadditive, an application of C.1.1 show that (p 
is a monomorphism if and only if k =0. It follows from 2.1.13 that kx ■ K(x) — >• 5>(x) is the kernel of (px for 
each x £ S)b and therefore ^ = if and only if = for all x £ 2)b- Again by C.1.1, we have = if and 
only if (px is a monomorphism in Hence, (pis a monomorphism if and only if (px is a monomorphism for 

eachxeSb- 

(iii) This is evident. 

(iv) By 2.1.13 the category Fct(2),.a/) has a zero object and has puUbacks and pushouts so it remains 
to show that FctO,.5/) is normal, that is, every monomorphism is a kernel and every epimorphism is a 
cokernel. So, let (/) : <1> ^ T be a monomorphism in Fct{D,si^). Let c : ^ ^ Coker((/)) be the cokernel of (p. An 
application of 2.1.13 shows that Cx is the cokernel oi(px for each x e Sb. Since in an abelian category every 
monomorphism is the kernel of its cokernel, this implies that (px = Ker(ca:). But then, again by 2.1.13, 
we already have (p = Ker(c). This shows that ^ is a kernel. In the same way one can prove that every 
epimorphism in Fct(S),.s/) is a cokernel. □ 



"The notation <1)^ or A for this functor is slightly imprecise as we are suppressing the domain and codomain. But this should in 
general be clear from the context and therefore we stick to this simple notation. 
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2.1.15. In the following paragraphs we will introduce subfunctors, quotient functors and certain Hom- 
functors. To make the discussion straightforward and as we do not need these constructions in a more 
general setting, we will restrict to TAb-valued functors. 

2.1.16 Definition. Let O £ Fct(D,TAb). A functor O' e Fct(£>,TAb) is said to be a (closed) subfunctor of O, 
denoted by fl)' < <1> (O' <c <!>), if O'Cx) is a (closed) subgroup of <I)(x) for each x e D^, and for each x e 2)b, 
y e 2)r(x), z e Diix) and g^G the diagrams 



a>'(x)> 



a>'(a;)> 



ind 



^ 4>(x) 

A 

ind* 



0'(a;)> 3- 



4>'(y)> 



Y Y 

4>'(y)> ^ «>(y) a>'(z)> ^ f (z) 

commute, where the horizontal morphisms are the embeddings. 

2.1.17. If O' is a subfunctor of $ £ Fct(S),TAb), then the following assertions hold: 



4>(3') 



(t'Cx) < <I)(x) 



for all X £ 2)b 



res*^(<I>'(x)) c $'(3/) for all x e S)b and 3/ e DM 
indfyiO'iy)) c <I)'(x) for all x £ Sb and 3' £ 2)i(x) 
con^,.(<l)'(x)) c <!)'(%) for all x £ Db and g £ G. 

Conversely, if O' : 2)b — ' TAb is a map such that the above relations are satisfied, then there is a canonical 
way to make 3>' into a subfunctor of Similar statements hold for closed subfunctors. 

2.1.18 Proposition. Let <t £ FctO,TAb) and let O' < Then there exists a unique functor O/O' £ 
FctO,TAb), called the quotient of^ by such that (^/^')(x) = 0(x)/0'(x) for each x £ Db, and for each 
X £ S)b, y £ S)r(^c), z £ S)i(x) and g £ G the diagrams 



4)(x) 



4>(x)/4)'(x) 



4>(x) 



indS 



a)(x)/a)'(x) 

A 

indf*' 



4)(x) 



Y 

a>(%) 



^ a)(x)/4)'(x) 



fl>(y) ^ ^ 0(z)/$'(z) 

commute, where the horizontal morphisms are the quotient morphisms. 
Proof. Due to the relations in 2.1.17, the morphism res*^ induces a morphism 

res*f' : <l)(x)/<l)'(x) - ^Cj'VO'Cj') 

making the above diagram commutative (note that res*'* is indeed continuous by A.2.8). In the same way 
the induction and conjugation morphisms of 4>/5>' are defined and it is evident that these satisfy all the 
relations making O/O' into a functor. The uniqueness is obvious. □ 

2.1.19. We will now discuss a construction which will be important for our most general point of view of 
class field theories. Suppose we are given two functors £ FctO,TAb). An application of C.5.10 shows 
that HomjAb(A(x),'l)(x)) is a topological abelian group with respect to the compact-open topology for each 
X £ 2)b and now it is a natural question whether there is a canonical way to make the map Hom( A, 5>) : 2)b ~* 
TAb, X ^ Homj/\5(A(x),'l>(x)), into a functor Hom(A,<l)) £ FctO,TAb).^^ In the following paragraph we will 
see that this is indeed possible under certain conditions on the functors. To discuss this in general, we 
introduce the following notion: a dualizing functor on 2) is a functor D £ Fct(2), TAb^") whose restriction and 
induction morphisms are isomorphisms. The main examples of dualizing functors are constant functors 
with value a locally compact abelian group. 

2.1.20 Proposition. Let Z) be a dualizing functor on S) and let O £ Fct(S),TAb^''). The following data define 
a functor Hom(D,0) £ FctO,TAb): 

• Hom(Z),cI)) : Db TAb is given by x HomjAb(-D(ac),f&(x)), where Hom-rAb(-^(^)'^(^)) is considered 
as a topological group with respect to the compact-open topology. 

• res^,r^^'*^ : HomTAb(£>(^c), ^M) - HomTAb(^(3'), (y)) is given by 

<I> / D \-l 



for each x £ 2)b and y e 2)r(x). 
Confer C.5 for a discussion of the compact-open topology. 
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• ind^7^^'*' : HomTAb(£>(y ), » ^ HomTAb(i>(=c), 3>(x)) is given by 

I — ind*y o ;|; o (indf 3,)"^ 

for each x e Sb and y £ 

• con^°™'^'*^ : HomTAb(-D(x), <5(x)) ^ HoinjAb(-D(^^), <5(^x)) is given by 

for eachxeS),-^^ 

Proof. First note that the restriction, induction and conjugation morphisms are well-defined morphisms 
of abstract groups since the restriction, induction and conjugation morphisms of Z) and ft are continuous 
by assumption. Moreover, according to C.5.9 these morphisms are indeed continuous with respect to the 
compact-open topology. The proof is now straightforward. □ 

2.1.21 Proposition. The following holds: 
(i) If 2? is a dualizing functor on D, then the maps 

Hom(D, -) : Fct(S), TAb^") Fct(S), TAb) 

$ — Hom(D,<I)) 

^ {HomTAb(-DW,</':c)Ue2)b} 

define a functor. 

(ii) Hom(Z,0) is canonically isomorphic to O for any $ e Fct(2),TAb^'=).^^ 
Proof. 

(i) First, we have to verify that Hom(Z),(p) - {i{omjp^^{D{x),cpx) I x £ Db) defines a morphism between 
Hom(Z),<I)) and Hom(Z),*F). Since <I>(x) is locally compact, it follows from C.5.9 that 

HomTAb(-D(x),^x) : Hom(D,<l))(x) - Hom(D,^)(x) 

is continuous and therefore it is a morphism in TAb. It is easy to see that 

Hom(D, ^) : Hom(Z?, O) - Hom(Z), ^) 

is a morphism in FctO,TAb) and now it is obvious that Hom(Z), -) is a functor. 

(ii) For X e 2)b the map 

(Px : Hom(Z, (PKx) = HomTAb(Z, "K*:)) ^ f (^) 

X — l(l). 

is an isomorphism in TAb by C.5.11. It is easy to verify that (p = {(px I x e D\,] is compatible with the restric- 
tion, induction and conjugation morphisms and therefore (p : Hom(Z,<l)) ^ <1) is a morphism in Fct(S,TAb). 
As (fix is an isomorphism for all x £ 25b, it follows from 2.1.12 that (p is also an isomorphism. 

□ 



2.2. G-subgroup systems 
2.2.1. The motivating setting for the introduction of RIC-functors given at the beginning of this chapter is 
now revealed by a particular kind of RIC-domains, the G-subgroup systems. 

2.2.2 Definition. A G-subgroup system for a group G is a RIC-domain in the equiordered set 

(Grp(G),eG,M), 

where Grp(G) := {H\H <G} and fi is the conjugation action on Grp(G). We denote the maximal RIC-domain 

in this equiordered set again by Grp(G). 

2.2.3. As the notion of a G-subgroup system is of great importance, we will make its definition explicit. A 
G-subgroup system is a triple (&\),&r,&i) consisting of: 

• a non-empty set ©b of subgroups of G which is closed under conjugation, 

• famines {6*(i?) \He&b] of subsets 6*(if) c 6h(H) = {/ e 6b I / < i?} for all H e 6b, 



l^Note that (conj v)"^ = con^ , . 

^^Here we consider the constant RIC-functor Z on S and equip Z with the discrete topology. 
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such that the following conditions are satisfied for all He&i,: 

(i) Hee^H). 

(ii) If / e then ©*(/) c e^(H). 

(iii) «eAH) = 6*(^if) for all geG. 

The reason we did not immediately define a G-subgroup system in this (admittedly simpler) way is that 
we want to view it as a special type of RIC-domains because later another type of RIC-domains is defined 
which will have the same definition as in 2.2.2 but just in another equiordered set and so we can view both 
as being essentially the same. 

2.2.4. For later applications, we introduce the following list of properties a G-subgroup system & might 
satisfy: 

(i) If if e Sb and I £ SAH), then [if : 7] < oo. 

(ii) If ii E Sb and I e 6i(ii), then [H :I]< oo. 

(iii) If ii e 6b, i e eAH) and J e ei(ii), then |i\ii/J| < oo. 

(iv) If ii e ©b, / e <SAH) and J e &i(H), then i n J e eAJ) and i n J e 6i(i). 

If (i) is satisfied, then & is called R- finite, if (ii) is satisfied, then & is called I-finite and if© is both R-finite 
and I-finite, then it is called Rl-finite. It follows from C.2.2 that if 6 is R-finite or I-finite, then (iii) is 
already satisfied. 

2.2.5 Proposition. Let G be a topological group. The following holds: 

(i) Let 6b be the set of closed subgroups of G. For ii e 6b and ★ e {r,i} let 6*(ii) = 6b(if). Then 
(6b,6r,6i) is a G-subgroup system denoted by Grp(G)'. 

(ii) Let 6b be the set of closed subgroups of G. For fi e 6b let 

6r(ii) = {i I i e 6b(fi) and [ii : i] < oo} 

and &i(H) = &\)(H). Then (6b,6r,6i) is an R-finite G-subgroup system denoted by Grp(G)''"^. Sim- 
ilarly, the I-finite G-subgroup system Grp(G)^'^ and the Rl-finite G-subgroup system Grp(G)"'^ are 
defined. 

(iii) Let 6b be the set of closed subgroups of finite index of G. For ii e 6b let 6AH) = &i(H) = G^iH). 
Then (6b,6r,6i) is an Rl-finite G-subgroup system denoted by Grp(G)^. 

Proof. This is easy to verify. □ 

2.2.6. The above G-subgroup systems are also defined for an abstract group G by considering it with the 
discrete topology. Note that Grp(G)' is the maximal G-subgroup system consisting of closed subgroups. 
Similar statements hold for the other G-subgroup systems defined above. If G is a quasi-compact group, 
then Grp(G)|^ consists exactly of the open subgroups of G and for H e Grp(G)[ both Grp{G)l and Grp(G)[ 
consist exactly of the open subgroups of if (confer also A.2.6.) This is in particular the case if G is profinite. 

2.2.7. There are several important RIC-functors with a G-subgroup system as domain and whose restric- 
tion, induction and conjugation morphisms satisfy additional relations. In the following paragraphs we 
will discuss two such relations, namely the Mackey formula and the cohomologicality^^ relation. 

2.2.8. A Mackey functor is a RIC-functor with domain being a certain nice enough G-subgroup system and 
codomain being a preadditive category such that both a stability condition and the Mackey formula are 
satisfied. The stability condition ensures that the conjugations con*^ are trivial not only for g = 1 but 
also for all g €H. The Mackey formula is a relation involving the restriction, induction and conjugation 
morphisms. Although this relation might look strange and complicated at first, it appears surprisingly 
often in mathematics and it will be of fundamental importance in generalizing certain concepts in class 
field theory. The origin of this relation is group representation theory and it was formulated in this form 
by George Mackey in [Mac51]. 

In order to make the Mackey formula always well-defined we will have to put some additional conditions 
on the G-subgroup system leading to the definition of a G-Mackey system. 

2.2.9 Definition. Let 6 be a G-subgroup system. A RIC-functor 3> : 6 — "if is called stable if con*^ = id4)(ij) 
for all if E 6b and HeH. The full subcategory of Fct(6,'i^) consisting of stable RIC-functors is denoted by 
StaHG,"^). 

2.2.10 Definition. Let G be a group. A G-Mackey system is a G-subgroup system satisfying 2.2.4(iii) and 
2.2.4(iv). 

^^It seems that there is no better word. This word is at least also used in [Yos83] and [BB04]. 
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2.2.11 Proposition. If G is a topological group, then the G-subgroup systems Grp(G)* are G-Mackey 
systems for ★ e {r-f,i-f,ri-f,f}. 

Proof. It is obvious that all these subgroup systems satisfy 2.2.4(iii) and so it remains to show that 2.2.4(iv) 
is satisfied. We proof this for 6 - Grp(G)''"'^, the other cases are similar. Let H e I €. &r(H) and 
J e &i(H). It is obvious that / n J is a closed subgroup of / and consequently InJ e It is also obvious 

that / n J is a closed subgroup of J and since the canonical bijection between the left coset spaces J/I n J 
and JI/I yields the inequality \J/I n J| = \JI/I\ < \H/I\ ^[H:I]<oo, we conclude that 7 n J e &r(J). □ 

2.2.12 Definition. A RIC-functor 0:931^^/ with 371 a G-Mackey system for a group G and .5/ a preadditive 
category is called a Mackey functor if (P is stable and for each H e dR\y, I e 9}tr(if), J e dKi{.H) and every 
complete seti? of representatives oiI\HIJ the relation 



reSjHO^^H^j^l^ md^_^^,^ocon^_^,^^ores^,^^_j 



h^R 

holds in Hom^($( J), $(/)). This relation is called the Mackey formula. We denote the full subcategory of 
Fct(9Jl,.s/) consisting of Mackey functors by Mack(!ajl,j2/). 

2.2.13. To see that the Mackey formula is well-defined, first note that \R\ < 00 by 2.2.4(iii) and consequently 
the sum is finite. Since / e dKr(H), we have e h-'^mAH)h = MAH'') = MAH) by 2.1.2(iii). As J e TliiH), 
it follows from 2.2.4(iv) that n J e OJIAJ) and therefore res* ^ is defined. Similarly, ''J e arti(if) which 

implies In^J E 9Jti(/) and consequently ind*^^^^ is defined. 

2.2.14. If <1) £ Stab(3Jl,£/), then the sum on the right hand side of the Mackey formula does not depend 
on the choice of the complete set R of representatives oi I\H/J and therefore it is enough to verify the 
Mackey formula for one R. To see this, let R - and R' - {h\,...,h'n] be two complete sets of 
representatives oiI\H/J and assume without loss of generality that IhkJ = ^^'k'^ for all k e{l,...,n]. Then 
for each k we have h'^^ = UkhkVk for some Uk^I and Vk £ J. Hence, using the triviality and equivariance 
we get 

,$ o 



md ., ocon , ores ,, 

I, Ink J h'JknJ rtnJ,J 



~ I,In''k''k''kj°^^\^hkVk,I"''H''knJ°^^^I''k''k'-'knJ,J 
" ^^^Un^k^kj ° '^^^t,(hkvi,),l''k''k nJ ° ^^^^k-k nJ,J 

" ^^^Un-'khkj°['^'^Ki,''k"ka''k"knJ)°^^^hiViJ''k''knj]^ 

= ^^^/n".^ ° '""K^I^k nJ ° '•^^Z** nJ,J- 

This shows that the Mackey formula is independent of the choice of i?. Moreover, using the equivariance 
we see that the Mackey formula can also be written as 

resf_^oind| ^= ^ ind*^^,^ores* ,^,^ocon*^. 

heR 

2.2.15. As the stability relation and the Mackey formula are both functorial, it is easy to see that the 
statements of 2.1.12, 2.1.13 and 2.1.14 similarly hold for Mackey functors. If L : ^ is an additive 
functor of preadditive categories, then the functor L o(-) : Fct(S!}t,^/') — Fct(S!}t,^/) restricts to a functor 
Mack(9Jl,«r') - Mack(9}T,«f) for any G-Mackey system 9Jl. 

2.2.16 Definition. A RIC-functor $ with domain a G-subgroup system & and codomain a preadditive 
category .b/ is called cohomological if 

ind^ / ° resf ^ = [if : /] • id$(if) 
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holds in Hom^($(H),a)(H)) for all if e 6b and 7 e eAH)n&i(H). We denote the full subcategory of 
Mack(9Jt,^) consisting of cohomological Mackey functors by Mack'^(9Jl,^). It is easy to see that the state- 
ments of 2.2.15 similarly hold for cohomological Mackey functors. 

2.2.17. As none of the above is new but is formulated in a slightly more general setting, we should compare 
our definitions with the existing ones to see if all notions are compatible. 

• If G is a finite group and ^ is a ring, then the definition of the category Mack(Grp(G),;5,Mod) coincides 
with the definition of the category of Mod-valued Mackey functors for G given by Serge Bouc in [Bou97, 
section 1.1.1] (there a Mackey functor is only defined in precisely this situation). 

• The notion of a restriction functor (respectively a conjugation functor) defined by Robert Boltje in [Bol98, 
chapter 1] can be recovered from our definition of a RIC-functor by choosing a subgroup system in which 
no non-trivial inductions are allowed (respectively no non-trivial inductions and restrictions are allowed). 

• liC^jC^) is a Mackey system as defined by Werner Bley and Robert Boltje in [BB04, definition 2.1], then 
9Jl :- (2)tb,SClr,2)ti) '■- {"^,^,0) is a Mackey system in our sense and if is a commutative ring, then the 
category Mack(9Jl,j^ Mod) (respectively Mack'^(9}t,,^Mod)) coincides with the category of fe-Mackey functors 
on {'^,0) (respectively with the category of cohomological fe-Mackey functors on i!^,©)) as defined in 
[BB04, definition 2.3].^^ 

2.2.18. The definition of a Mackey functor given by Werner Bley and Robert Boltje in [BB04] is already very 
flexible but still too rigid for our purposes. One particular problem with this definition is that the Mackey 
system 9Jl = {'^,^,0) is always I-finite and the restrictions are required to exists for all subgroups, that 
is, we always have 9Jtr(i?) = WlhiH) = {I\I e 9Jlb and I < H). The discussion of the abelianization functors 
in 2.4 will show that there exist common situations where these Mackey systems would be unnecessarily 
restrictive because in this case the induction morphisms are just inclusions, which of course do not need a 
finite index condition, while the restriction morphisms are the transfer morphisms which are only defined 
for a finite index. 

2.2.19. There exist at least two other definitions of the notion of a Mackey functor One is due to Andreas 
Dress who defines in [Dre73, §4] a Mackey functor from a category with finite coproducts to an arbitrary 
category S§ tohe & bifunctor (M, ,M*) -.^^^SS satisfying certain conditions. It is then proven in [Dre73, 
proposition 5.1] that if for a finite group G the category is the category of finite G-sets and if is a 
commutative ring, then the category of Dress-type Mackey functors (M*,M*) : — j^Mod is equivalent to 
Mack(Grp(G),;(.Mod). 

One further definition (or more precisely identification) is due to Harald Lindner who proves in [Lin76, 
theorem 4] that the category of Dress-type Mackey fiinctors (M*,M*) -.s^^SSis under certain conditions 
on canonically isomorphic to the category of finite product preserving functors from the span Sp(.B/) of 

to gg. 

2.2.20 Open Problem. Is there a definition of a Mackey functor that encompasses the definition given 
by Dress and the definition given by Bley and Boltje and perhaps even encompasses our definition? In 
[BB04, theorem 2.7] it is proven that for a Mackey system C^,©) in the sense of [BB04, definition 2.1] 
and a commutative ring k the category Mack((S^,S^,^),j^Mod) is fe-linearly equivalent to a certain category 
of pairs of functors on generalizations of orbit categories which satisfy certain conditions. This extends 
the results by Dress mentioned above and the category defined by Bley and Boltje looks very similar to a 
category of Dress-type Mackey functors but in general the definitions differ in two details. First, whereas 
Dress is considering a pair of functors (M*,M*) which are defined on the same category Bley and Boltje 
consider a pair of functors (M, , M* ) which are defined on categories that are different in general (one of the 
categories might be larger). Second, the pair of functors considered by Dress just has to satisfy a condition 
dealing with finite coproducts whereas the functors by Bley and Boltje have to satisfy a condition dealing 
with infinite coproducts. 

On the other hand, there is the question of how Lindner's interpretation of Mackey functors as proper 
functors from a span category fits into this framework. What happens if the conditions Lindner is imposing 
on the domain category is dropped? Is this a generalization into a different direction? 



'Note that in [BB04, definition 2.1] the condition H e 0(H) for each H is missing but is necessary. 
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? 

Our definition ■< ' >■ Lindner 



9 ^ ^ 
Boltje-Bley -< - >- Dress 




Bouc 



2.2.21. Generalization. When considering for any (finite) group G the Grothendieck group Gq(G) := 
Go(feG) for a commutative ring k, we see that this naturally gives an Rl-functor Gq : Grp^-* ;^Mod, where 
Grp*^ is the Rl-domain (Grp*^, 1^ 1). As the representation ring is defined for any group, this functor shows 
in particular, that there are interesting Rl-functors that are defined for any group (global point of view) 
and that a G-subgroup system as RIC-domain for a fixed group G would be unnatural and too restrictive 
in this situation (local point of view ). 

The RI -functor Gq moreover suggests the following generalization of our definition: as Gq is not only a 
^-module but also a commutative ^-algebra, we would like to include this information in the functor, i.e. 
we would like to have a ^.CAIg-valued Rl-functor assigning to each finite group G the commutative ring 
Gq(G) and not just an Mod-valued functor. It is obvious that the restrictions are ring morphisms but this 
is in general not true for the induction morphisms and so there is no way to get a j;Alg-valued Rl-functor. 
This problem can be solved by generalizing the codomain of an Rl-functor as follows: first, we define a 

categorical wedge to be a diagram '^^ ^ '^h ^ '^i of categories. Now, for a RIC-domain D and a 

categorical wedge as above, we define a (generalized) RIC-functor with domain D and codomain to be 
a tuple consisting of 

• a map O : Sb ^ ObC^b), 

• a Sg'j.-morphism res*^ : Fr(^(x)) Fr(^(y)) for each xeDi, and y e S)r(x), called restriction, 

• a "i^i-morphism ind*y : Fi(Q>(y)) Fi(^(x)) for each x e 2)b and y e T)i(x), called induction, 

• a S^b-moi'phism con*^ : 5>(x) — $(%) for each x e S)b and g^G, called conjugation, 
such that the following properties are satisfied: 

(i) (Triviality) 

res*,. = idir^(0(^)), mdf,, = idF,mx)), conf = id<i,(^) 

for allxeD^}^ 

(ii) (Transitivity) 



for all X e Db, y e DAx) and z e DAy); 



$ o o 
res^3,ores3,^^=res^_^ 



ind*y0ind*2=ind*2 



for all X E Db, y e 2)i(x) and z e Di(y); and 



o o o 

con^,^^ocong_^=:con^,^_^ 

for all X £ Db and all g,g' e G}'' 
(iii) (Equivariance) 

^'r(con*^)ores*., = resf^^^ oFAcong^^) 
for all X £ 2)b, y £ £'r(x) and g eG; and 

i?'i(con*^)oind*3, = ind?^^^ oFi(con^y) 
for all X e 2)b, y e 2)i(x) and geG}^ 



A morphism cp between two generalized Rl-functors O, : 33 ^ S^, denoted by (/) : O ^ ^, is a family cp - 
{(Px I X e Sb} of Sfb -morphisms q)x ■ ^(x) — ^(x) satisfying the following conditions: 

^^These morphisms are defined since x e 2)*(;x:). 

^^As y € Di,ix), it follows that £ !D*(a:) and consequently z e D*(.x). Hence, both res*j. and ind*^ are defined. 

^®This is well-defined by the properties of 3). 
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(i) For each xeDy, and y e Dt(x) the diagram 



FA^(X)) — > Fr(^(x)) 

Y Y 

Frmy)) -——^F,my)) 

FAfy) 



commutes. 

(ii) For each x e 2)), and y e Di(x) the diagram 



Fmx)) 



-^Fimx)) 



Fmy)) 



™^x,y 
Fimy)) 



commutes. 

(iii) For each x e 2)), and g€G the diagram 



a>(x) 



<Px 



<Pgx 



commutes. 



The composition of two morphisms cp : (l> ^ ,y/ : '¥ ^ @ is defined hy fotp - {y/x o(px \ x e "Dhl which is a 
morphism i// o y : $ ^ 0. With respect to this composition the morphism ido : <t ^ O defined by the family 
{id<i)(j:) I X e is an identity. The set of all generalized RIC-functors with domain D and codomain 
together with morphisms, composition and identity as defined above forms a category which is denoted by 
FctO,'^). If 2)b is a set, then FctO,'^^) is a category. 



When interpreting an Rl-domain in the obvious categorical sense, we see that a generalized Rl-functor is 
just a diagram of categories 




ind* 



Now, in the example of the Rl-functor Gg : Grp^ —> ^Mod discussed above, we can make it into an Rl-functor 

with jfeCAIg ^CAIg > ;^Mod as codomain, where F is the forgetful functor assigning to a com- 
mutative ^-algebra its underlying ^-module. In this way all the information is preserved and thus solving 

F 

the problem mentioned above. The categorical wedge ^^CAIg ^.CAIg s-^,Mod will be called the 

Frobenius wedge over k and will be denoted from now on. The notion of a Frobenius functor defined in 
[CR94], which is motivated by an additional important property Gq satisfies, can now be nicely defined in 
our terms: a Frobenius functor over k is an Rl-functor O : Grp^— satisfying the Frobenius identity: 



X ■ indG,j?(y) = indG_H(i"esH_G(^) ■ y) 



for all inclusions H^G,xE ^(G) and y £ ^(H). 
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Moreover, the notion of a Green-functor defined in [Gre71], which again is motivated by Gq, becomes an 
easy instantiation of our notions: first, define the Green wedge over k to be the categorical wedge 



jGenAlg 




^GenAlg ^^Mod 

and denote it by "^k- Now, for a (finite) group G, a k-linear G-Green functor over k is an RIC-functor 
O : Grp(G) — ' 'Sk such that the underlying RIC-functor into ;feMod is a Mackey-Functor and the underlying 
Rl-functor into is a Frobenius functor. 



2.3. Discrete G-modules 
2.3.1. In this section we will discuss a fascinating interpretation of Mackey functors, namely that for a topo- 
logical group G and certain "nice" G-Mackey systems dR the Mackey functors 9Jl — ' Ab can be interpreted as 

generalizations of discrete G-modules. More specifically, we will show that, under certain conditions on SJl 
(that are satisfied for example by Grp(G)'^ for a profinite group G) the category eAb*^ of discrete G-modules 
is equivalent to a full subcategory of Mack(9Jl, Ab) formed by the Mackey functors having Galois descent. 
It is probably this equivalence that motivated Jiirgen Neukirch to call Mackey functors also modulations. 
The equivalence between g Ab*^ for a profinite group G and the Mackey functors Grp(G)'^ — Ab having Galois 
descent was mentioned without proof in [Neu94, section 3], [Neu99, chapter IV, §6] and [NSW08, chapter 1, 
§5] (there may of course exist an easy argument the author was not aware of so that no proof is needed). We 
will prove a generalized version of this fact and recover in 2.3.23 the situation mentioned in the references. 

2.3.2 Assumption. Throughout this section we fix a topological group G and an I-finite G-Mackey system 
971. The category of discrete G-modules is denoted by oAb**. 

2.3.3. Our first task is to construct a functor eAb*^ ^ Mack(93t,Ab) and the idea is that we assign to a 
discrete G-module A the functor A* : 9Jl — Ab assigning to each H e 9Jlb the -invariants of A, that is, 
A^{H) - . The restriction will be the canonical inclusion, the induction will be the norm map and the 
conjugation will be the G-action on A. This construction works already on a general G-subgroup system 
& but we have to assume that & is I-finite because the norm map A^ — is only defined if / is of finite 
index in H. 

2.3.4 Proposition. Let 6 be an I-finite G-subgroup system. Let A e oAb"^. The following data define a 
cohomological and stable RIC-functor A« :- Hg(A) : & — Ab: 

• A*(i?):=A^foreachife6b. 

• res^^ : A * (H) — ' A * (/) is given by the canonical inclusion A^ m A^ for each if e Si, and / e &t(H). 

• ind^*^:A*(7)-A*(if) ,a >— 'EheT ha for each H e &],, I e &i(,H) and an arbitrary left transversal T of 
linH. 

• con^Jj : A*(H) AA^H),a^ ga, for each H e ©b and geG. 

Moreover, H^(A) : 931 ^ Ab is a cohomological Mackey functor. If the G-subgroup system is fixed, then we 
prefer the notation A, to Hg(A). 

Proof. We first check that the maps defined above are well-defined. Let H e geG and a e A«(i?) = A^ . 
If g' e ^H, then g' = ghg~^ for some h€H and 

g'(con^^(a)) = g'(.ga) = ghg~^(.ga) = gha ^ga = con^^(.a). 

Hence, con^J^(a) £ A^^ = A^i^H). The map res^]^ is obviously well-defined. It remains to check that ind^'j 
is well-defined and independent of the choice of the left transversal T. Let H e ©b, I e &i{H) and let 
T = {hi,...,hn], T' = {h\,...,h'^] be two left transversals of / in H.^^ It is easy to see that there exists a 
permutation cr e S„ and elements Wj e / such that h'^ = h(,(i)U(r(i) for each i = l,...,n. If a e A*(7) = A^, we 
have 

n n n n 

L h'iO, = ha{i)Ua(i)a = ha(i)a = L hia. 



Note that [if : /] < oo since S is I-finite by assumption. 
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SO ind^*j is independent of the choice of T. Moreover, if h e. H, then hT = {hhi,...,hhn} is also a left 
transversal of 7 in and because of the independence of the induction morphisms on the choice of the 
right transversal we get 

n n n 

^ hiU — ^ hhia — h^ hia. 
i=l i=l i=l 

Hence, ind^'j(a) e = A*(ff). It is easily verified that the above morphisms satisfy all the relations 

making A, into a cohomological and stable RIC-functor on &. 

It remains to verify the Mackey formula on OJt. Let H e 9}tb, / e MAH), J e Mi(H) and let R - {hi,.. .,hn} 
be a complete set of representatives of I\H/ J. For each ilet jT = be a left transversal of /n'^'J 

in I. Then T - {tijhi | i e {!,..., re} and j e {!,..., rej}} is a left transversal of J in if by C.2.4. If a e A*(J), 
this implies 

Lind, * j,ocon, *. ,ores,t' ,,(a)=yind * ^ {hia) - t; ihia 

, „ /,/nV h,I''nJ I''nJ,J f-; IJrfiJ f-! f-; 

A£i< 1 = 1 l = lj=l 

-^ha- ind^*j(a) = res^^ o ind^*j(a). 

□ 



2.3.5. By definition, Hg(A)(if) = A^ is equal to the (abstract) cohomology group ¥l^(H,A) of the G-module 
A. The conjugation, restriction and induction morphisms of Hg(A) are precisely the morphisms defined in 
group cohomology. Using dimension shifting one can show that the higher (abstract) cohomology groups 
define RIC-functors Hg(A) having the same properties as Hg(A). 

2.3.6 Corollary. Under the conditions of 2.3.4 the following maps define a functor: 

-*:GAb"^ Stab'=(©,Ab) 

A ' *■ A ^ 
(p-.A^B I — ► ^«:A*^B, 

Proof. First note that if a e A^ and he.H then h(p(a) = (p(ha) = (p(a), so (p*^ is well-defined. The compati- 
bility of (p-t with the restriction morphisms is obvious and the compatibility of (p, with the conjugation and 
induction morphisms is due to the G-equivariance of ^. Hence, (p^ : A* ^ is a morphism of RIC-functors. 
Obviously, (id^ )* = idA, and (ifro(p)^ =if/^o(p^. □ 

2.3.7. Now that we have a functor -* : eAb*^ Mack(9Jl, Ab), we want to construct a functor -* in the 
opposite direction. The idea is that for a Mackey functor O : 9Jt — Ab the conjugation morphisms of fl> 
define for each U e 9Jtb with ?7<iG a G/?7-module structure on <1>([7) and then we use C.3.2 to get a canonical 
G-module structure on the colimit of the ^(U), U with respect to the restriction morphisms, where 
^ Q 9Jlb is a subset of normal subgroups of G which contains enough groups to make this construction 
work. We will now make precise what the set ^ has to satisfy. 

2.3.8 Definition. A descent basis for a G-subgroup system © is a subset ^ ^&\) satisfying the following 
conditions: 

(i) is a filter basis on G consisting of open normal subgroups of G.^" 

(ii) mH) :^{U\Ue'^ andU<H}c ©^(if) for each H e ©b. 

(iii) ^iscofinalin(6b,3).^^ 

2.3.9. Note that condition 2.3.8(iii) already implies that all groups in ©b are open in G. 

2.3.10 Proposition. If G is quasi compact and is the set of all open normal subgroups of G, then ^ isa 

descent basis for Grp(G)*^. 

Proof. Let ^Sl - Grp(G)^. As G is quasi compact, the set DJl^ consists of all open subgroups of G and 
dJlAH) = 9Jlb(i?). Hence, qM], and both 2.3.8(i) and 2.3.8(ii) are satisfied. To see that 2.3.8(iii) is 
satisfied, let H e 97lb- By C.4.1 the normal core NCq(H) of if in G is an open normal subgroup of G 
contained in H. Hence, NCG(ii) e ^(ff ). □ 



Confer A.1.11 for the definition of a filter basis. 
This is equivalent to '^(H) ^ for each i? e ©fc. 
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2.3.11 Proposition. Let S be a G-subgroup system, let 5> e Stab(S, Ab), let C/ e Si, and let Ng(.U) be the 
normalizer of {7 in G. Then the map 

(Ng(U)/U) X <5(U) 0(,U) 

(g,a) ' — ► con*j^(a), 

where g e N(j(f/) is a representative otg, defines a NG(f/)/f/-module structure on <^(U). 

Proof. First note that as U ^NaiU), we have «U = U and therefore con*j^(a) e ^(^U) = ^(U) for each 

g e NoiU). Moreover, this map is independent of the choice of the representative: if g,g' e NoiU) are 
two representatives, then g' = gh for some u £U and using the stability of ^ and the transitivity of the 
conjugation morphisms we get 



con„, J 



■■ con* uu o con* ^ = con* ^ o id,t>(u} = con* j^. 



The triviality, transitivity and additivity of the conjugation morphisms now imply that the given map 
defines an NoiU)/!! -module structure on 0(t/). □ 

2.3.12 Convention. If t/ e ©j, and H < NcCf/), then 0(U) is as an H/U -module always considered with 
respect to the NG(f/)/f/-module structure above. 

2.3.13 Proposition. Let S be a G-subgroup system with a descent basis ^ and let O e Stab(S, Ab). The 
following holds: 

(i) Let := colim J', where J' is the inductive system in Ab with index set ('%', ^), objects ^(U), U 
and morphisms res* ^ : ^{U) <5(y) for each [7 3 V in '^P'^ Then O* admits a unique structure of a 
discrete G-module such that for each t/ e ^ and g e G the diagram 



a)(c/) 



commutes, where ju^ : fl>^ — denotes the action of g on and lu : fl>(C/) — denotes the 
canonical morphism. 

(ii) If y : $ — ^ is a morphism in Stab(6, Ab), then there exists a unique G-module morphism (p'^ : 
^1. such that for each U e'^ the diagram 



<Pu 



commutes. 

Proof. 

(i) According to 2.3.11 each $(f/),C/ e is a G/i7-module, where g e G/t/ acts on <HU) by con*^^. With 

respect to this module structure, the morphism res* jj is GA^-equivariant for each pair U in^ since 

con*yores* ^ - res* ^^^ocon* The existence and uniqueness of the G-module structure on is therefore 
just an application ot C.3.2. 

(ii) Since ^ is a morphism of functors, we have a commutative diagram 



4>(f/) 



<PU 



<PV 



v,u 



for all ?7 3 V in Hence, the existence and uniqueness of the G-module morphism : O*^ 
again just an application of proposition C.3.2. 



IS 

□ 



The assumptions on <^ imply that ^ is a well-defined inductive system. 
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2.3.14 Corollary. Under the conditions of 2.3.13 the following maps define a functor: 

-^:Stab(6,Ab) oAb'^ 

Proof. This follows immediately from the uniqueness property of the assigned morphisms. □ 

2.3.15. We will always take the standard presentation of the colimit as a disjoint union of sets modulo an 
equivalence relation and we write [U,a] :- iu(a) e <1)^ for the image of an element a e 0(t/) in the colimit 

2.3.16. Now, we can investigate the relation between the functors and We will show that if is 
restricted to Mack(S!Jt,Ab), then these functors define an adjunction between oAb** and Mack(S!Jt,Ab). In 
the proof it will also become apparent that the Mackey formula is needed to get this adjunction, so that 
we (unsurprisingly) really have to restrict to Mack(9Jl, Ab). Although we could show this adjunction by 
proving that Hom(-^, -) = Hom(-, -* ) as fiinctors, we will prove it instead by setting up a counit-unit pair 
between and - The reason for this approach is that we want to find the full subcategories on which 
these functors define an equivalence and this can be done easily with the counit-unit pair. 

2.3.17 Theorem. Let be a descent basis for SDt. Then : Mack(ail,Ab) - oAb"^ is left-adjoint to -* : 

cAb"^- Mack(a)t,Ab). 

Proof. To simplify notations, we will write (-)* instead of (-)^. We will prove the existence of an adjunction 
by defining a counit-unit pair (e,r]), that is, two morphisms of functors 



'7:idMack(e,Ab) — ' (-*)* 



satisfying the relations 



A* =£(A)* 07j(A,):A« ''■^'((A*)*)* A^, 

for all (P E Mack(ajt, Ab) and A e oAb"*. 
We define e by 

e(A):(AJ* — A 
[U,a] ' — ► a 

for each A e cAb*^. To verify that e indeed defines a morphism of functors, we first check that e(A) is 
well-defined. If \U,a] £ (AJ*, then Ue'^ anda£ A*(f/) = A^ c A, so e(A) really maps into A. If [i7,a] = 
[V,b] e (A,)*, then res^*y(a) = res^*^(6) for some W e ^ with W <UnV. Since a g A.(f/) = A^ c A, 

b e A*(V) = A^ c A and the maps res^*^^ : A^ — ' A^, res^*y : A^ — A^ are just the canonical inclusions, 
this implies a-b and therefore e(A)([U,a]) = e(A)([V ,b]). Hence, e(A) is well-defined. Moreover, e(A) is 
additive because 

£(A)([f/,a] + [U, 6]) = e(A)i[W,res^*jj(a) + Tes^'ym) 
= £(A)([W,a + b]) = a + b = £(A)([f/,a]) + £(A)([V, 6]) 
and e(A) is G-equivariant because 

e(A)(glU,a]) = e(A)(lU,(g mod U)a]) - e(A)aU,con^'^(a)]) = e(A)(.[U ,ga]) ^ga = ge(A)([U,a]). 

This shows that e(A) e Hom^^|^d((A«)*,A). Finally, if y e Hom^^^d(A,B), then 

((p*r([U,a]) = [U,<p,,u(a)] = [U,(p(a)] 
for each [U,a] e (A*)* and therefore 

(<P.)* 

£(A) £(B) 
Y Y 

A — >S 
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commutes. This shows that e is a morphism of functors. 

Now, we define rj. For <I> e MackCOT, Ab) the morphism ry(<I>) : <I> ^ (O*), is given by the family 7?(cl)) = {77(0)^ | 
H e Mh), where for each H e 9Kb we choose using 2.3.8(iii) some U e c 6r(H) and define 

J7(4))H:0(if) — (0*),(^/) = (0*)^ 
a ' — ► [L/',res*^(o)]. 

Again, we have to verify that 77 is a morphism of functors and we start by proving that tj is well-defined. It 
is obvious hat t](^)h really maps into "!>* . If /t e if and a £ 0(-ff ), then 

hr]((^)H(a) = h[U,res^jj(a)] = [i7,con*(^ o res*_jj(a)] 

= [f/,res* j^ocon*^(a)] = [f/,res*^(a)] = ?7(3>)H(a) 

and therefore 77(0)^(0) e (O*)^ = (0*)*(ff). To see that J7($)iy is independent of the choice of U, let U,V e 
'^(H). Since ^^i^ is a filter basis, there exists W e'^ with W <UnV and consequently 

res^ oreSfj jj(a) = res^ j^(a) = res^,^ y ores^ ^(a). 

Hence, [?7,res* ^(a)] = [y,reSy ^(a)]. Now, we will verify that 77(0) is compatible with the conjugation, 
restriction and induction morphisms. If if e 9Jtb and U e '%(,H), then also U e '%{^H) for each g^G since 
J7 < G. Thus, for any a e 0(if) we have 

con^*^'* oj7(0)jj(a) = g[f/,res* ^(a)] = [f/, con* ores* jj(a)] 



and therefore 



: [U, res* o con*^(a)] = rj(<^)BH ° con*^(a) 



n(3>)f7 



^ 

<l)(^fi) 



(*•). 



commutes. If if e DJlk, I e S!Jtr(ii) and U e "^-Ci), then also U e '%'(fi) and for any a e a>(ii) this implies 



res^*^^* oj]((^)H(a) = [f/,res*^(a)] = [f/,res* ^ oresf^(a)] = J7(a))7 ores*jj(a). 



Hence, 



n(<l>)ii 



commutes. Finally let fi e 9Jtb, e ^iiH) and f/ £ '^(i). Let T be a left transversal of i in fi. As = J7 < i 
for all g £ G, an application of C.2.3 implies that T is also a complete set of representatives oiU\H/I. Using 
the fact that U e "^(H), we thus have for any a e 4>(i) the relation 

T]mH ° indj^^(a) = [U, res'^ jj o indj^^(a)] = [U, ^ ind* ^^^^ ° con* ^^^^7 ° ^^^ui^ni 

heT 

= [U, ^ ind* ,jOcon*yores* ^(a)] = [f/, ^ con*f^ores* j(a)] = ^ /i[J7,res*_j(a)] = 

heT ' ' ' h€T ' ' heT 

iff*). , 



and therefore 



■■ X /iT?(<l>)7(a) = ind^/'or7((l))^(a) 
heT 



4>(if)^^(0*).(ii) 



ind 



H,I 

4>(i) 



ind' 



l<4>*). 
H,I 



Tjmi 



^(4>*)*(i) 
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commutes. This proves that j7(5>) e Hom|\/iack(OT,Ab)('J'>(^*)*)- Now, let (/) e HomMack(sat,Ab)(^> Let if e 
9Jlb and U e '^(H). Then, for any a e ^(H) we have 

?7(^)h o (pH{a) = [f/,res^ o ^^(a)] = [f/,^^ ores* j^(a)] = ^*([f/,res*^(a)]) 
= (((/)* ).)H([t/,res*^(a)]) = or?(0)ff (a) 

and consequently 

$ >^ 



(O*)* 

commutes. Hence, tj is a morphism of functors. 

To prove that {e,!)) is a counit-unit pair, it remains to verify the relations given above. If $ e Mack(SDT, Ab), 
then just by definition of £ and 77 we have 

n(<l>)* £(0)*) 

3 [U,a] I ^ [f/,[f/,a]] I ^ [J7,a], 

so e(0* ) o 7j(<l))* = ido* . In the same way, for A e g Ab*^ and i? e £[)tb we have 

„ ri(A,)jj e(A), 

AAH) = A^3a\ ^\U,a\\ 

and therefore £(A)* o7y(A*) = idA.. This finally proves that (-)* : Mack(S[»l, Ab) - oAb"^ is left-adjoint to 
(-)*:GAb'^-Mack(aK,Ab) via the counit-unit pair (e, jj). □ 

2.3.18 Definition. Let 6 be a G-subgroup system, let $ e Stab(e, Ab), let He&x, and let U e with 
U <H. Then O is said to have (H, U)-Galois descent if res* ^ : 4>(if) — ' ^(U)^^ is an isomorphism. Here 

^{U)^'^ denotes the invariants with respect to the if/f7-module structure on (&([/) described in 2.3.11. 
Note that res*^ really maps into ^(,17)^'^ since con*j^ores* ^ = res* ^ocon*^ = res* ^. 

2.3.19. If 6 is an I-finite G-subgroup system and A e oAb*^, then it is easy to see that Hg(A) has (H,U)- 
Galois descent for all if e and J7 e eAH) with U<lH. 

2.3.20 Definition. Let ^ be a descent basis for OT. A Mackey functor <I> e Mack(On,Ab) is said to have 
'^-Galois descent if O has (if, f/)-Galois descent for all H e ajtb and U e '^(H). The full subcategory of 
Mack(9Jl, Ab) consisting of Mackey functors having '^ir-Galois descent is denoted by Mack'^'^^k^fl, Ab). 

2.3.21 Proposition. Let ^ be a descent basis for fJt The following holds: 

(i) The adjunction (£,77) : (-)^ H (-)* induces an equivalence between the full subcategory of eAb** con- 
sisting of all A E oAb*^ such that A = Uue'^A.'^ and the category Mack'^'*^*'\sr)l, Ab). 

(ii) If is a neighborhood basis of 1 e G, then (e,T]) : (-)^ H (-)* induces an equivalence between oAb*^ 
and Mack'^-^'^(9Jl,Ab). 

Proof. Again we will write (-)* for i-)^- 

(i) Let be the full subcategory of g Ab*^ consisting of all objects A e g Ab"* such that £(A) is an isomorphism 
and let ® be the fiiU subcategory of Mack(9K, Ab) consisting of all objects 3> £ MackOJl, Ab) such that 77(0) 
is an isomorphism. The adjunction (-)* H (-)* induces an equivalence between the categories and ® 
because the conditions on ^ and ® imply that A« e @ for all A e 'i^ and O* e 'i^ for all (P e @ so that that 
(-)* and (-)* restrict to functors between and ® and are equivalences with a natural isomorphism given 
by the counit-unit pair Thus, it remains to show that ® = Mack'^"^^(9Jl, Ab) and that consists of all 
A £ GAb^ such that A = \Jue%A^- 

First, suppose that 3> £ Mack'^"^^(9Jl, Ab). We have to show that 77(0) : O ($*)* is an isomorphism. 
According to 2.1.12 it is enough to prove that ryCO)^ : <!>(/?) (<l'*),(i7) = (O*)^ is an isomorphism for each 
H E aitb. Let fi E 9Jtb and let U e ^{H). If a,6 e <^{H) such that nmHia) = rjmHib), then [[7,res* ^(a)] = 
[i7,res* ^(6)] and so there exists W e'^ with W < Ur\V andres^^(a) = res^^(6). As Ohas Galois descent 
and as W £ ^(H), the morphism res^ ^ : 0(ii) — 0(W)^^ is an isomorphism and therefore a = b. Hence, 
77(<I>)h is a monomorphism. Now, let [U,a] £ (0*)*(ii) = (O*)^. Then Ue^ and a £ 0(U). Moreover, for any 
A £ if we have 

h[U,a] = [U,a] ^ [C/,con*f^(a)] = [U,a] 
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and so there exists V e ^{U) such that res* ^ o con*y(a) = res* ^{a). This impHes con*^ o res* ^{a) = 
res* y^(a) and therefore res* ^(a) e O(V)^'^. As 4> has Galois descent and V e '^(H), the morphism res*^ : 
0(H) — 0(V)^^ is an isomorphism. Hence, there exists b e ^(H) with res* ^(6) = res* ^(a) and therefore 

[U,a] = [y,res* ^(6)] = T7(4>)H(fe). 

This shows that T/((I))^f is an epimorphism. Thus, 77(0) is an isomorphism and consequently <I) g ®. On 
the other hand, let "J) £ @. Then rji^) is an isomorphism and so ri(^)H : ^(H) (<I>*)^(H) - (^*)^ is an 
isomorphism for each H e DJl^. We have to show that <t has Galois descent. Suppose, there exists H e OJti, 
and U e '^(H) such that res* ^(a) = res* ^(6) for some a, be ^(H). Then 

J7(0)H(a) = [t/,res* ^(a)] = [t/,res* ^(6)] = r/(0)jj(fe) 

and this is a contradiction to the fact that r](^)H is a monomorphism. Hence, res* is a monomorphism 
for each if e 9}Tb and [7 e mH). Now, let HeM^^Ue ^(H) and let a e <P(U)"'^. Then [U,a] e ((1>*)^ and 
as ri((^)H is an epimorphism, there exists b e ^(H) such that [i7,a] = ry(<I>)if(6) = [i7,res* ^(6)]. Thus, there 
exists W e '%'({7) such that res^ ^(.a) = res^ ^ ores* ^(6). Since res^ [/ is a monomorphism by the above, 
this implies a = res* ^(6). Hence, res*^ : ^H) — 4>(C/)^^^ is an epimorphism and thus an isomorphism. 
Consequently, 4) has Galois descent. 

Now, let A e oAb'* such that A = Uue^A.^. The morphism e(A) : (A,)* ^ A is given by [C/,a] ^ a. If 
£(A)([i7,a]) = £(A)([V,b]), then a = 6 and therefore [U,a] - [V,b]. Hence, e(A) is a monomorphism. Let 
a e A. By assumption, there exists U such that a e A^. Hence, a e A^ = A«(t/) and therefore [t/,a] e 
(A,)*. As e(A )([[/, a]) = a, this shows that e{A) is an epimorphism. Consequently, £(A) is an isomorphism 
and we have Ae'^. 

On the other hand, let Ae'^. The morphism e(A) : (A,)* ^ A is given by UJ ,d\ ^ a and is an isomorphism 
by assumption. Hence, if a £ A, there exists \U,b'\ e (A,)* such that £{A){\U,b]) = a. By definition, U 
and 6 £ A,([7) =A^. As £(A)([t/,6]) = 6, this shows that a = 6 e A^. Consequently, A = Uc/e^^A^. 
(ii) Let A £ gAb^. Since A is discrete, we have A = [Ju^a^iA^ where is the set of open subgroups of G 
(confer C.3.1). As consists of open subgroups and as is a filter basis of 1 £ G, there exists for each 
U e^' some V such that V <U. Hence, A = [Jve'^n-A.^ and consequently the category ^ from above is 
in this case equal to oAb*^. □ 

2.3.22 Corollary. Let be a descent basis for Wl. Then every <I> £ Mack'^"*^''HS[)t, Ab) is cohomological. 

Proof. By the above $ is isomorphic to a functor of the form A* for some A e oAb*^ and as this functor is 
cohomological by 2.3.4, it follows that $ is also cohomological. □ 

2.3.23 Corollary. If G is profinite and if '^i^ is the set of all open normal subgroups of G, then the categories 
oAb"^ and Mack'^-^^(Grp(G)^, Ab) are equivalent. 

Proof. As G is quasi compact, the set is indeed a descent basis for Grp(G)^ by 2.3.10. Moreover, since G 
is profinite, it follows from B.4.7 that ^ is a neighborhood basis of 1 e G. Now, the statement follows from 
2.3.21. □ 

2.3.24 Convention. When considering a profinite group G and the G-Mackey system Grp(G)^, then we will 
always use as descent basis the set of all open normal subgroups of G and we remove the reference to 
from all notations if nothing else is mentioned. 



2.4. Abelianizations 
2.4.1. We will discuss in this section a general framework for abelianizations of topological groups. More 
precisely, we will consider a G-Mackey system DJl < Grp'^"'^(G) for a topological group G and then turn the 
assignment OTb ^ TAb, H ^ H/R(H), for general coabelian subgroups R{H) <] H into a Mackey functor 
StJt TAb by using as induction and conjugation morphisms the obvious morphisms and as restriction 
morphism the transfer map which is only defined for subgroups of finite index so that we had to assume 
that 9Jt is R-finite. But of course the family {R(H) | H G DJl\,} has to satisfy several conditions to make 
this work. For example, if if £ OT], and I £ 9Jli(if), then we must have R(i) < R(if) to make the canonical 
inclusion I ^ H induce a morphism i/R(i) H/R{H). Another condition is needed for the conjugation 
and restriction morphisms and this leads to the introduction of an abelianization system on DJl which is a 
family {R(if) | H e OTb) as above satisfying all the conditions needed to make this construction work. 
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The primary example of an abelianization system is of course the family {Com*(H) | H e QJlb), where 
Com*(Jf) is the topological commutator subgroup of H?^ But in the same framework we can now also 
discuss for a compact group G and a variety ^ of compact abelian groups the functor assigning to each 
H e yK\, the maximal complete proto-^ quotient of H?^ This includes for example the case of a profinite 
group G and the variety si of finite abelian p -groups for a prime number p so that we get a functor assign- 
ing the maximal abelian pro-p quotients. This generalization is of course straightforward as it is just about 
reducing the conjugation, inclusion and transfer maps modulo a compatible system of coabelian subgroups 
but it is still nice to have one general framework and notation for abelianizations. 

This section is inspired by [Neu94, section 4], [Neu99, chapter IV, §6], [NSW08, chapter 1, §5] and [Wei07, 
section 3]. 

2.4.2 Assumption. Throughout this section we fix a topological group G and a G-subgroup system 6 with 
6 < Grp'"'^(G). Recall that by definition all e 6b are closed in G. 

2.4.3 Proposition. Let H be a closed subgroup of finite index of G. Let T = i, . . . , i„) be a right transversal 
of -ff in G with a fixed ordering of its elements. The following holds: 

(i) The map 

yJjG-.G H 

is continuous, where kt is the map extracting the if -part of an element of G?^ It is called the 
pretransfer from G to H with respect to T. 

(ii) If {/ < G and f/ < then V| g(i7) c U. 

(iii) Let R{H) be a coabelian^^ subgroup of H and let q -.H —> H/BiH) be the quotient morphism. Then 

g' ^ G • ^ ~* H/R(H) is a morphism of topological groups which is independent of the choice 
oft. 

Proof. 

(i) By A.4.6 the T-remover kt is continuous and as multiplication on G is continuous, the map G ^ H, 
g ^ Kxitig) is continuous for all i £{!,...,«}. Hence, is continuous. 

(ii) Let g eU. Since i7 is a normal subgroup of G, we have till = Uti and so there exists ui eU such 
that tig - Uiti for each i £ {!,...,«}. AsU <H, the equation tig = Uiti implies that Kxitig) - Ui^U and 
therefore ^(g) e U. 

(iii) Since g and q are continuous, V^'g' is also continuous. To prove that this map is multiplicative, 
let gi,g2 e G. Let fj - crT,gj g S„ be the T-permutation of gj for j e {1,2} (confer A.4.3). Then tigj = 
T(T(tigj)tfj(i) for ye {1,2} and i£{l,...,n}. For each f e {l,...,re} we have the following relations 

tf-Hi)8i ^T(tf-i^i^gi)ti 

g2^t-:^KTitig2)tf^(i) 

and multiplication of these relations yields 

tf-\i)glg2 = KTitf-^i)gl)KT{tig2)tf2(i), 

so 

KT(.tf-\i)glg2) - KT(tf-l^i-,gl)KT(tig2). 

Noting that H/R(H) is abelian, we get 

n n n 

^Hfi^glg2> = n ^T(tiglg2) = n '^T(i/-l(j)glg2) = n ^T(tf^^i-,gl)KT(tig2) 
i=l i=l i=l 

n n n n 

= n ^T(tf-i^i^gi) ■ n KT(tig2) = n ^^rUigi) ■ n KT(.tig2) 

i=l i=\ i=l i=l 

^ "^Jifi^Si) ■ V^,G(g2) mod R(H) 

23 Confer A.6 

^^Confer the appendix B and in particular B.3 and B.3.8 for these notions. However, the reader may simply ignore this additional 
application or assume G to be profinite so that this becomes the theory of maximal pro-ji^ quotients as explained in [RZOO, section 
3.4] 

^^Confer A.4.3 for the definition of Ky. 
2^That is, R(H)<i? and H/R(H) is abeUan. 
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and therefore 

Hence, for fixed T the map V^*^' is a morphism of topological groups. To prove independence of the choice 
of T, let r' - (t'-^,. ..,t'^) be another right transversal otH in G. Let g^G. Then there exist permutations 
/i>/2 £ S„ such that 

^■ = K7'(^■)^/■l(j) 

and 

tig^KT{tig)tf^(i) (2.1) 

for each i e {1, . . . By setting j - fi^f2fi(i) in the relation tf^^jy - ^T(t'j)~^t'j we get 
It follows that 

t'ig = T(T(t[)tf,U)g^KT(t'i)KT(tf,^i)g)tf,f,(i)^KH^^^^^ 
(2.1) (2.2) 

and consequently 

KT'(t'ig) = KT(t'i)KT(tf,^iyg)KT(t'^_,^^^^^.^)-\ 

Hence, we get 

i=l i=l 
= n KT(t'i)KT(tig)KT(t'i)-^ = n T<T(tig) = g(g) mod R(H). 

This proves independence of the choice of T. □ 

2.4.4 Definition. Let if be a closed subgroup of finite index of G. A transfer inducing pair for H in G 
consists of a coabelian subgroup R(if) of if and a coabelian subgroup R(G) of G such that R(G) c Ker(V^*Q^). 

By 2.4.3 this is equivalent to g(R(G)) Q R(if) for one (and then any) right transversal T of if in G. 

2.4.5 Proposition. Let if be a closed subgroup of finite index of G and let {R(if),R(G)} be a transfer 
inducing pair for if in G. The following holds: 

(i) The morphism V^'^' : G — ff/R(if ) induces a morphism of topological groups 

yev^%^'^^^^ : G/R(G) H/R(H) 

which is explicitly given by 

g mod R(G) — e(g) mod R(ff ) 

for a right transversal T of if in G. This morphism is called the transfer from G to if with respect to 
the transfer inducing pair^^ 

(ii) If G =H, then Ver^'|'^^^ = idc/RCG). 

(iii) Letfl^' be another closed subgroup of G such that H<H'<G and let UiH'XH' such that {R(fi'),R(G)} 

is a transfer inducing pair for if' in G and {R(if ),R(if ')} is a transfer inducing pair for if in if'. Then 

^ R(H)MH') V R(ff'),R(G) _ ^ R(i?),E(G) 

Proof. 

(i) This follows immediately from A.2.8. 

(ii) We can choose the right transversal T = {1} of G in G and then it is obvious that Vg q = ido. It follows 
thatVer^<^^'^<«)=idG/R(G). 



^^The Germtin word for transfer is Verlagerung and so, for historicEil reasons, we denote the transfer by Ver. 
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(iii) First note that the assumptions imply that both Ver^*^','^*^ ^ and Ver^*^*'^"'' are defined. Let T = 
{ti,...,tm} be a right transversal of H' in G and let U - be a right transversal of H in H'. 

Then UT - {ujti \ i e {l,...,m},j e {!,...,«}} is a right transversal of if in G. Let /i = aT,g e and 
f2,i -ouT,KT(tig) E S„. Then 

tig = KT(tig)tf^(i) 

and 

UjKT(tig) = Ku(UjKT(tig))Uf2.(j) 

for all i = 1, . . . , m and y = 1, . . . , re. Combining both relations yields 

UjtiS = UjKT(tig)tf^(i) = Ku{UjKT{tig))uf^.(j)tf^(i) 

and therefore 

KuTiUjtig) = Ku(UjKT(tig)). 

Hence, 

m n 

NerYG\g mod R(G)) = Vg^(g) mod R(if) = D 'fl/T(«i^ig) mod R(J/) 

m n m 

= n n 'ft/("7Kr(fig)) mod R(H) = n mod R(H) 

= f[yer^^j^'^"'\KT(.tig) mod R(if')) 

j=i 

= Ver^™-^ '(0 mod R(i/')) 

= Ver^™^''(Vg, mod R(if')) 

= Ver^™^''(Ver|f,5''^^^'(g mod R(G))). 

□ 



2.4.6 Definition. An abelianization system on 6 is a family R - {R(i?) | H e &^], where R(i?) is a closed 
coabelian subgroup of if for each H e (3b, satisfying the following properties: 

(i) R(^i?) - ^R(i?)^-i for all geG. 

(ii) R(i?) c Ker(Vf^*) for each e ©b and / e ©r(i?).2829 

(iii) R(/) c R(if) for each if e 6b and / e &i{H). 

The set of all abelianization systems on & is denoted by Ab(S). 

2.4.7 Proposition. The following holds: 

(i) For H e 6b let Com*(ii) be the topological commutator subgroup of H (confer A.6.1). Then Com*''^ :- 
{Com*(ii) I H £ 6b} is an abelianization system on 6. For each H e 6b the quotient ii/Com'(ii) is the 
maximal separated abelian quotient of H. 
(ii) Assume that G is compact. Let .5/ be a variety of compact abelian groups (confer B.3.4). For ii £ 6b let 
R^(fi) be the ^/-radical of ii (confer B.3.7). Then R® := {R^(ii) | ii £ 6b} is an abelianization system 
on 6. For each if e 6b the quotient H/R^(H) is the maximal complete proto-.B/ quotient of if. 

Proof. This follows from A.6.2(i) and A.6.2(v) respectively from B.3.8(i). □ 

2.4.8 Proposition. If R £ Ab(6), then the following data define a cohomological and stable functor n^i : 
6 - TAb: 

• ;rR : 6b ^ TAb is given by ii - H/R(H). 

• con^^ : 7i^{H) n^i^H) is induced by the conjugation H — ^H, h ^ ghg~^, for each if £ 6b and 
geG. 

• res^'^ := Verf^''^'^' : ;rR(ii) - jt^d) for each ii £ 6b and i £ 6r(ii). 

• ind^^ : ns,(I) 7is,(H) is induced by the inclusion i ^ ii for each ii £ 6b and i £ 6i(ii ). 



Note that as S < Grp(G) , we know that 7 is a closed subgroup of finite index of and therefore Ver^ ^ ' is defined and 
continuous. 

^^This condition is equivalent to V|^(R(H)) S R(/) for one (any) right transversal T of 7 in H. 
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Proof. The given data is well-defined by definition of an abelianization system. The triviality condition is 
obviously satisfied by the conjugation and induction morphisms and 2.4.5(ii) implies that it is also satisfied 
by the restriction morphisms. The transitivity condition is again obviously satisfied by the conjugation 
and induction morphisms and 2.4.5(iii) implies that it is also satisfied by the restriction morphisms. The 
equivariance condition obviously holds for the induction morphisms and to prove it for the restriction 
morphisms, let g e G, e ©b. I ^ &AH) and let T be a right transversal of / in H. Then is a right 
transversal of in ^H. If e if and t^T, then th = KT(th)t' for some t' eT and therefore 

gthg-^ - gKrmt'g-^ = [gKTmg-^] [gt'g-^] e ^I^T 

and this implies Kgxigthg'^) = gKT(th)g~^. It follows that 

resgfgjjocon'g^jjih mod BJ(.H)) = TeSgfgjj(ghg-^ mod R(^H)) 
= Verf^*^^'*^'(^/i^-i mod B.m)) = U KeT((gtg-^)ighg-^)) mod R(^/) 

KT 

= n ^Mgthg-^) mod R(^/) = n g^rmg-^ mod R(^/) 
teT teT 

= g^U^Timg-^ mod R(^/) = conlYYlxTith) mod R(/)) 

KT ' KT 

= con'^K, oVerf!}-^^"\h mod R(H)) = con'', o res'',\(h mod R(if)). 

To show that ttr is cohomological, first note that TAb is canonically preadditive and therefore the cohomo- 
logicality property is defined. Let H £ ©j,. I ^ &r(H) n &i(H) and let T = i, . . . , i„} be a right transversal of 
I in H. For heH let f = ah,T £ S„. Then tih = KT(tih)tf(i) for all i e {!,... Hence, KT(tih) = tihtj^^^ and 
thus we get 

indg^^ ores^«^(/i mod R(H)) = indg^^ oVer^^^'^"\h mod R(H)) 
= indg'^Cn ^T(tih) mod R(7)) = fj Kritih) mod R(if) 

n n 

= n tiht~fl^■^ mod R(if) = f[ htit'fli) mod R(/f) 

= f\htit^^ mod R(i?) = n /j mod R(if) = (/j mod R(H))t^-^^. 

i=l i=l 

Finally, is stable since ^HfRiJ^H) - HfR(H) is abelian for any h^H and consequently 

con^^(x mod R(H)) = hxh~^ mod R(H) = x mod R(fl^) 
for all xe if. □ 

2.4.9 Proposition. If 9Jt is a G-Mackey system with 9JI < GrpCGf"^ and if R e Ab(9Jt), then ttr is a cohomo- 
logical Mackey functor. 

Proof. It remains to verify the Mackey formula. Let H e 9Kb, -'^ ^ 9Jlr(fi), J e 9Jli(ii) and let i? = {pi, . . . , p„} 
be a complete set of representatives of I\H/J. For each f e {l,...,n} let Tj = be a right 

transversal of 7^' n J in J. Then T = {pitij \ ie{l,...,n} and j e {l,...,mi]} is a right transversal of 7 in if 
by C.2.4. Let xeJ. For each i€{l,...,n] let /j Then 

ti,jX = KT^(tiJx)ti^f^^j) 

for all y e {1, . . . , m /}. Multiplication with p ; yields 

P(i;jX = PiKTi(tijx)ti^f^(J) = (piKTi(tijx)pJ^)(pitiJ^(j)). 

Since piKTi(tijx)pJ^ e '''(7''' r\J) = Ir\P'J <I and Pitiji(j) e T, it follows that 

KT(PitijX) = PiKTi(tijx)pJ^. 
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Hence, 



= flind^^, „.,ocon"«,„. ,oVer?$^'''^f '^''''(x mod R(J)) 
11 /,7nP>J piJPinJ IP'nJ,J 
i-1 

n I mi 

= n K/nP.^ °^°<'7PmJ n ^tSHjx) mod W' n J) 



nK7nP.j n'^7,(iijx) pTimodRanf^J) 



= n ^^^TinPiJ n Pi'fr.Cii jx)p7i mod R(/ n P'J) 

= n n PiT(TSti,jx)p-^ mod R(/) = n n ^^TiPitux) mod R(/) 

= Yevf^lj^'^^"\x mod R(H)) = res^«^(x mod R(H)) = res^«^ o ind^«^(a; mod R( J)). 

□ 

2.4.10. By the above we have in particular 

^?b:='^Com'.seStab<'(6,TAb^). 

Moreover, we have 

n*f := TT^^^^^* e Mack<=(Grp(G)*,TAb^) 

for ★ E {r-f,ri-f,f[. Although by definition is just the restriction of n^^^ to &, the reason for keeping 
track of 6 in the notation is to make precise, where this functor lives. This is important when considering 
morphisms between functors. If G is compact and if ^ is a variety of compact abelian groups, then we 
define similarly tt® and . 

2.4.11. If R e Ab(6) and 6' < 6, then obviously R|e' (R(H) | H e 6(,} is an abehanization system on 6' 
and ;rRl6' =^R|g/- 

2.4.12 Proposition. If R e Ab(©), then is canonically isomorphic to a quotient of by a closed sub- 
functor. Conversely, a quotient of by a closed subfunctor is canonically isomorphic to for some 
ReAb(6). 

Proof. To simplify notations, we set n^b := nf^^. Let R e Ab(6) and define <!> : 6b ^ TAb, H ^ RiH)/Com\H). 
Since HfR(H) is a separated abelian group, we have R(J?) > Com*(-ff ) and therefore ^ is well-defined. An 
application of A.2.7(viii) shows that 0(H) is a closed subgroup of H/Cora\H). Now, it is easy to verify that 
O is a closed subfunctor of Tiab and that the canonical isomorphisms 

nn(H) = H/R(H) - (H/Com\HmR(H)/Com\H)) = n^^{H)mH) 

define an isomorphism ttr = TTab/'I'. 

Conversely, let O be a closed subfunctor of JTab- Then (^{H) = R(H)/Com^{H) for some closed subgroup B,(.H) 
of H with R(if) > Com*(if). It is easy to verify that R - {R(if) | H e is an abehanization system on & 
and that the canonical isomorphisms 

n^b(.H)mH) = (,H/Com\H))/(R(.H)/Com\H)) - H/BiH) = 

define an isomorphism ;rab/^' = JTr- □ 

2.4.13. The above shows that the R-abelianizations ttr give a particular presentation of the quotients of 

closed subfunctors. Hence, we could replace the discussion above by a definition of the functor 
and a definition of R-abelianizations as quotients of tt^ by closed subfunctors. But on the one hand, the 
definition of tt^ and ttr is very similar (except that we had to define the notion of abehanization systems) 
and on the other hand, the presentation of the quotients in the form tir is easier and more natural to work 
with. 
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2.4.14. In the following proposition we give an alternative presentation of V^' that will later be used in 
the discussion of Fesenko-Neukirch class field theories. 

2.4.15 Proposition. Let H he a closed subgroup of finite index of G. Let g^G and let i? be a complete set 
of representatives ofH\G/(g). For peR define 

Xg(p) := min {j\jE N>o and pg-' e H}. 

The following holds: 

(i) Let j = kXg(p) + q with e Z and g e {0, . . . , \g{p) - 1}. Then 

_ ( Hpg'i if 

-\ Hpg^^^P^ ifg = 0. 

Moreover, pg-' p~^ eH ii and only if q' = 0, that is, j e Xg{p)Z. 

(ii) The set T - {pgJ | p e i? and j €.{!,..., Xg(p)]] is a right transversal of if in G. 

(iii) The relation 

g'(^) = n Pg^'^^^P'^ mod BUH) 
peR 

holds. 

Proof. First note that as [G:H]< oo, there exists j e l\l>o such that pg^ p~^ - {pgp~^y eH so that Xg{p) is 
well-defined. To see this, let NCg(H) be the normal core of in G. Since IG :H]< oo, it follows from C.4.1 
that [G : NCcCif)] < oo. Hence, (pigpT^)^^'^^ei^^^^ e NCg(H) < H. 

(i) By definition we have pg^g^P^p~^ -:heH. This jdelds on the one hand p - h'^pg'^t^P' and on the other 
hand pg'^^s'-P^ p'^ = (pg^s'P'p""^)* = which imphes pg''^s'-P^ = /i*p. Hence, 



and so we can write 



Pg 



1 h^-'^pg^g^P^ ifg = 0. 



In particular, we have Hpg^ = Hpgi iiq^O and Hpg^ = Hpg^f'-P^ ifq = 0. 

Now, suppose that pg^ p~^ h' e H. Using the above, we get h'p - pg-' - h^pg'^ and consequently h' - 
h'^pgip''^. This implies that pg'^p~^ - h~^h' eH but as g e {Q,...,Xg(p)-Vs, we must have g = by defini- 
tion of Xg(p). This shows that necessarily q = Q and it is obvious that pg-' p~^ eH it q = 0. 

(ii) Let a eG. Since G - \lp^RHp{g), we can write a - hpg^ for some h eH, p eR and i eZ. It follows 
from the above that Hpg'^ - Hpg-' for some j e {!,..., Ag(p)} and consequently a e HT what shows that 
G -\Jt&THt. To see that this union is disjoint, suppose that ifpig-^^ -Hp2g^^ with ji £{!,... ,Ag(p()}. Since 
G = ]Y^^j(Hp{g), this implies that pi = P2 =: P and if y'l = j^, then we are done. So, suppose without loss 

of generality that j'l > j2- We can write pg^^ - hpg-'^ for some heH and consequently pg-'^~-'^p~^ = heH. 
Since ji-jz e N>o, it follows from the definition of Ag(p) that ji-jz ^ Ag(p). But as ji,j2 g {!,..., A^(p)}, 
this is not possible. Hence, T is a right transversal of H in G. 

(iii) Let T be the right transversal from above. Let p eR and let j e {!,..., Ag(p)}. If j < Xg{p), then 
(pgj)g = pgj^'^ e T and therefore KT((pgj)g) = 1. If 7 = Xg(p), then (pgj)g = (pg^s'^V^KiO^) g ^^^^ and 
consequently KT((pg^^'-''^)g) = pg^s^P^p~^. Hence, 

^HG^g) = n ^T(tig) mod R(i/) = n ^Tiipg')g) mod R(i/) = f] P5^**''V"^ mod R(/f). 
teT pefl p£fl 

7£(l,...,A^(p)} 

□ 
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3. Abelian class field theories 

We recall from the introduction that an ACFT should model for each finite separable extension K\k of a 

field k the finite Galois extensions of K as certain subgroups of some abelian group C{K) in such a way 
that this model is faithful on the lattice of abelian extensions oiK and such that abelianized Galois groups 
can be calculated in this model. More explicitly, there should exist a map 0(K, -) : S^(K) — S^C(K)) from 
the set S^(K) of all finite Galois extensions of K to the set S^{C{K)) of all subgroups of C(K) such that the 
restriction of <I>(if,-) to the lattice ^(K) c S^(K) of finite abelian extensions is an injective morphism of 
lattices and there should exist an isomorphism, called reciprocity morphism, 

PL\K • Gsi\{L\Kr'° - C{K)mK,L) 

for each L e 8^{.K). We depicted the passage from the field internal theory to its model as the scheme 

K C{K) 
L e S\K) ^ ^{K,L) < C(K) 
Ga\(L\K) C(K)mK,L) 

and referred to these data as the group-theoretical part of an ACFT because by Galois theory the data 
above corresponds to a map 0{H,-) : S^H) —> SHCiH)) for each open subgroup H otG .= Gal(fe) which is 
injective on the lattice of coabelian open subgroups of if, and to an isomorphism 

p^H,U) ■■ (H/Ur^ - C(H)mH, U) 

for each U e S^(H). We will now entirely shift to this group-theoretical perspective and come to the functo- 
rial part of an ACFT. Using the fact that G is profinite and thus compact, we can use A.6.3 to canonically 
rewrite the abelianization oiH/U as 

(H/U)^^ = (H/U)/ComHH/U) = (H/U)/(UCom\H)/U) = H/UComHH) 

= (H/Com\H)mUCom\H))/Com\H)) = H''^K(UCom\H))/Com\H)) 

and now it is easy to see that the scheme 

H ^ Ct^nt(H):=m^=H/ComHH) 
U€S\H) ^ (Ptaut(H,U):=UComHH)/ComHH)<H/Com\H) 

HIU ^ Ct^^tmi<^te.ntiH,U)^{H/Gom\HmUCom\H)ICom\H)) 

with reciprocity morphisms the isomorphisms above satisfies all of the properties discussed above. This 
is of course a tautological example because in general the abelianized Galois groups Gal(L|ii')'^^ are hard 
to understand and it is one task of an abelian class field theory to provide a more accessible presentation 
of them, so from this point of view this tautological example is worthless. But as it captures precisely the 
(finite) "abelian theory" of G = Gal(fe), we should use it to force a general ACFT to share its "RIC-character" 
in the following two-fold sense: 

(i) Since the groups Ctaut(-ff) are equal to the values of the RIC-functor TTab - e Fct((3,TAb) with 
& - GrpCG)*^, we should in general force the single groups C(,H) of an ACFT to be the values of a 
RIC-functor C e Fct(S,TAb). 

(ii) It is not hard to see that: 

(a) The conjugation of ;rab induces a morphism 

Ctaut(i?)/3'taut(^^, U) - Ctaut(^i?)/4>taut(^i?,^f/) 

for all Hee^,Ue g\H) and g e G. 

(b) The restriction of ;rab induces a morphism 

Ctaut(i?)/«>taut(Jf,f/) - Ctaut(/)/«>taut(/,f/) 

for all if e 6b, / e Sr(ii) and U e S^H) n 

(c) The induction of ;rab induces a morphism 

Ctaut(/)/3'taut(/, V) - Ctaut(i?)/4>taut(i?,f/) 



for all if £ 6b, i e 6i(fi) and V e U e S^(H) with V<U. 
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Consequently, the conjugation, restriction and induction morphisms of the RIC-functor C of a gen- 
eral ACFT should also have this property. Moreover, these induced morphisms should correspond to 
those induced by n^h under the isomorphisms 6(h,u) '■ Cta\it(H)/^ta.ut(H ,U) C(H)/^(H ,U) obtained 
by composing the canonical isomorphism Cta\it(H)/OtaTxt(H,U) — (HIUY^ with P(H,U)- 

This "RIC-character" of an ACFT is what we will refer to as the functorial part of an ACFT. We already note 
that under the canonical isomorphisms CiaaiiH)l^i^^t(H ,U) — (HfUY^ the morphism in (b) corresponds to 
the transfer morphism 

so that the functorial part really gives an ACFT the natural internal structures of abelianizations. 
By considering an appropriate RIC-domain ^ consisting of pairs (H,U) with H an open subgroup of G and 
U an open normal subgroup of H, the functorial part can be compressed into the conditions that the maps 
0(J?, -) define a subfunctor <I) of a lifting C*^ of C to £ and the isomorphisms 9(h,U) define an isomorphism 
9 : Cf^J^taut ^ C^/O in Fct(e,TAb). This fact was one of the motivations for the introduction of the gen- 
eral notion of RIC-domains. 

Some non-classical ACFTs make it necessary that we generalize the group-theoretical and functorial parts 
so that also these theories become part of our fi-amework. The following is a list of the intended general- 
izations and their origins: 

• It is easy to see that the RIC-functors C in the local and global class field theories mentioned in the 
introduction are cohomological Mackey functors having Galois-descent and are thus obtained by taking 
invariants of a discrete G-module (in the local class field theory we obviously have C - (GLi(fe''))* and in 
the global class field theory it is not hard to see (although it is not entirely obvious, confer [Neu99, chapter 
VI, proposition 2.5]) that C has Galois-descent). This would serve as a motivation for always assuming 
that the RIC-functor C of an ACFT is a cohomological Mackey functor with Galois descent. This is, in the 
language of discrete G-modules instead of cohomological Mackey functors with Galois-descent, precisely 
what is assumed in "classical approaches" to ACFTs as Jiirgen Neukirch's class field theory discussed 
in [Neu99, chapter IV] and the (classical) Nakayama-Tate duality discussed in [NSW08, chapter 3]. 
Ignoring that from our point of view the usage of a general RIC-functor is absolutely natural, the Galois- 
descent assumption would unnecessarily restrict the realm of ACFTs. The reason for this is that Ivan 
Fesenko has demonstrated in [Fes92] that it is possible to extend Neukirch's class field theory to an 
ACFT with C being a general cohomological Mackey functor (not necessarily having Galois descent) and 
then instantiated this theory for higher local fields with C indeed being a cohomological Mackey functor 
not necessarily having Galois descent. This shows that there exist ACFTs with C not being isomorphic 
to a discrete G-module and thus not being part of the classical approaches to ACFTs. Moreover, it shows 
that it is possible to extend an entire classical theory, the Neukirch theory, to cohomological Mackey 
functors. We take these two observations as the final motivation for discussing ACFTs with C being a 
general RIC-functor. The assumption of C being a cohomological Mackey functor is in most parts of our 
abstract discussion of ACFTs not needed but it will later be a central point in abstract theorems about 
class field theories and in the Neukirch theory. 

• The abelian local p-class field theory for totally ramified extensions discussed by Fesenko in [Fes95] 
provides in its easiest situation (that is, when the Galois group Tk of the maximal abelian unramified 
p-extension K\K is isomorphic to Zp) reciprocity morphisms 

PUK ■■ Gal(Lli^)^'' - C(K)mK,L) 

only for totally ramified p -extensions L\K. Moreover, although this theory has a functorial part as 
discussed above, it only exists when passing between totally ramified extensions. We will solve this 
problem by the introduction of two-dimensional G -subgroup systems and in particular G -spectra which 
can be considered as being composed of a G-subgroup system & < Grp(G)'""^ with a set of "extensions" 
S(H) attached to each of the "base groups" H e&b. The functor C of an ACFT is then just defined on 
Sb and reciprocity morphisms just exist for the selected extensions. All this can be easily defined in the 
language of RIC-functors. For the above situation one can then choose ©b as the set of all open subgroups 
of G = Gal(^) but as &-k{H) only open subgroups which correspond to totally ramified extensions of (fe*^)^ 
and as SiH) only open normal subgroups which correspond to totally ramified p-extensions of (fe^)^. 

• Another problem that occurs in Fesenko's abelian local p-class field theory is the fact that the composi- 
tion of totally ramified extensions is not necessarily totally ramified so that the abelian totally ramified 
extensions do not necessarily form a lattice. Therefore a definition of the faithfulness of an ACFT as 
discussed above does not make sense in this situation. We solve this problem by requiring an ACFT to 
be faithful on any lattice consisting of coabelian subgroups. 
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• The general reciprocity morphisms of Fesenko's abelian local p-class field theory for totally ramified 
extensions (that is, when Tk is not necessarily isomorphic to Zp) are isomorphisms 

PL\K : HomTAb(rif .GaKLlif)^^) - CmmK,L) 

for totally ramified p-extensions L^K. To include also this ACFT in our discussion, we will allow an 
ACFT to carry just the internal structure of a "dualized" tautological ACFT which can easily be defined 
in the language of RIC-functors. 

• The p-class field theories discussed by Thomas Weigel in [Wei07] are ACFTs which describe just the 
maximal abelian p -quotient of the Galois groups instead of the maximal abelian quotient. This motivates 
to consider ACFTs which carry the internal structure of general abelianizations which is again easy to 
define in the language of RIC-functors. 

• In our abstract discussion of ACFT it makes no difference to replace the profinite group G = Gal(fe) by a 
general compact group G. 

Nearly all objects discussed so far (including their straightforward generalizations) have been introduced 
to make it possible to define a notion of ACFTs that takes care of all the above generalizations and restric- 
tions, while still possessing enough structure to make certain abstract theorems work. This highly general 
approach has unfortunately the disadvantage of bringing a major complexity to our theory because we have 
to take care of a lot of extra data. At the end of each abstract consideration we will therefore provide a 
corollary for the most relevant situations. 

In 3.1 the notions of two-dimensional G-subgroup systems and representations of them are defined. In 
3.2 the tautological class field theory is formalized and in 3.3 an important type of representations, the 
induction representations, is defined. Finally, in 3.4 the definition of an ACFT is given and several abstract 
theorems are proven and in 3.5 a very important further reduction theorem is proven. The last section 3.6 
is just intended to fix some notations in the case of field extensions. 

3.1. Two-dimensional G-subgroup systems 
3.1.1. In order to formulate the functorial part of an ACFT in the language of RIC-functors we have to 
find the proper RIC-domains. These will be a special case of the two-dimensional G-subgroup systems that 
we will introduce in this section. We also define the notion of representations of regular two-dimensional 
G-subgroup systems which capture the "modeling process" described at the beginning of the introduction. 

3.1.2 Assumption. Throughout this section G is a topological group. 

3.1.3 Definition. We define 

Grp2(G) := {(H, U)\H<^G and U <cH} 
and equip this set with the partial order 

(7, V) < (H,U) :<!=> / < if and y < LT. 

We let pi : Grp2(G) — Grp(G), (H, U) ^ H, be the projection onto the first factor and p2 : Grp2(G) — Grp(G), 
(H,U) ^ U, be the projection onto the second factor. The group G acts on Grp^(G) via component-wise 
conjugation ^(H,U) :- (^H,^U). We define a two-dimensional G-subgroup system as a RIC-domain in the 
equiordered set (Grp^(G),<,G,ju), where jU is the conjugation action. 

3.1.4 Definition. We mostlyjust write ((£b, ^r, ^i) for a two-dimensional G-subgroup system (^b, £r, 2;i,G,/i). 
Moreover, we define := pi((£b) and Ext(e,H) := p2(p^^iH)) for H e e^. We say that € is E-finite if 
[H:U]<oo for all (if, t/) e €i, and we say that € is finite if it is E-finite and [G : if] < oo for all H£€^. 

3.1.5 Definition. Let £ be a two-dimensional G-subgroup system. For * e {r,i} and if e let (£'^(if) '■- 

Pi(U(ff,[/)e€b ^*(H,U)) and (2^ {l£*(if) I if e Cb). Then £ is called regular if €^ := (e^,(£j,eb is a G- 
subgroup system. 

3.1.6. A regular two-dimensional G-subgroup system can thus be thought of as consisting of a G-subgroup 
system (E^ with a set of "extensions" Ext(£,if ) attached to each if e 
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Ext(e,i?) 

Ext(e,/) 

Ext(e,j) 




A regular two-dimensional G-subgroup systi 



3.1.7 Proposition. Let € be a regular two-dimensional G-subgroup system, let ^ he a category and let 
C e Fct((£^<^). Then the following data define a RIC-functor e Fct((£,<^): 

• C^(if, U) := C(H) for each (H, U)e€b. 

• resy y) (^y '--^^^^H ^^^^ (H ,U) £ iSfa and {I,V) e (Br{H,U). 

• indg^j^) ^J := ind£ j for each (H, U) e £b and iI,V)e (Bi(H,U). 

• con^^^ := con^^ for each (H, U) e €b and g^G. 

Proof. This is evident, noting that the definition of <^^{.H) ensures that the restriction and induction mor- 
phisms are always well-defined. □ 

3.1.8 Definition. A representation of a regular two-dimensional G-subgroup system € is a quotient C^^/O e 
Fct((£,TAb) with C e Fct((£^TAb) and a subfunctor O e Fct(g,TAb) of C^. The RIC-functor C is called the 

class functor of the representation and <I> is called the extension functor of the representation. The full 
subcategory of Fct(€,TAb) consisting of representations of 2; is denoted by Rep(£). 

3.1.9 Convention. If nothing else is mentioned, then we always assume for a representation 0*^/0 that 
the abelian groups C(,H) are written multiplicatively. This convention is due to our intended application of 
representations in class field theory. 

3.1.10. In the following we will introduce some notations that will be used in the subsequent sections. 

3.1.11 Definition. Let £ be a regular two-dimensional G-subgroup system. 

• We define 

m,U) I {H,U) £ €b and HIU is cyclic}. 

For n £ N>o we define 

m,U) I {H,U) e and HIU is cyclic of order n) 

and 

Ext"(€,7?) := {[/ I [/ £ Ext(€,ff) and HIU is cyclic of order n). 

• A lattice in € is a family ^ = {^(.H) \ H £ where c Ext(€,i?) is a lattice with respect to 
products and intersections. 

• If R e Ab(e''), then we define 

:= m, U) I (H, U) e (£b and U > R(H)} 

and 

ExtR(e,if) ■.= {U\U£ Ext(e,fl^) and U > R(if)}. 

• We define ^l'"^" = (E^" n Similarly we define Cj^'" and Ext^((£,if). 

• An E-lattice in £ is a lattice ^ = {^{H) | if £ in € such that ££{H) Q ExtR(€,7f). 

• A representation C^/<I> of £ is called ££-faithful if : .Sf(if) - ^''(C(i?)) is an injective 
morphism of lattices. 
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3.2. Tautological class field theories 
3.2.1. In this section we define the tautological class field theories as motivated in the introduction. These 
can be considered as representations which are naturally defined on a special type of regular two-dimen- 
sional G-subgroup systems, the G-spectra. After defining the tautological class field theories we give two 
alternative presentations which are easier to work with. 

3.2.2 Assumption. Throughout this section G is a topological group. 

3.2.3 Definition. A G-spectrum is a regular two-dimensional G-subgroup system £ satisfying the following 

additional properties: 

(i) li{H,U) e €b and iI,V) £ €AH,U), then V^U. 

(ii) is R-finite. 

3.2.4. In the following we will discuss a general concept for how to construct a canonical G-spectrum from 
a G-subgroup system with extensions. All G-spectra used in applications will be obtained in this way, in 
particular the one necessary for Fesenko's p-class field field theories. 

3.2.5 Definition. An extension of a G-subgroup system © is a family S - {S(H) | H e ©b) with S(.H) a non- 
empty set of closed normal subgroups of if such that the following conditions are satisfied for each e ©b 

and -k e {r,i}: 

(i) H€S(H). 

(ii) sg(H) = g(«H) for al\geG. 

3.2.6. If © is a G-subgroup system, then it is evident that ^* := Sq {S*(H) | H e ©b) is an extension of 
©for ★eft, f}. 

3.2.7 Proposition. Let S be an extension of a G-subgroup system © < GrpCG)""'^. Let 

(£b := {(H, LT) I fl^ e ©b and f/ e S(H)} 

andfor(H,C/)eeblet 

(Er(H,U) := {(I,U) 1 1 e 6riH) and U e S(I)} 

(Ei(H,U) := {(I,V) I / e ©i(if) and V e and V < U}. 

Then (£ = (€b, £r, ^i) is a regular two-dimensional G-subgroup system with (£'' = © and Ext((£,if) = S(,H) for 
all H e ©b. We write € = Sp(©,^). 

Proof. This is easy to verify. □ 

3.2.8. We define Sp*(G) SpCGrpCGr^,^') and Sp*(G) Sp(Grp(G)*,<f'') for ★ e {r-f,ri-f,f}. 

3.2.9 Definition. A coabelian classification datum for G is a triple K - {(B,R,D) consisting of a G-spectrum 
€, an abelianization system R e Ab(€'') and a dualizing functor D £ FctCC^TAb'*^). The set of all coabelian 
classification data for G is denoted by CCD(G). If (£',R',2)') and ((S,R,D) are coabelian classification data 
for G, then we define 

((£',R',D') < ((£,R,D) :<=^ (£'<(£ and R' = R|(g,)i, andD' =D|(g,)b. 

3.2.10. A coabelian classification datum is the initial datum for an ACFT The G-subgroup system (B^ con- 
tains the "base groups" H whose extensions Ext(€,H) are to be described. The abelianization system R 
describes how the "Galois groups" H/U are abelianized and the dualizing functor D describes how these 
Galois groups are "dualized". 

3.2.11. The main example of a coabelian classification datum for G is .S(£)ab •= (^,Com*''^'',Z) for a G- 
spectrum (£ and in particular MG)*^ :- .^(Sp(G)*)ab for -k e {t,r-f,ri-f,f). Assuming that G is compact, 
another important example is -^(G)^ := (Sp*(G),R^ Gi.p((3)*,Z) for a variety ^ of compact abelian groups 
and ★eft,r-f,ri-f,f(. 

3.2.12 Assumption. For the rest of this section we fix a coabelian classification datum ^ = ((£,R,D) for G. 

3.2.13. As motivated in the introduction, we will now define the tautological .^-class field theory which 
extracts from G the information as prescribed by .ft in a tautological way, namely as follows 

t/eExt(£,i/) ^ <Psi,tandH,U)^UR(HmH)<H/R(H) 
H/U ^ CA,taut(H)/OMM^^t(H,U). 
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3.2.14 Proposition. The map 

^AMnt ■■ «b — TAb 

(.H,U) — UR(H)mH) 

is a. subfunctor of tt^ = (^r)^ ^ Fct(^,TAb). The representation tt-^/O^^^u^ e Fct(e,TAb) of £ is denoted by 
Yif^ and is called the tautological R-class field theory. 

Proof. Let <D = Oji.taut and let (H,U) e £b- It is obvious that ^(H,U) = UB,(H)fR(H) is a subgroup of 
n^(H,U) = nn(H) = HfBiH). By 2.4.6(i) we have 

g(UR(H))g-^ = (.gUg-^)(.gR(H)g-^) = ^f/Rm) 

and therefore 

conf ^^^^mH,U)) = conlyO(H,U)) = con^HiURiHmH)) = ^f/R(^if)/R(^H) 
= <t>m,^U) = (^(HH,U)). 

Now, let (I,U) £ eAH,U). Then / e Moreover, i7 <if and f/ < /. Let T be a right transversal of I in 

H. Then, using 2.4.3(ii), 2.4.3(iii) and 2.4.6(ii), we get 

resj|j^)_(^_f^)(a)(if,t/)) = res1y<HH,U)) = res^^([7R(/f)/R(i/)) = Verf5''^'^'(?7R(if)/R(if)) 
= YfJ^(UBKH)) = VfJjhU) ■ vfJj\R(H)) = VfJjhU) = yIh(U) mod R(/) 
c C/ mod R(/) = f/R(/)/R(/) = $(/, f/). 

Finally, let e £i(H,U). Then / e (&\(H) and so it follows from 2.4.6(iii) that R(/) < R(if). Moreover, 
y < f/ and therefore yR(/) < VRiH) < f/R(fl^). Hence, we get 

ind||^) ^)(<P(/,y )) = ind^imi, V)) = ind^j^/VRiimi)) = (VR(I))R(HmH) 
= VR(H)/R(H) c UR(H)/R(H) = ^(H,U). 

□ 

3.2.15 Proposition. 11^ e Fct(£,TAb) is canonically isomorphic to the functor Tl^ e Fct((£,TAb) given by 
the following data: 

• UsiiH, U) .=H/UR{H) for each (H, U) e (£b. 

• con"«^ : H/UR(H) - SRimRm) is induced by the conjugation H^SH,h^ ghg'^, for each 
(i?,[/)e£band^£G. 

• resy^'y, (HU)-= Ver™'^''™^^^ : HIUR(H) - //f/R(/) for each (if, f/) e and (/, f/) e <Ej.iH, U). 

• ind|^ (J ^) : WR(/) - H/UR(H) is induced by the inclusion / - if for each (H, U) e (£b and (i, y ) e 

ei(fi,'f/). ' 

Proof This follows using the isomorphism UdH,U) = (H/R(H))/(.UR(H)/R(H)) = HIUR{H) and 2.4.3(ii), 
2.4.3(iii) and 2.4.6(ii). □ 

3.2.16 Lemma. Let if be a closed subgroup of finite index of G and let U he a. normal subgroup of G such 
that U < H. Assume that H/U is closed in G/U.^^ Let q -.G ^ G/U be the quotient morphism and let 
T = (ti, . . . , i„) be a right transversal of H in G. Then T := q(T) = (q(ti), q(tn)) is a right transversal of 
H/U in G/U and the diagram 

G 

g 1 

Y Y 
G/U ^H/U 

^ H/U, G/U 

commutes. 



^'^This is for example satisfied if G is quasi-compact and U is closed in G because in this case the quotient morphism G G/U is 
closed by the closed map lemma. 
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Proof. It is evident that q{.T) is a right transversal oiHfU in GfU and that goKj = jCyog (confer also A.4.5). 
Hence, for g e G we have 

n n n n 

!=1 s=l i=l i=l 

□ 

3.2.17 Proposition. Assume that G is compact and that ^ < ^^(G) for a variety of compact abelian 
groups. Then 11^ e Fct((£,TAb) is canonically isomorphic to tt^ e Fct(£,TAb) given by the following data: 

• n^(H,U) n^(H/U) for each (H,U) e €b. 

• con^^^ :- n^{.cong^(H,U)), where cong (H,U) '■ HIU ^H/^U is the morphism induced by the conjuga- 
tion if ^ ^if, ^/ig-i. 

• resy^j^) := Verf/^|^^'^^*-^'^' for each {H, U) e and (7, U) e eAH, U). 

• ind|^j^jm^j := nj^(.md(H,u),(i,V)^' where i'nd(H, u),{i,V) '■ ~* is the morphism induced by the 
inclusion 7 ^ 7? for each (77, U) e €b and (7, V) e €i{H, U). 

Proof. First, we have to verify that the definition of ;rj^ is well-defined. Let (H,U) e €b. Since G is compact 
and 77 is closed in G, it follows that 77 is also compact. Moreover, as U is closed in 77, the quotient H/U is 
compact. Hence, n^{HIU) is defined and n,^{HIU) £ cplproto-.e/. The conjugation and induction morphisms 
are obviously well-defined. To see that the restriction morphisms are well-defined, let (77, U) e £b and let 
(7, U) e £r(77, U). Due to the closed map lemma the quotient morphism q.H^ H/U is closed and therefore 
I/U is a closed subgroup of H/U. Moreover, it follows from 3.2.16 that I/U is of finite index in 77/t7 and that 
{UE^iD/U, UR^{H)/U} is a transfer inducing pair for I/U in H/U. Hence, Ver™^}^^'™'^*^''^ is defined. 

According to B.3.9 we have UR^iD/U = R^(I/U) and UR^iHW = R^(77/i7). This shows that res^^/^j 
is defined. 

Now, it is easy to see that the canonical isomorphisms 

(P(H,U) ■■ ^a(H, U) = H/UUAH) - (H/U)/(UR^(H)/U) = (H/U)/B.^(H/U) = Ji^(H/U) = n^(H, U) 

are compatible with the conjugation, restriction and induction morphisms. As Hj^ e Fct(€,TAb), this im- 
plies that e Fct((£, TAb) and that (p is an isomorphism between these RIC-functors. □ 



3.3. Induction representations 
3.3.1. Motivated by the structure the tautological .ft-class field theory has in certain situations we will 
discuss a special type of representations in this section. These representations are of particular importance 
in class field theory. 

3.3.2 Assumption. Throughout this section G is a topological group. 

3.3.3. Let ^ = (e,R,7)) e CCD(G). If Ext(C,77) c then we have UBiH)/R{H) = ind2'y7rR(f/) and conse- 
quently 

n^^Trf/ind'^R, 

where \n.d^^{H,U) :- ind^jjU^iU). This observation leads us to consider in general representations of the 
form C'^/ind^ with C e Fct(£^TAb) and ind^(77,f/) = ind^ ^jdU). But even if ind'^ is well-defined (that is, 
Ext(€,77) c (g^), it is not clear whether this is a subfunctor of C^. To provide a general situation in which 
this works, we will introduce the notion of Mackey covers of a G-spectrum. 

3.3.4 Definition. Let £ be a G-spectrum. A cover of (£ is a G-subgroup system & such that <& and 

Ext(e,77) c 6i(77) for each 77 £ (£^. A Mackey cover of £ is a cover 9Jt of £ which is a G-Mackey system such 
that additionally the following condition holds: if (H,U) £ £b and (I,V) £ ei(H,U), then V £ MiiU). 

3.3.5. It is obvious that Grp(G)''"^ is a Mackey cover of any G-spectrum and that Grp(G)'^ is a Mackey cover 
of any finite G-spectrum. 

3.3.6 Definition. Let € be a G-spectrum. For a cover 6 of £ and C £ Fct(©,TAb) we define the map 

ind^ : Cb TAb 

(77, ?7) — indgj^C(f/). 
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If indg is a subfunctor of e Fct((£,TAb), then we define 

H° (C) := C'^/ind^ £ Rep(€). 
Any representation of € of the form Hg(C) is called an induction representation. 

3.3.7. Let = (S.R.i') e CCD(G). If Ext(e,H) c then = Hg(7rR) by 3.3.3. In particular, if J^< ^(G)*j,, 

then = Hg(;7r*'^). Similarly, if G is compact and .ft< ^'^(G) for a variety of compact abelian groups, 

then Ilj^ = Hg(7r^). The last two examples are important because isolated on <B they might not look like 
an induction representation. 

3.3.8 Proposition. Let £ be a G-spectrum, let !3Jl be a Mackey cover of <£ and let C e Mack(£!Jl,TAb). Then 
indg is a subfunctor of e Fct(£,TAb) and consequently C^/indg is a representation of £. 

Proof. Let (H,U) e Cb- First note that ind^ ^C(U) is defined since U e Ext(g,if) c gjliCfl^). Obviously, 
indg(if,t/) is a subgroup ofC^(,H,U) = C(H). Moreover, using the equivariance of C, we get 

con^J^^^)(indg(i/, i7)) = con^^(indg(i? , U)) = conj^ o indg yC(C/) = indg^^^ o conj y(C(C/)) 
e ind?^^j;C(^f/) = indPrn^U) = indg^, C/)). 

Let (7, ?7) £ €r(H,U) and let R be any complete set of representatives oi I\H/U. By definition, we have 
I £ €?(i7) c MAH) and f/ e Ext(e,fl^) c 9Jli(if). Using the fact that U is normal in H, an application of the 
Mackey formula yields 

'■esa^[/),(H,C7)(ind^(ff , C/)) = resp^(ind^(ff , C/)) = res^^ o ind^ jjC(U) 
= n indf/^^f^oconj^.^j^oresf,^ C(f/) 

= nind^c/°conf,c/°resg,t;C(f/) 

eindft;C(f/) = indg(/,t/). 

Finally let (I,V) £ (£i(7f, [/). Then / £ £^^(77) c 9Ki(J?) and V £ Ext((£,7) c mid). Moreover, U £ Ext(e,if) Q 
and V £ 2ti(f/). Consequently, we can use the transitivity of the induction morphisms to get 

indgy) y y)(indg(7, V)) = ind^ ^(indg(7, V)) = ind^ j o indf_^C(y ) = indg ^ C(y ) 
= indg y o indg ;,C(y ) c ind^^CiU) = indg(77, U). 

□ 

3.3.9. Let € < Sp(G)"-*' and let 971 < Grp(G)i-f be a Mackey cover of €. Let C e gAb*^ and let C* = HO^(C) e 
Mack'=(9Jl, Ab). Then (CJ is defined and for any (H,U) e (£b we have 

H« (C*)(if,f/) = C*(if)/ind^*f^C*(f/) = C^/Nff/t/C^ = &^(H/U,C^), 

where N^/f/ .C^^C^ is the norm map in Tate cohomology and ¥l^(H/U, C^) is the zeroth Tate cohomology 
group of the H/U -module C^. 

3.4. Definition and basic properties of abelian class field theories 

3.4.1. In this section we finally discuss abelian class field theories. After giving the definition we will prove 
several abstract statements about class field theories which are modeled upon the corresponding results in 
[Fes92], [Fes95] and [Neu99]. We restrict here to compact groups so that the dualization will not produce 
problems and the tautological class field theories have the correct interpretation. 

3.4.2 Assumption. Throughout this section G is a compact group and ^ - (€,R,Z)) is a coabelian classifi- 
cation datum for G. 

3.4.3. We call Homd)'^,!!^^) £ Fct(£,TAb) the dualization of the tautological R-class field theory. Note that 
as G is compact and as {H,U) e (£b implies that if is a closed subgroup of G and that U is a. closed sub- 
group of 77, the values nj^(77,i7) = H/UR(H) are compact by A.3.4 so that e Fct(e,TAb'°"). Hence, 
Hom(Z)<^,nj^) is defined by 2.1.20. 
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3.4.4 Definition. A ^-reciprocity morphism is an isomorphism 9 : ¥lom(D^ ,U^) —> C^/5> in Fct(C,TAb), 

where C'^/(S> is a representation of (£. A R-class field theory is a ^-reciprocity morphism 6 : Hom(Z)^,nj^) — >• 
C'^/O such that the representation C'^/^ is ^-faithful for any R-lattice if in €. 

3.4.5. All what we have discussed in the introduction, including all generalizations, is now captured by this 
single definition. 

3.4.6. The identity on the tautological .ft-class field theory is obviously a .ft-class field theory. A similar 
statement does not hold for the dualization of the tautological .S-class field theory because it is not a 
representation. 

3.4.7. Since = n^^, an apphcation of 2.1.21 shows that Hom(D^,nj^) = Hom(Z)^,n^). If D = Z, then an 
application of 2.1.21 shows that Hom(Z^,n^) = n^. 

3.4.8. Suppose that R < K{G)^^^. In this case we have 11^ = = tt^ and so we can identify a morphism 
e : Hom(Z) n^) ^ C'^/® with a morphism Hom(Z) tt^) — C'^/O and ifD = Z, we can identify this with a 
morphism jij^ C'^/^. If Hg(C) is an induction representation of (£ which is isomorphic to the tautological 
.ft-class field theory, then we have the symmetric picture 

The same holds for G being compact and a variety ^ of compact abelian groups. This observation is a hint 
that class field theories are in general induction representations. 

3.4.9. Proving that a given morphism 9 : Hom(Z)^,n(^) C^/cP is a .S-class field theory might require a lot 
of work. Therefore it is important to find abstract theorems about class field theories which, at least in 
good situations, help to reduce the amount of work. The rest of this section and also the next section is 
concerned with such reduction theorems. The first important result is that, under very mild conditions, 
the fact that 9 is an isomorphism already implies that it is a class field theory so that we do not have 
to care about the if -faithfulness any more. Then the question is if there are conditions that imply that 
9 is already an isomorphism. One answer we can provide is that it is enough to check that 6(h,u) is 
an isomorphism only for all (H,U) e (E^' for any prime number £ and m e N. But as this is a strong 
reduction, several assumptions on R and C have to hold. In the following definition we will already give 
some of these conditions. Although this looks like a long and complicated list, the conditions are obvious in 
most situations coming from applications. 



3.4.10 Definition. 

? is called L-cohi 

(i) l{Ui,U2 e ExtR(e,H) with U2 < Ui, then (H,U2) e i&i(H,Ui). 



M. is called L-coherent if the following condition holds for all if e 



(ii) If f/i,f/2 e ExtR((£,if) with U2 < Ui and mm-f/^^mH),UilU2) = 1, then Ui = U2 
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• .8 is called I-coherent if (£ < Sp(G)''"^ and the following conditions hold for each if e 

(iii) Kxt(e,H)Qia\(H). 

(iv) If f/ e Exm,H) and Ui <^H with U < Ui, then: 

(a) Ui e Ext(C,fi) and U e Ext((£, Ui)P 

(b) {Ui, U) e €i(H, U) and {H, U) e ^iiH, Ui). 

(v) IfUe Ext( £, H) and I is an open subgroup of H with U<I<H, then (i, LT) e €i(/i , U). 

(vi) If Ui,U2£ Ext(e;,ii) with U2^U\, then ^'^^jjjjiMHul) ^urjective. 

• .ft is called coherent if it is L-coherent and I-coherent. 

3.4.11. Conditions (ii) and (vi) are obviously satisfied if Z) = Z. If .ft is I-coherent, then (i) is already satisfied. 
It is easy to see that any .ft= (Sp(G)*,R,Z) and so in particular ^(G)*jj is coherent for * £ {r-f,ri-f,f|. The 
coabelian classification datum that can be used to describe Fesenko's p-class field theories is also coherent. 

3.4.12. Before we start with the reduction theorems we will discuss one important point that was already 
highlighted in 3.3.7. In most situations coming from applications the class functor C of a class field theory 



^^Note that as U2 £ R(^^), the quotient HIU2 is abelian and consequently U1/U2 £ H/U2 is abelian. 
^^Note that this is well-defined by (iii). 



39 



is naturally defined on Grp(G) or even on GrpiOr^ and thus on Grp(G)"-f. This is in particular the case if 
C comes from a discrete G-module. For some reduction theorems and in general for setting up class field 
theories like the Fesenko-Neukirch class field theory a lot of auxiliary constructions are necessary and 
these airxiliary constructions will require C to be defined on arbitrary open subgroups of a group if e 2^. 
Hence, we have to make sure that C comes from a big enough G-subgroup system. This leads to the notion 
of arithmetic G-subgroup systems of which Grp(G/ and Grp(G)""^ are examples. The general setup for 
these advanced theorems and class field theories is then to require that C is defined on an arithmetic 
Mackey cover of iS. As stated above, this holds in most situations coming from applications. Moreover, this 
assumption does not contradict our general point of view since the class field theory itself still lives just on 
(£ and the smaller (£ is the smaller is the amount of work necessary to prove that a given morphism is a 
class field theory. 



auxiliary constructions 




The class functor C is defined on an arithmetic Mackey cover 951 of £. To prove that the representation C /<!> of £ is a class field 

theory, auxiliary constructions outside <£ are necessary. 

3.4.13 Definition. A G-subgroup system & is called arithmetic if the following condition holds: ii H £ ©b. 
then &i,(H) contains all open subgroups otH for ★ e {r,i}. 

3.4.14 Theorem. Suppose that is L-coherent. Let e Rep(e) and let 6 : Hom(D^, n^) - C^/O) be an 
isomorphism. The following holds for (H,U) e (£),: 

(i) 0(if,t/) is closed in C(if). 

(ii) If U is open in H and either D = Z or Z) e Fct((£^ TAb"=°'"), then U) is open in C(H). 

(iii) IfUIKH) £ Ext(€,i?), then (:>(H ,U'R(H)) = C>(H,U). 

(iv) l{g£G, then con'^^mH, U)) = <P(«(i?, U)). 

(v) The map <D(i?, -) : Ext(€,i?) - SHC(H)) is monotone. 

(vi) Let Ui,U2 e Ext((E,H) such that U2 < f/i. Identify 

Homj/^hiDiH), UiR{H)/U2R{H)) c iiomjjxbiD{H),H/U2R{H)) = Hom(D'^,n.ft)(J?,J72) 
using HomTAb(-D(-fi),t), where i : UiR(H)/U2R(H) H/U2R(H) is the inclusion. Then 

e^H,U2)(^omJ^^,(D(H), UiR(H)/U2n(H))) = ^(H, UimH, U2) < C(HmH, U2). 

(vii) If C/i, f/2 e ExtR(e,fl^) such that UiU2 e Ext((£,fl^) and f/i n t/2 e Y.yAi<E,H), then 

4>(if, UiU2) = 0(H, Ui) ■ a>(if, U2). 

(viii) UUi,U2 £ ExtR(€,i?) such that f/i n £ Ext(€,i?), then 

(^(H, t/i n t/2) = ^(H, Ui) n 0(if, U2). 
(ix) Let be an R-lattice in (£. Then 

^(H, -)\^(H) : ^(H) - S\C(H)) 

is injective. 
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Proof. 

(i) Since H is compact and both U and R(H) are closed in H, the product UIi(H) is also closed in H by 
A.3.4. Hence, H/UR(.H) is separated and therefore liom(D^ ,U^)(.H ,U) = liomjfi,b(D(.H),H/UR(.H)) is also 
separated by C.5.7. As 

%,f7) : Hom(D n^)(if, t/) - C(H)mH, U) 

is an isomorphism, it follows that C(H)/0(H, U) is also separated and therefore <HH, U) is a closed subgroup 
of C(77) (confer also A.2.7). 

(ii) Since U is open, the product UB,(H) is open in H. If D = Z, then the canonical isomorphism Ilj^ 
Hom(Z,nj^) composed with 9 is an isomorphism d : 11^ — C^/fl> so that in particular d(H,U) '■ H/UR(H) —> 
C(H)/(!>{H, U) is an isomorphism. Since UR(H) is open in H, the quotient H/UR{H) is discrete and conse- 
quently, C(H)I^(H,U) is discrete (confer A.2.7). But this implies that <^iH,U) is open in C(H). 

If D e Fct((£^TAb'=''™), then an application of C.5.8 shows that Hom(D^,n^)(/f,f/) is discrete and conse- 
quently C(H)I(S>(H, U) is discrete. This again implies that ^{H, U) is open in C(H). 

(iii) Since is a morphism, we have the following commutative diagram 



HomTAh(D(H),H/UR(H)) 



Hom(D'^,U^)(H,U) 
C(H)mH,U) — 



. Hom(B,n^) 
"^"^(H.UMHMH.U) 



"^'^(H.UMHMH.U) 



HomTAb(D(H),H/{{UB,(H))R(H))) 



Hom(D ^, n^)(H, UR(H)) 

Y 

^C(H)mH,UR(H)) 



C(H) = C(H) 

As H/{{UR(H))R(H)) = H/UR{H), we have ^i^'^ffj^TiiiimH u) ~ ^'^ therefore ^i^^fHUR(H)) (H U) 
morphism. But as this morphism is induced by the quotient morphism C(H) CIH)/^(H ,UR(H)), this 
imphes 0(H,U) = ^H,UR(H)). 

(iv) Since $ is a subfunctor of C^, we have 

con^ jjmH, U)) c 0(HH, U)). 
Similarly, we have con^_i ^(<I>(^(if, f/))) e <^(H,U) which implies that 

^(^(.H, U)) c corfg^mn, U)). 

Hence, con^^(a)(if,f/)) = <l)(^(i?,C/)). 

(v) Let Ui,U2 e Ext(e,H) with U2 < Ui. Then (H,U2) e (Ei(H,Ui) by 3.4.10(i), and as $ is a subfunctor of 
we have 

0(if, U2) = ind^ ^($(if, U2)) = indg j;^) y^)(0(if, U2)) ^ ^(.H, Ui). 
Hence, <I>(if,-) is monotone. 

(vi) Since (H,U2) e €i(H,Ui), we have the following commutative diagram 

HomjAb(D(H),H/UiR(H)) C(H)mH,Ui) 



. Hom(D'^,n|j) 
™"-(H,Uj^),(H,U2) 



(H,Ui),{H.U2) 



HomjAb(D(H),UiR(H)/U2R{H)) -— ^ HomjAb(D{H),H/U2R{H)) C(H)mH,U2) 

Noting that ^''^^^^^^ (^h^ijI^ - HomjAb(-D(-f^), q), where q : HIU2R{H) — H/UiRiH) is the morphism induced 
by the quotient morphism H — ' HIU{R{.H), we see that the sequence 



^^The proof given here is partially based on the proof of [Fes95, corollary to the theorem in section 1.8]. 
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in the diagram above is exact in Ab. This yields 

^'^&MH,u,) ° 0(H,u,momj/^i,iD(H), UiR(H)/U2n(H))) 
= oind[^°';;*^,^/^'/HomTAb(^(H),C/iR(i/)/f/2R(i^))) 



and therefore 



■^(H,UMH,U2) 



e^HM(iiomjj^i,mH),UiR(H)/U2R(H))) c Ker(indg/* , j^^,) 



= (^(H,Ui)mH,U2) 
^C(HmH,U2), 



where we used that 0(H, U2) ^ 4>(i?, Ui). 
Conversely, we have 



and therefore 

ei^^J^(H,Ui)mH,U2)) ^ Ker(indf°^f^^^^^l^) = Hom-f,^i,(D(H),UiBJl.H)/U2n(H)) 
which implies that 

0(H, UimH, U2) c eiH,U2)(^om-f/^k(D(H), f/iR(if)/f/2R(if))). 

(vii) Note that Ui = f/jR(if) since Ui e ExtR(e,if). We identify 

HomTfl,k(D(H), UilUi n t/2) ^ Yiom.^;^^(D(.H),HIUx n t/2) = Hom(Z? "S, n^)(.H, f/i n f/a) 

and 

HomTAb(£'(^?),t^if/2/C/i nf/a) ^ HomTAb(£>(^^),-?^/f^i n C/2) = Hom(Z>'^,nj^)(J/,f/i n f/g) 
as in (vi). Then we have 

HomTAb(£'(^?), U1U2IU1 n f/2) = HomTAb(£'(^?),C/i/C/i n C/2) • HomjAbC^C^?), U2IU1 n C/2). 
Hence, using (vi), we get 

^{H,UiU2)mH,Ui^U2) 

= 0(H,c/ini72)(HomTAb(^(^^), C/1C/2/C/1 n C/2)) 

= 0(H,c/inC72)(HomTAb(^(^^)> f^i/f^i n C/2) ■ HomTAb(^(if )> U2IU1 n C/2)) 

= 0(ff,c/inc/2)(HomTAb(£'(^C), C/i/C7i n C/a)) • 0(H,c/inc/2)(HomTAb(^(^^),C/2/C/i n C/2)) 

= (<l)(i?, Ui)mH, Ui n C/a)) ■ mH, U2)mH,Ui n C/2)) 

- mn, Ui) ■ (p(H, U2))mH, Ui n c/2). 

Since <l)(i?,-) is monotone, we have ^(.H,Ui) > <I>(H,C/i nC/2) and 0(H,C/iC/2) > <I'(i?,C/i nC/2). Hence, the 
equation above implies that 

4)(if,C/iC/2) = 4)(H,C/i)- a>(H,C/2). 

(viii) We identify 

HomTAb(£'(^C), C/i/C/i n C/2) ^ HomTAb(£>(^^),-'?/C/i n C/2) = Hom(Z>^,nji)(if,C/i n C/2) 
as in (vi). Using (vi) we get 

1 = 0(i?, C/i n C/2)/'I>(i?, C/i n C/2) 
= 0(H,t/inc/2)(HomTAb(£'(^C), C/i n U2/U1 n C/a)) 
= 0(H,f/inc/2)(HomTAb(^(iC),(C/i/C/i n C/2) n (C/2/C/1 n C/2))) 
= %,C7inC/2)(HomTAb(^(*f )> f^'i/f^i n C/2) n HomTAb(i>(iC), C/2/C/1 n C/2)) 
= 6/(H,c7inf72)(HomTAb(^(^C),C/i/C/i n C/2)) n 0(i?,f7inl/2)(HomTAb(^>(^C),C/2/C/i n C/2)) 
= (<I>(7f, C/i)/<P(7f, C/i n C/2)) n (<1>(7?, U2)mH, C/i n C/2)) 
= (<D(if,C/i)n<I)(iC,C/2))/<D(if,C/i nC/2). 

Hence, 

a>(/f, C/i) n 0(H, C/2) = OKH, C/i n C/g). 
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(ix) We prove the injectivity of the map ^H,-)\^(h) by proving that it is strongly monotone. We have 
already proven that <i>{H,-) is monotone, so suppose that Ui,U2 e ^(H) with 0(H,U2) < 0(H,Ui). Then 
we can apply (viii) to get 

0(H, U2) = 4>(if, U2) n Ui) = Ui n U2). 

According to (vi) we have 

1 = <P(J/, U2)mH,Ui n U2) = 9(H,U2)(iiomjj^i,iD(H),U2/Ui n U2)) 

and as 6(h,U2) isomorphism, we get 

HomTAb(£>(if),f/2/t/i n t/2) = 1. 

Now, it follows from 3.4.10(ii) that f/2 = f/i n f/2, that is, U2<Ui. □ 

3.4.15 Corollary. Suppose that ^ is L-coherent. If 6 : Hom(Z)^,nj^) — >• C'^l^ is an isomorphism, then it is 
already a .ft-class field theory. 



Proof. This is now obvious. 



□ 



3.4.16. A central aspect of an established class field theory 6 : C'^/O is to provide an explicit descrip- 

tion of the image of ^(H,-)\sg{H) for certain R-lattices £^ in £. Theorems about the structure of these 
images are usually called existence theorems. One such theorem is the following which states that (in the 
non-dualized case) the property of S£(,H) being a filter on (SHH), q) is preserved by O. 

3.4.17 Proposition. Suppose that A is L-coherent. Let 6 : Ufi C^/fP be a .S-class field theory and let if" 
be an R-lattice in €. Let H e If ^(H) is a filter on (S\H),q), then mH,U) | U e ^(H)} is a filter on 
(S\C(H)),^). 

Proof. ^'^ Since ^(H) is a filter, we have ^{H) ^ and therefore also mH,U) \ U e 5£{H)} 0. Moreover, 
as <^{H,U) is a subgroup of C{H) for each U e ££{H), we also have C {<!>(;/, f/) | U e I£(H)}. This shows 
that A.1.3(iii) is satisfied. According to 3.4.14(viii) we have (^IH ,Ui) n (^IH ,U2) = <I>(ff,f/i n U2) for all 
Ui,U2 E .Sf(i?) and this shows that A.1.3(ii) is satisfied. Finally let D. e S\C(H)) such that <^(H,V) c n for 
some V e ££{H). We have to show that H = <I)(7?, [/) for some U e .Sf(fl^). Let q^^y : C(H) - C(H)mH,V) 
and gijiv : — ' H/V be the quotient morphisms. Let 

Since n is closed in C(H) and ^(H,V) < n, it follows from A.2.7(viii) that q^^y(n) is closed in C(if)/f (if,V) 

and therefore ?7 is a closed normal subgroup ofH. AsV <U and V e ^{H), we have e J^{H) by assump- 
tion. In particular, (i?,y) e (Bi(H,U) by 3.4.10(i) and as is a morphism, we have the following commutative 
diagram 



gH\u 




C(H)mH,U) 



C(H) 



'""(H,!7),(H.y) 

C(H)mH,V)-^ 



^H|V 



C(//) 



This diagram yields the implications 

x e Q e^^ y) o q^^y(x) e qH\v(U) => indj]^^) o e^^i o q^^yix) = 1 

X e a>(if,f/) =^ qniu^x) = 1=^ O^^jj^ o q%jj(x) = 1 => indj]^^^^) ,^^) o 0"^ o q%y(x) = 1 
=^ Qhw^x) £ =^ Oy e nX^^i^Cx) - 9£|v(y)) ^ xy"^ e Ker(g£|^) = 0(i/,y) 



and 



■xe(^iH,V)-y^n. 



Hence, D.^OiH,U). 



□ 



^^The proof given here is based on the proof of [Neu99, chapter IV, theorem 6.7]. 
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3.4.18 Definition. A M-prime power morphism (respectively a ^-prime morphism) is a morphism : — ^ 
in Fct(C,TAb) such that B(h^u) is an isomorphism for all (H,U) £ for any prime number £ and any 
m e N (respectively if 0(h,U) is an isomorphism for all (H, U)€.(E^' for any prime number £). 

3.4.19 Lemma. If 




is a commutative diagram in Ab with exact rows and with a and y surjective, then p is also surjective. 

Proof. Let A" :- A'/Ker(5), let a' : A ^ A" be the morphism obtained by composing a with the quotient 
morphism A' A" and let 5' : A" B' be the injective morphism induced by 5. Then the following diagram 
is commutative with exact rows: 







a' 

Y 

^A" 



^0 



As a' and j are surjective, the snake lemma implies that p is also surjective. □ 

3.4.20 Theorem. Suppose that il is I-coherent. Let C^/fp £ Rep(€) and let : HomCD*^, n.^) ^ C^/O be a 
.ft-prime power morphism. Then 9(_h,U) is already an isomorphism for all (H,U) £ Moreover, is 
already injective for all (if, f/) £ £b- 

Proof. We first prove by induction on re £ N that is an isomorphism for all {H,U) £ €b with {/ £ 

ExtR(£,if) such that the number of (non-trivial) direct summands in the primary decomposition of the 
finite abelian group H/U is equal to n. For n = Q and n = 1 this holds by assumption, so suppose that 
n> 1. Let (p:H/U ©^^j^Aj -:A be the primary decomposition oiH/U with Aj = Z/(^^') for some distinct 
prime numbers £i and to; £ N>o. Let q .H ^ H/U be the quotient morphism and let Bj := i^^j-^i 
Then Uj :- q~^{(p~^{Bj)) is an open normal subgroup of H with U < f/^-. An application of 3.4.10(iv) shows 
that Uj £ ExtR(£,i?) and [7 £ Ext(€,J7^). Since f/j £ Ext((£,if) e e?(if), it follows that 'RiXJj) < R(i?) < U and 
consequently, i7 £ ExtR(£, Uj). As i/^/i/ = Bj, the number of direct summands in the primary decomposition 
of Uj/U is equal to r - 1 and so 6(Uj,U) is an isomorphism by induction assumption. As H/Uj = Aj, the 
number of direct summands in the primary decomposition of H/U j is equal to 1 and consequently d(H,Uj) is 
an isomorphism. By 3.4.10(vi) we now have the following commutative diagram with exact rows in Ab 



mrajf^^,{D{H),Ui/U) 
C(f/i)/0(C/i,f/) 



ind 



C*/4> 



iiomTAb(D{H),H/U) 
—^C(H)/^(H,U) 



XH,U),(Ui,U) 



ind 



iiomjj^h(D{H),H/Ui) 

= S(H,Ui) 

-^C{H)/^(H,Ui) 



iH,Ui)XH,U) 



where the upper horizontal morphisms are the corresponding induction morphisms of Hom(Z)'^,nj^). An 
application of 3.4.19 shows that 9(h,U) is surjective. 

It remains to prove that 6(h,U) is injective. Let x ^ a.omj/\^{D{H),H/U) with B(h,U)^x) - 1- Since is a 
morphism, the following diagram commutes for each j £{!,.. . ,r}: 



ind, 



\lom{.D(H),H/Uj) 



HomCD^.nj^) 
\H,Uj),{H,U) 



C(HmH,Uj) 



ind 



\H,Uj),(H,m 



Hom(D(H),H/U) 



C(H)/(^(H,U) 



Let qj : H/U — ' H/Uj be the morphism induced by the quotient morphism H — ' H/Uj. Then the commuta- 
tivity of the diagram implies that 

l_ind«om(i)«,n^K . 



^^The proof given here is based on the proof of [Fes92, theorem 1.1]. 
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It is easy to see that the diagram 



D(H) 



H/Uj 



Pj 



commutes, where pj is the projection and the upper vertical isomorphism is induced by (p. This shows that 
o J = 1 for all j implies that X-^ consequently d(H,U) injective. 

Now, if {H, U) e (£b with U e ExtR(£,i?), then as [if : f/] < oo, it follows from the above that 0(h,U) is an 
isomorphism. This proves the first assertion. 

It remains to show that 9{h,U) is injective for all (if, C/) e (£1,. Since U < UR(,H)<ioH, it follows from 3.4. lO(iv) 
that UR{H) e ExtR(€,ii). In particular, 0(h,UR(H)) is an isomorphism by the above. As is a morphism, the 
following diagram commutes: 



Homjfi,t,(D(H),H/UR(H)) 



mmjAb(D(H),H/UB.(H)) 



Hom(Z)«,n^)(ii,?7R(fi)) ^ ^ C(ii)/cD(if,[7R(ii)) 

. ,Hom(flS,nB) 

md, 



(H,UmH)),(H,U) 



Hom(Z>^,n^)(fi,t/) 



■ 10 

iH,UMH)UH,U) 

C(H)mH,U) 



It follows immediately that 6(h,U) is injective. 



□ 



3.4.21 Theorem. Suppose that .ft< il(G)*j, is I-coherent. Let C^/O e Rep(€) with C e Fct'Ce.TAb) for some 



arithmetic cover 6 of (£. If 0:Hom(i)^,nj^) 
isomorphism. 



C^/3> is a .ft-prime power morphism, then 9 is already an 



Proof. We prove by induction on « e N>o that 6{h,U) is an isomorphism for all (if, U) e £b with [if : {/] = n. 
By 3.4.20 it is enough to prove that is surjective. For n = l this holds by assumption, so suppose 

that n > 1. If if/?7 is abelian, then U e ExtR(e;, if) and 6{h,U) is an isomorphism by 3.4.20. Suppose 
that if /?7 is solvable but not abelian. Then there exists L <\ HIU with HIU > L > 1 and (HIU)IL abelian. 
Let q : H ^ HIU be the quotient morphism. Then Ui q~^{L) is an open normal subgroup of if with 
U < Ui. Hence, Ui e Ext(€,fi) and U £ Ext(€,f/i) by 3.4.10(iv). We have if > f/i > f/ and consequently 
[if : J7] > [if ; Ui] and [if : [7] > [Ui : ?7]. Hence, both B(h,Ui) and d(Ui,U) are isomorphisms by the induction 
assumption. By 3.4.10(vi) we have the following commutative diagram with exact rows in Ab: 



Hom(f>'^,n^)([/i,?7) 

c{jji)mui,u) — 



"<H",t/),(f/l,f7) 



Hom(f)'^,n^)(fi,i7) 
-^C(H)mH,U) — 



"(H,f7l),(H,!7) 



Hom(i)«,nj^)(if,i7i) 
-^C(,H)mH,Ui) 



The upper horizontal morphisms are the corresponding induction morphisms of Hom(i)^,nj^). It follows 
from 3.4.19 that 0(h,U) is surjective and thus is an isomorphism. 

Now, let (if, U) e €1, be arbitrary. Let ^ be a prime number and let S be a Sylow ^-subgroup of if /i7. Let 
q:H^ HIU be the quotient morphism. Then i := q-\S) e (£^(ff) and U e Ext((£,i) by 3.4.10(v). Since 
IIU = S is an f -group and thus solvable, it follows from the above that O(i ij) is an isomorphism. Let T be 
the Sylow ^-subgroup of C(H)I^(H,U). Using the fact that C is defined on an arithmetic cover of € and 



^®The proof given here is based on the proof of [Neu99, chapter IV, theorem 6.3]. 
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that C is cohomological, we get the following commutative diagram: 

B.om(D'^,UiO(I,U) ^ Hom(Z)^,n^)(if,t/) 



Sa,u) 

c{i)mi,u) 

C(H)mH,U) 



™°(H,C7),(/,f/) 



-^C(H)mH,U) 



Here we used that [H : I] is relatively prime to £ so that exponentiation by [H : I] maps T onto T. The 



commutativity of the diagram now shows that T lies in the image of indf 



image oi d(H,U)- Hence, any Sylow subgroup oi C(H)/^(H ,U) lies in the image oi6(H,U)- As C(H)/^(H,U) 
is abelian and can thus be decomposed into the direct sum of its Sylow subgroups, it follows that 6(h,U) is 
surjective. □ 



3.5. The case of induction representations 
3.5.1. In the case of induction representations there exists a further very important reduction theorem. 
This reduction theorem involves a cohomological assumption on the class functor C and so we start by 
defining the cohomology groups H~^(C)(if,J7). 

3.5.2 Assumption. Throughout this section G is a group and 6 is a G-subgroup system. For if e ©b we 
define &'^{H) to be the subset of 6*(i?) consisting of normal subgroups of H. 

3.5.3 Definition. Let C e Stab(6, Ab). For He&h and geG with ^'H = H we define the Ab-morphism 

con^_^^ :C(if) C(H) 

con^„(x) 



3.5.4. Note that the condition = H implies that con^^^ is well-defined. Also note that as G is mul- 

tiplicatively written, the notion g -1 should not produce confusions. If ?7 e ©b and H < NoiU), then 
con^ ^ ■= ^'^^h-iu defined for any h £ H/U and this definition is independent of the choice of the 

representative h of h due to the stability of C. If e ©b and U £ &f(H), then it is easy to see that 
Im(con^_^ ^) c Ker(ind^ j^C({7)). 

3.5.5 Definition. Let C £ Stab(©, Ab). For £ ©b and i7 £ ef(H) we define 

h\C)(H, U) := Coker(ind^ y ) = C(H)/md^ jjC(U) 

and 



where 



B.-HC)(H,U) Ker(ind^_yC(f/))//(H,C7), 
hH.U) ■■= <{con^_^ ^(x) I h £ H/U and x £ C({7)}> < C({7). 



3.5.6. Suppose that © is I-finite, let C £ oAb'* and let C* = H^(C) £ Stab'^(©, Ab). If if £ ©b and U £ ef(.H), 
then 

B.'^(C^)(H,U) = CdmivadPjj'^CdU) = C^/Nh/uC^ = &'(H/U,C^) 

and 

H-^(C,)(ii, U) = Ker(ind^ yC([/))/i(H,f/) = Ker(N wu)/ 1 (H,u) = H'\ii/f/,C^), 

where Njj/u '■ ~* is the norm map in Tate cohomology and W^{.HIU ,C^) are the Tate cohomology 
groups of the HIU-raoAvle C^. 

3.5.7 Proposition. Let C £ Stab(©,Ab). If fi £ ©b and U £ &f(H) with H/U being a finite cychc group, 
then I(H,U) - Im(con5 ^ ^), where h £ H/U is a generator. 
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Proof. Let e if be a representative of the generator h e HIU. As con£ ^ is an endomorphism of the abehan 
group C(H), we can consider C(U) as a Z[X]-module with X acting via con^j^. For n e N>o we have 

in Z[X]. Consequently, for x e C({7) we have 

conJ,_^ ^(x) = con^„_^ ^^(x) = (X" - l)x = (X - 1) • ( = conf,^ ^(("^^X^x) e Im(conJ_^ 

' i-O i-O ' 



□ 



3.5.8 Definition. Let C e Stab(6, Ab), let if e Sb and f/ e S^iCfi). Then C is said to satisfy Hilbert 90 for 
(if, t/) if H~^(C)(ii, U) = l and C is said to satisfy the class field axiom for (H, U) if 

\B.\C)(H,U)\ = [H:U] and H-^C)(fl^,t/) = L 

3.5.9 Lemma. Let ^ be a prime number and let n e N>o. Then the relation 

(x-if'=x'''-i+eg(x) 

holds in Z[X] for some polynomial g{X) e Z[X]. 

Proof. Let < f < Then (^^) = (^"r^) ?^ and therefore - = (^Y V"- This shows that r divides 
(£"' and due to the assumptions on i we conclude that £ divides [ ■ J. Hence, 

(x-ir = £ {^"]x'''-\-iy =x'"+£g(x)+(-ir, 

where g(X) :- jLili^ e Z[X]. li £ is odd, then the equation above is of the desired form. If 

£ = 2, then (X - 1)^" = X^" - 1 + £g'(X) with g'(X) := g(X) + 1. □ 

3.5.10 Theorem. Suppose that G is a compact group, let A - (£,R, Z) e CCD(G) be I-coherent and let 
C E Mack'^(OT, Ab) for an arithmetic Mackey cover Sit of Suppose that C satisfies the class field axiom 
for all (H,U) e (£j^'^ with £ being any prime number. If 6 : Ilj^ Hg(C) is a .ft-prime morphism, then 6 is 

already an isomorphism for all (H,U) £ Moreover B.-\C)(H,U) = 1 for all (H,U) £ with / being 

any prime number and m £ N. 

Proof.^^ By 3.4.20 it is enough to show that is a .ft-prime power morphism. Let £ he a prime number. We 
prove simultaneously by induction on m £ N that ¥l~^(C)(H,U) = 1 and that 6(h,u) is an isomorphism for 

each(H,U)e€y" 

The assertions are obvious for w = and for w = 1 they hold by assumption, so let w > 1. Let Z be the 
subgroup of order £ ofH/U and let Ui := q~HZ), where q:H ^ HIU is the quotient morphism. Since ^ is 
I-coherent, it follows that Ui £ Ext^" i^,H) and U £ Extg(£, Ui). Hence, the induction assumption implies 
that 6(H,Ui) and 0(Ui,U) are isomorphisms. We will first show that 

ip := ind^^';u),(Uum '■ He(C)(C/i,f/) - H° (C)(ii,f/) 

is injective. Suppose that this morphism is not injective. As \Yi^(C)(JJ\,U)\ = £ hy assumption, we must 
have Ker(^) = H^ (C)(f/i,f/) = C(f/i)/indg^ ^^iU). Hence, if a; £ C(Ui), then indg j^^(x) £ indg ^CiU), that 
is, 

indg [^^(x) = md^ u(y) = ind^^^ oindg^ ^(y) 
for some y £ C(U) and consequently 

X ■ indg^^(y)-^ £ KeT(ind^^^(x)). 

in we have H 

x-indg^ (^(y)"^, that is. 



By induction assumption we have H ^(C)(ii, i7i) = 1 and so there exists xi £ C(,Ui) such that con? (xi) = 

h-l,Ui 



a; = con^_^^^(xi)-indg^^(y), (3.1) 



^^The proof given here is based on the proof of [Fes92, theorem 1.1]. 
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where h is a generator of H/Ui. Let heH he a representative of h. We can apply the above arguments 
again to xi and get 

for some X2 £ C(Ui) and yi e C(U). Plugging this into 3.1 yields 

^ = '^°'^S-i,t/i^'^'''^S-i,c//^2) ■ indg^ ■ indg^_f;(y) 
= (^°'^?-i,f/i^'^''2)-(conJ_^ ^ oindg^ j,(yi))-indg^ 
= ^'^"''Li.c/i ^'^''2) ■ indg^ j,(con^_,^(yi)) • indg^ f,(y) 
" • indg^ y(con^_i • indg^ 

If we repeat this process ^'""^-times, then we get for any x e C(Ui) an equation 

X = (con^_^ ^y""\x')-mdfj^jj(y') (3.2) 

for some x' e C{Ui) and y' e C(U). Since con^ is an endomorphism of the abelian group C{JJ\), we can 

h-l,Ui 

consider C(J7i) as a Z[X]-module with X acting via cong_^ Using 3.5.9 we get 
(con^; ^ y-'-'ix') = (X- ir-'x' = (X''"-' - 1 + £g(X))x' 



— ^■(g(zy/ = — ^^^^s (g(z)xY 



con*" 1 (x') 



for some polynomial g(.X) £ Since if/t/i is of order ^, we have e f/i and consequently 

con'^„„_, (x') , 

As ^(X)x' e C([/i) and |H°(C)([7i, [7)| = / by assumption, it follows that {g(X)x' f e lm(indg^ jj). Taken 
together, we have proven that x £ Im(indg^ ^) and consequently Ker(.(p) - 1 contradicting the assumption 
that (p is not injective. Hence, (p has to be injective. We now have the following commutative diagram with 
exact rows in Ab 

ndUi,u) > ndH,u) > ndH,Ui) > i 



1 — ^ n%{C){Ui,u) — ^ n%{C){H,u) — ^ yl%{C){h,Ui) 

™°(fl",t/),(t/i,f7) ™^{HfJiUH,U) 

where the upper horizontal morphisms are the corresponding induction morphisms of YV^. The exactness 
of the upper sequence is obvious and the exactness of the lower sequence follows from the above. An appli- 
cation of the snake lemma now shows that d(H,U) is an isomorphism. 

It remains to show that BrHC){.H,U) = 1. We first show that C(f/i) = resg^ ^C(fl^)-indg^ yC(f/). Since 
S(H,U) is an isomorphism, the group Yi^(,C)(,H,U) is of order \I\.^{H,U)\ - \HfU\ = and consequently 

Ciliy" ^ ind^ ^C(U). As C is cohomological, the composition ind^j^^ oresg^^ is equal to exponenti- 
ation by [H : Ui] - /"""^ on C{H) and now it follows from the preceding observation that resg^ jjCiH) ^ 
indg^ ^C(U) because if resg jjC(H) c indg^ ^^C(i7), then 

dHf"'' = indg oresg^^C(if) c ind^ oindfj^^dU) = ind^^dU). 
Since \B.'^(C)(Ui,U)\ ^£hy assumption, we conclude that C(Ui) = resg^ ^C(if) • indg^ fjC(U). 
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To prove that ¥l~^(C)(H,U) = 1, it suffices to show that 

Ker(ind^ c /(^^) = Im(con(^ ^j.^^) = ImCcon^.^^^), 

where we use the fact that h mod U generates H/U. Let x e Ker(ind£^ Then 

1 = ind^jjix) - ind^^^ oind^^ ^^(x) 

and consequently ind[)^ jj(x) e Ker(ind£^ j^^). Hence, as il~^{C){H,Ui) = 1 by induction assumption, there 
exists y e dUi) such that ind^^ jjix) = con^ ^ ^ (y). By the above we can write y as 

3'=i"esgj^(z)-indg^^(M;) 
for some z e C(H) and w e C(U). This yields 

ind^^ jjix) = con5_^^^(3') = con^_^^^(resg^ ^^(z) ■ ind^^ ^jiw)) 

and consequently x ■ con^_^ u^^^~^ ^ Ker(indg^ ^). Since ^ mod C/ is a generator of f/i/f/ and since 
¥l~^(C)(Ui,U) = 1 by assumption, we have 

KerCindFr ^r) = Im(con^ ) - Im(con^,_,_i ) 

f^l''^ (.h'"" ^ modU)-l,U /i'"" -l,f/ 

and so there exists ifi e C(U) such that x ■ con? , = con^ „ , (wi). As Im(con^ „ , ) c /(^^ rj-. = 

Im(con^_^ there exists m;2 £ C(.U) such that con^^^_^ ^ jj^^^^ ~ '^^^^-i f;("^2) and consequently 

X = con'^_i^(w) ■ con^_ijj(w2) ^ Im(con^_;^ j^) = /(i?,f7)- 

This shows that U'HOiH, U)=l. □ 

3.5.11 Corollary. Let G be a compact group, let = ((£,R, Z) < MG)^^ be coherent and let C e Mack'=(2)t, Ab) 
for an arithmetic Mackey cover DJl of €. Suppose that C satisfies the class field axiom for all (H,U) e €^ 
with £ being any prime number. Then a ^-prime morphism p:n^^ Hg(C) is already a ^-class field theory. 

Proof. This follows immediately from 3.5.10 and 3.4.21. □ 



3.6. Class field theories for profinite groups 

3.6.1. Suppose that G - Gsi\{k'\k) is the Galois group of a Galois extension and that 6 < Grp(G)' is a G- 
subgroup system. As all if e ©b are closed subgroups of G, we can also interpret the groups in ©b 
extensions of k under the Galois correspondence. Hence, if C e Fct(©,'i^') and H e ©b, then we will also 
write C{K) instead of C(H), where K = (k')^ is the corresponding extension of k. Similarly, we modify the 
notations of the restriction, induction and conjugation morphisms. Here, one has to be careful with the di- 
rections of the restriction and induction morphisms, but the reader who is familiar with the contravariance 
of the Galois correspondence will not be confused by this. 

3.6.2. The classical situation of class field theories is about a profinite group G, the coabelian classification 
datum Si = ii(G)[^^ and jl-class field theories of the form HO^^^^fCC) with C e Mack'=(Grp(G)*', Ab). As J? is 

coherent and as Grp(G)^ is an arithmetic Mackey cover of Sp(G)^, it follows from the above sections that we 
"only" have to take the following three steps to get a ^-class field theory: 

(i) Construct a morphism p : tt^^ ^ H° ,„,f(C). 

(ii) Verify that C satisfies the class field axiom for all if <„ G and U <]oH with H/U being a cyclic group 
of prime order. 

(iii) Verify that P(H,U) is an isomorphism for all H <oG and U<oH with H/U being a cyclic group of prime 
order. 
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3.6.3. Suppose that G = Gal(fe). In the context of a fixed ^-class field theory p : — ,„,,(€) as in 3.6.2 

and a finite separable extension K\k the groups ind£^C(L) < C(K) with L e S^(,K) are called the noTm 
subgroups of C{K). If A?^ is a norm subgroup of C(,K), then the unique abelian extension of K such that 
ind^i, C(L) = AT is called the class field ofN< C(.K). 
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4. Fesenko-Neukirch class field theories 

In this chapter we will discuss in detail the Fesenko-Neukirch class field theories. These are :ft(G4-class 
field theories of the form ,^,f(0 for a profinite group G and a cohomological Mackey functor C, where 
both G and C have to satisfy several conditions to make this theory work. This purely group-theoretical 
and non-cohomological approach to class field theories was discovered by Jiirgen Neukirch who presented 
it in [Neu86] and later again in [Neu99], where in this context C was only a discrete G-module. The 
fundamental principle of these class field theories is the correspondence between Frobenius automorphisms 
and prime elements in local class field theory for unramified extensions: ii(k,v) is a local field and L\K is 
a finite unramified Galois extension of a finite separable extension K\k, then 

YLiK-.GamK) — K^/NlikL'' 

(PL\K ' ► 7lK mod N^kL" 

is an isomorphism, where (pL\K is the Frobenius automorphism of the extension L\K and TtK is a prime 
element in (with respect to the normalization vk of the unique extension of v to K). This isomorphism 
is canonical since up to equivalence modulo the norm group Nl\kL'^ there exists only one prime element 
in K'^. Moreover, the collection of these isomorphisms is compatible with the conjugation, transfer and 
inclusion morphisms so that in the end we get a .(^(Oab-class field theory Y : Jt^((£)^ — >• Hg(GLi(fe^)«) for the 
Gal(/5)-spectrum € made up by the finite unramified extensions. The composition of the quotient morphism 
K" K^/NlikL" with Yl^j^ yields an epimorphism (-,L\K) : K" Ga\{L\K) which is called the norm 

residue symbol of the extension L\K. By definition we have (a,L\K) = (p^j^^ for each a e K'^ . 
The central question is now if and how this beautiful unramified local class field theory can be extended to 
a .ft(G)^jj-class field theory. One approach to such an extension is the group-cohomological Nakayama-Tate 
duality which applied to the discrete Gal(L|X')-module K'^ for any finite Galois extension L\K of a finite 
separable extension K\k yields a complete duality 

ii°(Gal(L\K),K'')xii\Gal(L\K),Z)^ii\Gal(L\K),K'') = -— — Z/ZcQ/Z 

[L : a] 

given by the cup product u(0)(-,7) with a fundamental class y e KHGal(L\K),K'' ), where O-.K" xZ^K" 
is the action of Z on the Z-module if . As this is a complete duality, it induces an isomorphism 

K''/Nl\kL'' = H°(Gal(L\K),K'') = B.HGal(L\K),K'')'' = Hi(Gal(L\K),K'')^ Gal(L\Kr^. 

With these isomorphisms one can indeed show that Hg^^^^f(GLi(fe'*)») is a .ft(G)^j^-class field theory extend- 
ing the unramified local class field theory above. However, to make the Nakayama-Tate duality work one 
has to verify that the Gal(L|2^)-module K'^ is a class module which requires the vanishing offl^{H,K'^) and 
requires li^(H,K'' ) to be cyclic of order \H\ for all subgroups H < Gal(L\K). Such cohomological input, deal- 
ing with cohomology groups H' for i t {-1,0, 1} and in particular involving the cohomological machinery in 
general, is the reason why this approach carries the attribute cohom,ological . As Ivan Fesenko and Sergei 
Vostokov describe in [FV93], the real disadvantage of this cohomological approach is its unexplicitness and 
this raises the question if there is a more straightforward way to extend the unramified local class field 
theory, avoiding group cohomology. Neukirch addresses this problem in his first (cohomological treatment) 
of class field theories [Neu69, page 143]: 

Der Satz (4.8) [iiber die explizite Darstellung des Normrestsymbols fiir unverzweigte Erweite- 
rungen eines lokalen Korpers] wirft die Frage auf, ob man nicht den cohomologischen Kalkiil 
und den Begriff der Klassenformationen vermeiden und auf einem viel natiirlicheren Wege zum 
Reziprozitatzgesetz gelangen kann, indem man namlich das Normrestsymbol einfach explizit 
durch die Formel (a,L\K) - (p^j^^ definiert und alle wesentlichen Eigenschaften in direkter 
Weise verifiziert. Dies ist im unverzweigten Fall in der Tat moglich. Bei genauerer Betrach- 
tung haben wir sogar nichts anderes getan, als diesen Gedanken kiinstlich - tiber die fiir den 
vorliegenden Fall unangemessen kompliziert erscheinende Invariantenabbildung - in eine co- 
homologische Form zu zwingen. Der Grund dafur liegt in dem Problem, auch die verzweigten 
Erweiterungen der klassenkorpertheoretischen Behandlung zuganglich zu machen. Historisch 
hat gerade an diesem Punkt die Cohomologie (iiber die Algebrentheorie) ihren Einzug in die 
Klassenkorpertheorie gehalten. Fiir die verzweigten Erweiterungen namlich laBt sich eine ex- 
plizite Definition des Normrestsymbols nicht so ohne weiteres angeben, wohl aber eine Inva- 
riantenabbildung, die die hier konstruierte in kanonischer Weise auf den Bereich beliebiger 
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normaler Erweiterungen fortsetzt.^^ 

It looks like Neukirch was already at that time searching for a non-cohomological approach and finally, 
seventeen years after the appearance of [Neu69], he found an elementary solution. In the preface to the 
presentation of his discovery in [Neu86] he reflects on this solution: 

My earlier presentation of the theory [Neu69] has strengthened me in the belief that a highly 
elaborate mechanism, such as, for example, cohomology, might not be adequate for a number- 
theoretical law admitting a very direct formulation, and that the truth of such a law must be 
susceptible to a far more immediate insight. I was determined to write the present, new account 
of class field theory by the discovery that, in fact, both the local and the global reciprocity laws 
may be subsumed under a purely group-theoretical principle, admitting an entirely elementary 
description. This description makes possible a new foundation for the entire theory. 

Neukirch observed that for any finite Galois extension L\K oi s. finite separable extension K\k and any 
element a e Gal(L\K) - Gal(ir)/Gal(L) there exists a representative a e GaliK), called Frobenius lift of a, 
such that the fixed field Z = (k^)" nL™' = {L^'^Y is a finite extension of if and ZL|Z is a finite unramified 
Galois extension with a\-zL - Vzliz, where is the maximal unramified extension of L. This means that 
by moving a to the right position, it can be interpreted as the Frobenius automorphism of some finite 
unramified Galois extension. If Y : n ain\{ 

is now any morphism, then one has the 

following commutative diagram: 

5f|zL = V'ZLiz Gal(ZLIZ) ^^^'^ > E'</Nzl|z(ZL)'< 



(-)Il 



a mod Com«(Gal(L|^:)) Ga\iL\Kf^ ^ K^muKL'' 

If this morphism should extend the unramified local class field theory, then the commutativity of this 
diagram immediately forces 

YL|jf(a mod Com''(Gal(L|ir))) = Nz|if(;rz) mod ^urL"" 

for a prime element ;rz G . This observation implies that if there exists an extension of the unramified 
local class field theory at all, its reciprocity morphism already has to be given by this equation. What is left 
is to verify that this indeed defines an isomorphism which is independent of all choices. This is the only 
crux in Neukirch's approach because the verification of the multiplicativity of Y/,|jf defined in this way is 
rather technical and as Fesenko and Vostokov mention in [FV93]: 

[...] that proof does not seem to induce a lucid understanding of what is going on. 

Another disadvantage is that this approach does of course not provide information about higher cohomo- 
logy groups in the first place and that the calculation of the Frobenius lifts and their fixed fields is still 
not explicit. However, the striking fact is that Neukirch did not only give the local class field theory in 
this way a new foundation but that he constructed a whole abstract group-theoretical framework based on 
the above from which also global class field theory can be obtained. He observed that the main ingredient 
of the Frobenius lifting mechanism is the maximal unramified extension of k and the corresponding 
epimorphism 

d : Gal(fe) ^ Gal(fe'^lfe) = Gal(jf"|jf) = Z, 

where k is the residue field of k. With this epimorphism the ramification theory of k can be formulated 
in a purely group-theoretical context. Neukirch thus considered an arbitrary profinite group G together 
with an epimorphism d:G^Z and formulated a corresponding abstract ramification theory induced by d. 
In this abstract context the whole Frobenius lifting mechanism can be shown to work. Moreover, to get a 



^^"The theorem (4.8) [on the expUcit presentation of the norm residue symbol for unramified extensions of a local field] raises the 
question if it is possible to avoid the cohomological calculus and the notion of a class formation and instead get to the reciprocity law 
on a more natural way by defining the norm residue symbol explicitly as {a,L\K) = <p^^°' and then verifying all essential properties 
directly. This is indeed possible in the unramified case. On closer examination, we did nothing else than artificially squeezing this 
idea - by means of the in the present case inadequately complicated appearing invariant map - into a cohomological form. The reason 
lies within the problem to make also the ramified extensions accessible to the class field theoretic treatment. Historically, this was 
precisely the point where the cohomology theory (via the theory of algebras) found its way into class field theory. Namely, for the 
ramified extensions an explicit definition of the norm residue sjfmbol cannot be given vyithout further ado, however an invariant map 
which canonically extends the one constructed here to Eirbitrary normeil extensions can be given." 
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notion of prime elements, he considered a discrete G-module C equipped with an epimorphism v : — ' Z 
satisfying several properties and based on v he defined a surjective morphism vh '■ Z for every open 

subgroup H oiG which generalize the normalized valuations vk'-K'' Z. Finally, he demonstrated that 
under certain conditions, one gets a class field theory Y : ^^(Qy ^Sp(Gf^^^ with Y(h,u) defined as above 
using Frobenius lifts. 

A striking fact, reljdng on the elementary nature of Neukirch's approach and serving as both a motivation 
and justification of our RIC-functorial point of view of class field theories, is that Ivan Fesenko demon- 
strated in [Fes92] that Neukirch's approach still works when C is replaced by a cohomological Mackey 
functor. This generalization is not only of theoretical value because Fesenko could in this way instantiate a 
class field theory for higher local fields of positive characteristic generalizing local class field theory. In this 
class field theory C is given by the Milnor-Parsin K-groups which form a cohomological Mackey functor not 
necessarily having Galois descent. Although around ten years earlier Kazuya Kato has proven in [KatSO] 
the existence of a class field theory for such fields using the non-modified Milnor K-groups, this construction 
relies heavily on cohomological considerations and is hard to grasp for people not having Kato's insight. 
The advantage of Fesenko's approach is that it is not only easier but that after the discussion in this and 
the preceding chapter we know exactly what we have to do to get this class field theory. However, it should 
be self-evident that this approach still involves a lot of work. 

The description of the extension from discrete G-modules to cohomological Mackey functors was kept rather 
short in [Fes92]. Therefore we will discuss this extension in full detail. Moreover, as proposed by Neukirch 
in an exercise, we extend the theory to epimorphisms d : G -» Zp with a set of prime numbers P and a 
pro-P group G. It seems that this is not discussed elsewhere in the literature. 

As we will keep the abstract discussion in this chapter free from examples, the reader should already take 
a look at chapter 6.1, where all abstract notions are instantiated for a local field. 



4.1. Abstract ramification theory for compact groups 
4.1.1. In this section we will discuss the abstract ramification theory introduced by Neukirch in [Neu86] 
as an abstract model of the ramification theory of a local field. Instead of just considering an epimorphism 
d : G -» Z fi-om a profinite group as motivated in the introduction, we will define this concept for a general 
epimorphism d .G from a compact group to a separated abelian group. The reason for this general- 
ization is not only that in the abstract discussion it makes no difference but that the Fesenko-Neukirch 
class field theory still works for an epimorphism d :G ^Zp with a set of prime numbers P and moreover 
Fesenko's totally ramified p-class field theory in [Fes95] is based on an epimorphism d : G ^ A with A 
being a free pro-p group. 

4.1.2 Definition. A ramification theory for a compact group G is a surjective morphism d : G ^ A of 
topological groups, where A is an additively written separated abelian group.^^ 

4.1.3 Assumption. For the rest of this section we fix a compact group G and a ramification theory d : G -» A 
for G. The discussion in this section will be relative to this theory. 

4.1.4 Definition. The relative inertia degree of a pair K <H of closed subgroups of G is defined as fniK '■- 
[d(H) : d(K)]. The absolute inertia degree of a closed subgroup H of G is defined as fa foiH •= [-A : d(H)]. 

4.1.5 Definition. The inertia subgroup of a closed subgroup i7 of G is defined as Ih '■- HnKerid) and 
the maximal unramified quotient of H is defined as Th '-—H/Ih- The relative ramification degree of a pair 
K <H of closed subgroups of G is defined as eH\K '•= Uh - Ik]- The absolute ramification degree of a closed 
subgroup H of G is defined as en '•= eG\H = [Ker(d) 

4.1.6. Since A is separated and d is continuous, the kernel of d is closed in G and therefore the inertia 
subgroup Ih - Hn Ker(d) of a closed subgroup of G is also closed in G. In particular, both Ih and Th 
are compact. 

4.1.7 Definition. An inertially finite subgroup of G is a closed subgroup H oi G such that fn < oo. An 
unramified subgroup of a closed subgroup if of G is a closed subgroup if of if such that bhik = 1. A totally 
ramified subgroup of a closed subgroup if of G is a closed subgroup K of if such that fH\K = 1- 



Note that this already implies that A is compact by A.3.2. 
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4.1.8 Proposition. The following holds: 

(i) If L < if < if is a triple of closed subgroups of G, then 

fH\L - fH\K • fK\L and eH\L = eH\K ■ eK\L- 

(ii) If if < fi is a pair of closed subgroups of G, then 

[H:K]^eH\K-fH\K- 

(iii) If H is an open subgroup of G, then ejj <oo and fn < oo. 

(iv) If i? is a closed subgroup of G, then a closed subgroup if of i? is an unramified subgroup of i? if and 
onlyifif >iH.^'' 

(v) If i? is a closed subgroup of G, then a closed subgroup if of /i is a totally ramified subgroup of if if 
and only UK -Iji -H. 

Proof. 

(i) This is obvious. 

(ii) Consider the following commutative diagram of abstract groups 

diH) 




d(K) 

Wlx)' 

where the vertical morphisms are the inclusions and the morphism (din)' respectively (dlxY is induced 
by d\H respectively d\K- If if is a normal subgroup of H, then this diagram induces the following exact 
sequence 

Ih/Ik — H/K d{H)ld(K) 1. 

Since 

lHnK=:Hn Ker(d ) nif = Ker(d) nif = Ik, 
the map IrUk — * HIK is injective and so we have an exact sequence 

1 - IhIIk HIK d(H)ld(K) — 1. 

This sequence yields the relation 

[ii : if ] = Uh : Ik\ ■ [d(H) : tf (if )] = bhik ■ fmK- 

This proves the assertion in the case where if is a normal subgroup of H. Now, let if be an arbitrary closed 
subgroup of H. Let A'' - NCh(K) be the normal core of if in ii (confer C.4.1). Then N <iH and N <K. 
Moreover, since = DheHK^ and since if is closed in H, it follows that is closed in H. Hence, we can 
apply the above to the pair N <H and get 

[H-.N^^eHwfmN- 

As H <cG, N <cH and N <K,we also have A^^ <cK. Thus, we can also apply the above to the pair N <K 
and get 

[K:N] = eK\N-fK\N- 

These two relations yield 

[ii:A''] enwfmN eH\N fuw ^ 

■.K\ = = = ^eH\K-tH\K- 

iK:JSI\ eK\N-TK\N eK\N tK\N 

(iii) We have [G : if] < oo since G is compact and by the above we have 

eH-fH = eG\H ■ fG\H = [G : if] < oo. 

Hence, en < oo and fu < oo. 



''"This justifies that we called the quotient Tjj = H/Iu the meiximal unramified quotient of if. 
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(iv) For a closed subgroup K <H we have the following equivalences 



eH\K = l<^[lH:lK]^'i-^lH^lK^ In^KnKeHd) ^Ih<K. 
Hence, K is an unramified subgroup if and only if Ih ^ K. 

(v) 1{K Ih=H, then d(K) = d(K ■ Ih) = d(,H) and therefore fH\K = 1- Conversely, if fH\K - 1, then 
d(K) = d(H) =^ d\H(K) = d\H(H) =^ (d\H)'(K-lH/lH) = (d\H)'(H/lH) 

=^KIhIIh^HIIh^KIh^H, 
where (din)' : HIIh — * d(,H) is the isomorphism induced by d\H- □ 

4.1.9 Proposition. Let 6 < Grp(Gr''. For if e 6b let R(/?) := Ih- Then R = {R(if) | if e 6b} is an abehan- 
ization system on 6. We denote T := := e Stab'^(6, TAb). 

Proof. It is evident that Ign - ^(Ih) and therefore 2.4.6(i) is satisfied. Let H e 6b, if e 6r(ii) and let 
T = {ti, . . . , i„} be a right transversal of if in H. Let A e R(ii) = Ih- Then there exists a permutation / e S„ 
such that = KT(tih)tf(i) for all i = 1, . . . , re and so we have 

^khW = n KT(tih) = n tiht-fl^eK. 

Hence, 

i=l i=l i=l 1=1 i=l i—1 

and this shows that ^(/i) e if n Ker((i) -Ik- R(if ). Consequently, h^Ih) ^ is: and therefore 2.4.6(ii) 
is satisfied. Finally, if if £ 6b and K £ &i(H), then 

ijf = if n Ker(£f ) ^Hn Ker(d) = Ih 

and therefore 2.4.6(iii) is satisfied. □ 



4.1.10 Definition. An inertially finite G-subgroup system is a G-subgroup system 6 < Grp(G)'''^ such that 

fH<oo for each H e 6b. 

4.1.11 Proposition. The following holds: 

(i) Let 6b be the set of all inertially finite subgroups of G. For if e 6b let 6i(ii) = 6b(ii) and let 6r(ii) 
be the set of all open subgroups of fi. Then 6 is the maximal inertially finite G-subgroup system for 
G. It is denoted by Grp(G)^'^-''. 

(ii) Every G-subgroup system 6 < Grp(G)^ is inertially finite. 

(iii) If 6 < GrpCG)'*^'^, then eH\K < oo for each if e 6b and if e &t(H), and fH\K < oo for each if e 6b and 
if e6i(fi). 

Proof. This is easy to verify. □ 



4.1.12 Definition. Let 6 < Grp(G)™"^ and let O be an additively written abelian topological group. The 
following data define a RIC-functor = Q| e Stab'=(6,TAb): 

• nrf(ii):=A foreach/ie6b. 

• con^'^ :- idA for each if £ 6b and g£G. 

• res^'*^ is multiplication by eniK on A for each ii £ 6b and if £ 6r(ii). 

• ind^^'g. is multiplication by fniK on A for each fi £ 6b and if £ 6i(if ). 

Proof. The assumption that 6 is inertially finite ensures that both the restriction and induction morphisms 
are well-defined. The rest is easy to verify. □ 
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4.2. Abstract valuation theory for compact groups 

4.2.1. In this section we will discuss the abstract valuation theory introduced by Neukirch in [Neu86] as 
an abstract model of the unique normalized valuation on the finite separable extensions of a local field. 
The notion of a valuation on a RIC-functor C : 6 — TAb is relative to a ramification theory d : G -» A and 
we will first discuss valuations whose value group O is not necessarily equal to A. Later in the Fesenko— 
Neukirch class field theory these two groups will be equal. To define the notion of prime elements in C, we 
additionally have to choose an element w e H. In the Fesenko-Neukirch class field theory this element has 
to be a topological generator of D.. 

4.2.2 Assumption. Throughout this section G is a compact group, d : G ^ A is a ramification theory, Q is 
an additively written abelian topological group and w is a fixed element of Q. Moreover, & is an inertially 
finite G-subgroup system. 

4.2.3 Definition. A d-compatible fl-valued valuation with generator a» on a RIC-functor C £ Fct(6, Ab) is a 
morphism v:C in Fct(S, Ab) such that w e Im(i>iy) for each He&],. The set of all such morphisms is 
denoted byVal"'"(C). 



4.2.4. If n' is a subgroup of Q containing w, then composition with the morphism D.'^ — D.^ given by the 
canonical inclusions induces an injective map Val^ '"(C) ^ Val^'"'(C). We will make use of this map with- 
out explicitly mentioning this. We will mainly be interested in valuations Val^'^(C) Q Val^'^(C). 



4.2.5 Definition. Let C e Fct(6, Ab), let v e Val"'"(C) and let if e 6b. An element n e C(H) is called a 
prime element (or uniformizer) with respect to v iivjiM — (o. 

4.2.6. Note that since co e Iraivn) by definition, there exists at least one prime element in C(H) for each 

4.2.7 Proposition. Let C e Fct(6, Ab), let v e Val"'™(C), let £ ©b and let U e 6i(i?). If ind^"^"^ : 
Ker(vu) Ker(i;^f) is surjective, then all prime elements in C(H) are equivalent modulo ind^ ^C(U). 
Hence, up to equivalence modulo ind^ ^C(U) there exists a unique prime element in C(H). 

Proof. Let nH,7i'jj £ C(H) be two prime elements. Then VHinn) - (j)- VHin'^), that is, VHi^i'jjn^) = and 
therefore n'^jH^ e Ker(i;ij). Hence, there exists e e Ker(i>ij) such that n'jj = enn- Since ind^^"^ is surjective 
by assumption, there exists ( e Ker(i>f7) with ind^ ^(,0 = e and consequently 

n'jj = enjH - ind^ ijiO^H = mod ind£ ^C(U). 

□ 

4.2.8. The following proposition gives a method for how to construct a valuation from a morphism v : C(.G) — 
Q, assuming that G e ©b- The idea behind this is the way in which the normalized valuation vk'-K^ — * Z 
of a finite extension K\koia local field {k, v) is obtained from v.k^ ^T. 

4.2.9 Proposition. Suppose that Q has trivial Z-torsion. Moreover, suppose that G e ©b and ©i(G) = ©b- 
Let C £ Stab'^(©, Ab). Let v : C(G) ^ f2 be a morphism such that 



i;(indg^C(if)) = 



for each H £ ©b-^^ For if £ ©b define 



vu'-= — i'oindg^:C(ii)^n. 

TH 



Then i; = {yj? | ii £ ©b} £ Val"''"(C). 



Proof. First, we have to verify that v:C is a morphism. Since O. has trivial Z-torsion, the multipli- 

cation map l/fn '■ fn^ ^ Q is defined for each i? £ ©b (confer A.5.2). If if £ ©b and g^G, then using the 
equivariance of the induction morphisms we get 

C • 1 C C ' iC • iC 

i;«Hocon^^= — i>oindG,«i?ocon^^= — u ocon^^ omdg^ = — yomd^^ = i>ij = con^^^ouj^. 



Note that = ©i(G) and therefore ind^ ^ is defined. 
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If e ©b and K e 6r(H), then using the transitivity of the induction morphisms and the fact that C is 
cohomological we get 

VK ° resg^ " ° ''^^G.x ° res£,H ^J^"° ^'^'^G,H ° ind£^ ° res£^ = ^'^J^" ° ''^^G.ff 



eH\KfH\K . ,c • jC 

Finally, if if e 6b and K e 6i(if), then 



i;Hoind£^= ^t^°indg^oind£jf = ^^uoind^^j- = ^j^t; oind^ = = ind^^oujf . 



□ 



4.3. Class field theories for unramified extensions 

4.3.1. In this section we will generalize the class field theory for unramified extensions of a local field 

described in the introduction to our abstract setting. To get a notion of Frobenius elements, we now have 
to consider a ramification theory d:G^Q. with a Z-torsion-free procyclic group Q and a fixed topological 
generator (o of D.. It follows from B.5.11 that already n = Z/> = OpeP for a set of prime numbers p. As 
the fundamental principle of this class field theory is the correspondence between Frobenius elements and 
prime elements, we then have to consider valuations v e Val^''"(C). The main example for these choices is 

n = Z, w = 1 and i; £ Val^'^(C) c Val^'^C). 

4.3.2 Assumption. Throughout this section we fix a compact group G and a ramification theory d:G^n, 
where n is an additively written Z-torsion-free procyclic group with a fixed topological generator w. 

4.3.3 Proposition. Let H be an inertially finite subgroup of G. The following holds: 

(i) dn '■= ^dl/f : if — n is surjective. 

(ii) dH induces an isomorphism of compact groups : H/Ih O. 

(iii) If i^ < if is a pair of inertially finite subgroups of G, then the diagram 




commutes, where the right vertical morphism denotes multiplication by fH\K 

Proof. 

(i) Since [Q : d(H)] = fn, it follows from B.5.10 that d(ii) - /ijO. The assertion now follows. 

(ii) Let X e G. Since /ijQ — A, a; >— is an isomorphism, we have x e Keridu) if and only if a; e Kejidlu) = 
H n Ker(d) - Ih and therefore Keridu) = Ih- Hence, du induces an isomorphism d'jj : H/Ijj — by the 
closed map lemma. 

(iii) By 4.1.8 we have foiK = foiH ■ fH\K- Since K is an inertially finite subgroup of G, the inertia degree 
faiK is finite and so are foiH and fH\K- Hence, for xeK we have 

1 fH\K 1 1 

fmKdK^x) - fH\K ■ -^d\K(x) - d(x) - d(x) - —d(x) - dnix). 

IK tG\K tG\H TH 

□ 

4.3.4 Proposition. Let 6 < Grp(G)™-f. Then the family {d^ | if e 6b} defines an isomorphism d' : F® — 
inFct(6,TAb). 

Proof. For each ii e 6b the map d'jj : r(fi) = Hllu — ► f2 = ^d(H) is an isomorphism of topological groups by 
4.3.3 and therefore it remains to show that d' is a morphism of functors. Let if e 6b and g £G. Then for 
heH we have 

dgjj o con^ ^(A mod Ih) = dgjj(ghg~^ mod Ign) = —d(ghg~^) 
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- —d{h) - duih) - d'jjih mod Ih) - con irO d'jjih mod Ih) 

IH ^' 

and this shows that d' commutes with the conjugation morphisms. Let if e ©b and K e <Sr{H). Let T = 
{ti,...,tn}he a right transversal of if in H and let heH. Then there exists a permutation / e S„ such that 
tih = KT(tih)tf(i) for all i£{l,...,n]. Hence, 

n 

d'g-ores^ u(h moA-In)- d'j^oVer^'^'^i.h mod 7^^) = )cr(ij/i) mod/^f) 



^H\KfH\K ^ H\K O 

= -7 7 c?(/i) - d(h) - eH\Kd'jj(h mod Ih) - resJ„od'fj(h mod Ih) 

igihThik tG\H 

and this shows that d' commutes with the restriction morphisms. Finally, let if e ©b and K e 6i(if ). If 
xeK, then it follows from 4.3.3(iii) that 

d'jj o ind^^(x mod Ik) - d'jj(.x mod Ih) - dnik) 

= fH\KdK(x) = fHiKd'^ix mod Ik) = ind^^ o d'j^(x mod Ik) 
and this shows that d' commutes with the induction morphisms. □ 

4.3.5 Definition. Let H be an inertially finite subgroup of G and let K be an unramified subgroup of if. 
The relative Frobenius element of the pair if < if is defined as the element 

(PH\K ■= qH\K ° (d'jj)~'^((i)) e HIK, 

where qH\K '■ HUh — * HIK is induced by the quotient morphism if — HIK.^^ The absolute Frobenius ele- 
ment of if is defined as the element 

(PH ■= (Ph\Ih = (d'fj)~\o)) e H/Ih- 

4.3.6 Proposition. Let if be an inertially finite subgroup of G and let K be an unramified normal subgroup 
of if . The following holds: 

(i) (PH\K is a topological generator of if/if . In particular, (pn is a topological generator of Th- 

(ii) If if is open in if, then if/if is a finite cyclic group which is abstractly generated by (pH\K- 

Proof. 

(i) Since d'jj : HUh — f2 is an isomorphism and since w topologically generates Q, it follows that (pn = 
{,d'jj)~^{ci)) topologically generates - HUh- As qH\K is a morphism of compact groups, it is closed and 
therefore (Ph\k - qH\Ki(PH) topologically generates if/if. 

(ii) This is obvious as if/if is discrete in this case. □ 

4.3.7 Definition. For a closed subgroup if of G the set of all unramified open normal subgroups of if is 
denoted by S'^iH). 

4.3.8 Proposition. For a closed subgroup if of G the set ^^(if) is a filter on ((g'*(if),c). in particular, 
^™(ff ) is a lattice. 

Proof. This is easy to verify. □ 

4.3.9. It is obvious that the family ^""^ = {<g'"''(ii) | H e Grp(G)j," ''} is an extension of Grp(G)'"-*'. We define 
SpCG)" := Sp(Grp(G)''^-f < SpCG)''-^ and J?(G)^j; jl(Sp(G)'^)ab. We define additionally SpCG)"''''' := 
Sp(Grp(G)f < Sp(G)" and i?(G)^f mp(G)'"'\h < RiG)^^. 

4.3.10 Assumption. For the rest of this section we fix a G-spectrum € < Sp(G)™' and set .ft := .ft(£)ab- 

4.3.11 Proposition. The following holds: 

(i) If (if, t/) e €b and geG, then con^^^^ ^^((pH\u) - fsHeu- 
(ii) If (if,f/) e gb and (K,U) e (Br(.H,U), then resll^^ ^^^^^{<pH\u) = (Pk^- 



''^Note that Ijj^K since K is an unramified subgroup of H. 



58 

(iii) I{(H,U) e and (K,V) e <Si(H,U), then ind^^^j^, (^^/tp^f |y) = (/)^^. 

Proof. This is straightforward using the isomorphism : — □ 

4.3.12 Definition. An unramified Fesenko-Neukirch datum on 2; is a pair {C,v) consisting of a Mackey 
functor C £ Mack(9Jl, Ab) defined on an inertially finite Mackey cover DJloi € and a valuation v e Val^'"(C) 
satisfying the following conditions for each (H,U) e (E\,: 

(i) The quotient Im(i;if)/[77 : U]lm{vu) is of order [H : U] and is abstractly generated by the image of w."*^ 

(ii) The morphism ind^'^^J"' : Ker(u[/) Ker(vH) is surjective. 

(iii) \B.^(C){H,U)\^[H:U]. 

The set of all such pairs (C,v) is denoted by urFND^(e). 

4.3.13 Convention. In the following we will define a morphism Y depending on the choice of (C,v) e 
urFND^((£) (and of course also on d and £). To simplify notations we will not include a reference to this 
choice. 

4.3.14 Theorem. Let (C,v) £ urFND2(€). For each H£(^ let jiH £ C(H) be a prime element (with respect 
to v). Then for (if, U) £ £b the assignment 

^(H,U) : TtdH, U) = HIU C(if)/indg^C(t/) = B.\C)(.H, U) 

(p^^jj ' — ► mod ind£ ^€{11) 

is an Ab-morphism which is independent of the choice of the prime element. The family Y = {Y(h j/) I 
(if, U) £ £b} defines a canonical isomorphism 

Y:;rj?^HO(C) 

in Fct((£, Ab). This isomorphism is called the Fesenko-Neukirch reciprocity morphism for {C,v) on €. 

Proof. Let (H,U) £ £b- Then the relative Frobenius element (pH\u abstractly generates H/U by 4.3.6. As 
(^(^)[H:C7] e indg^C({7) by 4.3.12(iii), it follows that Y(h, Xj) is a well-defined Ab-morphism. An application 
of 4.2.7 shows that '^(h,u) is independent of the choice of the prime element. Now we prove that Yjfijj is an 
isomorphism. Let n:-[H -.U]- eH\ufH\U - fH\U- Then 

nlMvu) = [H : U]Im(vu) = fniu^Mvu)- 

Since i>h oind£ jj = ind^'^j^ °vu = fmu °vu = nvu, it follows that i;iy(Im(ind£ jj)) Q nlTa.(vu). Hence, vh 
induces a morphism v'^ : C(H)/md^ jjC(U) lm(vHynlm{vu)- This morphism is obviously surjective and 
to prove that it is also injective, let x £ C{H) such that v'j^ix mod ind^ ^C{U)) - 0. This implies VHix) £ 
nlmivjj) and so there exists y £ CiU) such that vh(x) - nvu(y). Using the fact that y is a morphism we 
conclude that 

vh(x) = fniuvuiy) = ind^^y^ o vu(y) = VH°ind^^(y) 

and accordingly there exists e £ Ker(i;^f ) such that x = e ■ ind£ jjiy)- Since ind^''^"' is surjective, there 
exists ( £ Kerivu) such that e - ind^ u^O- Hence, x - ind^ ^(C) • ind£ ^(y) - ind^ [/(Cy) and therefore 
X = 1 mod ind^ jjC(U). 

This shows that v'jj is an isomorphism. According to 4.3.12(i) the quotient lm.(vH)/nlm.(vu) is of order n 
and is abstractly generated by w mod nlm.(vu). Since vh(^h) = w, we have 

v'jj(nH mod ind^ ij)-'^ niod nlm.(vu) 

and so it follows that C(fi)/ind£ ^C(.U) is also of order n and is generated by jih mod ind£ ^€(.17). Finally, 
as H/U is of order n and as this quotient is generated by <ph\u and moreover 

'^(H,u)((PH\u) = mod ind'^ jjCiU), 

we conclude that Y(h,U) is an isomorphism. The compatibility relations of Y are straightforward using 
4.3.1L ' □ 

''^Note that [i? : C/] < oo since U is open in H. Moreover, note that since u is a morphism and U e Ext(£,i?) £ 95li(iT), we have 
vjj oind£ ^ = ind^'^jj °vu = fuw °vu therefore Im(yjj) 3 fuw^^^^ij) = eHiij/jfii/Imdiij) = [H : U]lTa(vij). Also note that 
(0 e Im(yjj). 
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4.3.15 Corollary. Suppose that M is L-coherent and let (C,v) e urFND^Ce). Then Y -.nsi^ H^(C) is a 
^-class field theory. This holds in particular for both ^ = ^(G)^ and ^ = ^(G)^^- 

Proof. This is an application of 3.4.15. □ 



4.4. Class field theories for all coabelian extensions 
4.4.1. As described in the introduction, it is the main task to extend the Fesenko-Neukirch reciprocity 
morphism Y on SpCG)"^'^ to Sp(G/ so that we get a .S(G)^j^ -class field theory. The Fesenko-Neukirch class 
field theory, which we will discuss in this section in full detail and in its most general form, gives a (and if 
the spectrum has enough groups, like SpCG)*^, the unique) solution to this problem using the machinery of 
Frobenius lifts. To make this work, we have to restrict to ramification theories d : G -» with P a set of 
prime numbers and G a pro-P group. Neukirch originally just considered ramification theories d :G 
but proposed this extension in an exercise in [Neu99]. The theory obtained for P being a proper subset 
of the set of prime numbers is significantly different from the Z-theory. Although these theories also are 
extensions of the class field theory for unramified extensions, the Frobenius lifts can in general not be 
considered as the absolute Frobenius elements of some extension so that these theories cannot be properly 
motivated in this way. As far as the author understands this theory, the primary motivation for the Zp- 
theory is merely the fact that the proofs for the Z-theory can be modified to also work in the Zp-situation. 
All this seems to be not discussed in the existing literature. 

4.4.2 Assumption. Throughout this section we fix a set of prime numbers P, a pro-P group G and a 
ramification theory d : G ^ CI, where Q is isomorphic to Zp :- Ylp^p^p- Moreover, we fix a topological 
generator co of Q,. We set {nu) \ n £ N>o} and for x e we denote the unique n £ l\l>o with x = nw by 

mult(x). Moreover for an inertially finite subgroup if of G and h&H with dnih) e f2"^, we set Pidnih)) := 
P(mult(dff(/i))) and P'idnih)) := P'(mult(dH(/i))).4^ 

4.4.3. The following definition of Frobenius groups axiomatizes the fixed field of a Frobenius lift as moti- 
vated in the introduction to this chapter. We will see that these groups are already uniquely determined. 

4.4.4 Definition. Let H be an inertially finite subgroup of H, let U be an open subgroup of H and let 
heH. A Frobenius group for h relative to U is an open subgroup Z = I.h,H\U ofH satisfying the following 
conditions: 

(i) h€l.. 

(ii) dnih) e Q+ and fniz = Pidnih)). 

(iii) Iz-Iu- 

4.4.5 Theorem. Let H be an inertially finite subgroup of G,\etU be an open subgroup of if and let heH 
with dnih) £ Q""". Then there exists a unique Frobenius group ^h,H\u for h relative to U which is explicitly 
given by I.}i,h\U = {h)c-Iu- 

Proof. Let Z = I.h,H\u- We first verify that Z is a Frobenius group relative to U. The group Z is closed as a 
product of closed subgroups of a compact group. Let n = mult(dH(h)). According to B.5.13 we have 

fmi = [d(H) : d(Z)] = [d(H) : d((/i>c - it/)] = [d(H) : d({h))c] 
= [fHdH(.H) : fndHmc)] = [/"hO : fHidHih))^] 
= [fnO. : fH(na))c] = [fHO. : fHnCl] 
= [Q:«n] = P(n) = PWH(/i))- 

Since Z < if, we have I-z.<Ih- Moreover, as lu £ Z, we have lu - Iu<^ Ker(d) < Z n Ker(ti) = Ix- Hence, 
lu ^ It ^ Ih- As U is an open subgroup of if, we have eH\u • fH\u - IH :U]<oo and so in particular 
eH\u <oo. The combination of the above observations yields 

eH\i. = Uh ■ iz] ^ Uh ■ if/] = eH\u < oo. 

Now, we get 

[if : Z] = eH\x ■fH\x^ eH\u ■ raalt(dH(h)) < oo 
and so Z is a closed subgroup of if of finite index, that is, Z is open in H. 

Now, we verify that ij/ = iz. The group Z is an open subgroup of the pro-P group if and is therefore also 
a pro-P group. Moreover, as ij/ is a closed subgroup of if and Ijj < Z, we conclude that iy is a closed 

respectively P'(.n) denote the P-part respectively the P'-part of n. Confer B.5.12. 
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subgroup of S and so the quotient T := 1,/Iu is a pro-P group. Let g : Z — ' T/Iu be the quotient morphism. 
By the closed map lemma g is a closed map and so we get 

r = qa) = q({h}c-Iu) = q({h)c) = {q(h))c. 

In particular, T is a profinite group which is topologically generated by one element and so it follows from 
B.5.6 that r is procyclic. 

As lu < I-z, the quotient morphism E — UI-z induces a morphism q' -.1 - I./Iu — Let xj/ :- d'^oq' -.T ^ 
D.. Since q' is surjective and d'^ is an isomorphism, the morphism y/ is surjective. For n e N>o let y/n be the 
morphism determined by the diagram 



r/r» — ^ Q/i//(r«) 

Wn 

where the vertical morphisms are the quotient morphisms. Let A(n) be the set of supernatural divisors of 
#0. Then according to B.5.10 the open subgroups of Q are precisely the groups nD. for n e A(0)nN. Hence, 
as D. is profinite and as t^CF") = mif(T) = nn, the set ^ := {y/iT"^) | n e A(n) n N} is a neighborhood basis of 
e n. By B.2.3 this implies that Q = lim Q/'^ and that y/ is the unique morphism induced by the family 
i'Wn ° 9/1 1 £ N>o}. As y/ is surjective, each is also surjective. Moreover, it follows from B.5.10 that 

[F : r"] < « = : nn] = [O : i^(F")] 

for each n e A(Q) n N. Hence, the surjectivity of y/n implies the injectivity of y/n- Now, let A(r) be the set of 
supernatural divisors of #F. As F is a pro-P group and as Q = Zp, we have A(F) c A(C1) and so, according to 
B.5.10, the groups F" for n e A(Q) n N run through all open subgroups of F. In particular, as F is separated, 
we get 

Ker(i//)c PI Ker(i//„og„)= f| Ker(g„)= f] F" = 1. 
ra£A(0)nN n£A(n)nN «eA(n)nN 

This shows that y/ - d'-^oq' is an isomorphism and as is an isomorphism, we conclude that q' is an 

isomorphism implying that lu-Iz- 

Hence, Z is a Frobenius group for h relative to U. 



It remains to show that E is unique, so let E' be another Frobenius group for h relative to U. Since he I.' 
and lu = I-L' ^ Z', it follows that Z < U . As Ix = lu = Iz', we have eH\x = enw = ^Hii.'- If we assume that 
Z < Z', then 

sh\u • /if|z = £h\i. ■ /if|z - IH :1,]>[H : Z'] = eH\x' • /if|Z' -shw fH\i.' 

and consequently 

Pidnih)) = fH\i. > fuw 

but this is a contradiction to 4.4.4(ii). Hence, Z = Z'. □ 

4.4.6 Theorem. Let H be an inertially finite subgroup of G. The following holds: 

(i) The set Frob^ :^{heH\ dnih) e Q+} = d^HO+) is a dense sub -semigroup of H. 

(ii) Let U be an open subgroup oiH and let g : if — H/U be the quotient morphism. Then the semigroup 
morphism qlYrohn '■ Frobjf — H/U is surjective. For h e H/U the elements in q~^(h) n Frobij are called 
the Frobenius lifts oth. 

Proof. 

(i)'*^ Let hi,h2 £ Frob/f. Then d(hi) = nico for some ni e N>o and 

d(hih2) = d(hi) + dihi) = n\(i} + n^o) = (rei -i- ^2)0* £ fl""". 
Hence, hifiie Frob^f and therefore Frob^ is a sub-semigroup of H. 

As n is profinite, the set ^ of all open normal subgroups of O is a neighborhood basis of g O. Let U e'^. 
Since du is a strict surjective morphism, it is an open map. Hence, duiU) is an open subgroup of O and as 
{(d) is dense in Q., we conclude that dniU) n (w) ^ 0. If duiU) n (w) = {0}, then the image of w in Cl/dniU) 
would have infinite order which is a contradiction since duiU) is an open subgroup of Q and is therefore of 
finite index. Thus, dniU) nO.^ ^ and this shows that U n Frobij ^ 0. 



"The proof given here is partially based on the proof of [Neu94, proposition 1.2]. 
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Now, let heH. As hU is open in H, it follows that duihU) is open in D. and so dnihU) n (co) 0. Let m e Z 
such that m(j) e duihU) and let u' e ?7 such that dnihu') = mo). Since djjiU) n Q"*" 0, there exists n e N>o 
and ueU such that dniu) - noj. Let ^ e N such that m + kn > 0. Then 

Q"^ 3 (m +kn)o) = mo) + kno) - duihu') + dniu'') = duihu'u^) e duihU). 

Hence, dfj(hU) n 7^ and so hU n Frob// 7^ 0. As /i'^ is a filter basis of the neighborhood filter of h, 
we have proven that the intersection of Frob^ with any non-empty open subset of is non-empty, that is, 
Frobij is dense in H. 

(ii) Since U is open in H, the quotient H/U is discrete. Hence, if he H/U, then {h} is open in H/U and as q 
is continuous, it follows that q~^(h) is open in H. As Frobij is dense in H, there exists h e Frob^f n q~^(.h). 
In particular, h e Frob/? and q(h) = h. This shows that glFroba is surjective. □ 

4.4.7 Assumption. For the rest of this section we fix a G-spectrum £ and set .ft: = R(€)ah- 

4.4.8 Definition. We define the underlying unramified G-spectrum of € as := €n Sp(G)"''. 

4.4.9 DeGnition. A Fesenko-Neukirch datum on € is a pair (C,v) consisting of a cohomological Mackey 
functor C e Mack^OJl, Ab) defined on an arithmetic and inertially finite Mackey cover of (£ and a valua- 
tion V e Val^'^^CC) satisfying the following conditions: 

(i) (C,t;)eurFND2(£"''). 

(ii) For each open subgroup i7 of a group H and each V e S^'^iU) the sequence 

1 5- Ker(vu) ^ Ker(vv) ^ Ker(i;v) > Ker(vu) ^ 1 

is exact.*^ 

The set of all such pairs (C,v) is denoted by FND^CC). 

4.4.10. In practice it will be easier to have conditions only on C which imply that {C,v) e FND^(€) because 
then we do not have to additionally understand Ker(i>). The following proposition provides such conditions. 

4.4.11 Proposition. Let C e Mack''(9Jl, Ab) be defined on an arithmetic and inertially finite Mackey cover 
mote and let v e Val^"^'™(C) c Val"''"(C). Suppose the following conditions hold: 

(i) |HO(C)(i?,f/)| ^[H:U] for each {H,U) e 

(ii) For each open subgroup i7 of a group H and each V e S^'^iU) the sequence 

1 > C(U) ^ C(V) > C(V) ^ C(U) 

is exact. 
Then (C,i;)e FND^CC). 

Proof. It is easy to see that (C, v) e urFND^CS"''). het H e (S^, U <„ H and V e S^^^iU). Let y e Keriw) with 
con^^^^ y(y) = 1. Then by assumption there exists x e C(V) with reSy jj(x) = y. Since 

- vu(y) - vuoresy^^ix) - eu\v ■ vv(x) - vv(x), 

we have x e Ker(i;y) and this shows the exactness at the first Ker(i;y). Now, let y e Ker( i>y) with ind^ y(y) = 
1. By assumption there exists x e C(V) with con^^^ .j^ y{x) - y. 

If ji£ C(U) is a prime element, then res^ ^(n) £ C(y) is also a prime element as eu\v - 1- Hence, we can 
write vv(x) -kco- feiiy(res^ ^(.71)) - iiy(res^ ^(n^)) for some ke.Z and so there exists e e Ker(t;v) such that 
x = e-resy ^(n^). Since 

con^j;iy-i,y(^) = con^^|^_i y(e) • con^j,|^_i,y(res^ ^^(/r^)) = con'^^^^_^y(.e), 

we have proven the exactness at the second Kerd^y). It remains to show that ind|^ y : Kerd^y) Ker(vu) 
is surjective, so let y e Ker(,vu)- Let n [U : V] and let v'^ : C(,U)/iad^ yC(.V) Im^vuVnlmivv) be 

''^Note that this sequence is well-defined as C is defined on an arithmetic cover of £. Moreover, it is easy to see that this sequence 
is a complex. 
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the morphism induced by vjj as in the proof of 4.3.14. This morphism is obviously surjective and as 
|H°(C)([/,y)| = « by assumption, we conclude that v'^ is an isomorphism. Hence, as vuiy) - 0, there exists 
X e C(V) with y - ind^ y(x) and as 

= vuiy) = vu°vaA%yi.x) = fu\vvv(x), 

we also have x e Ker(i;y). This shows that 4.4.9(ii) holds. □ 

4.4.12. We note that condition 4.4.11(ii) is precisely the condition that C has (t/,y)-Galois descent and 
satisfies Hilbert 90 for (XJ,V). 

4.4.13 Lemma. Let (3 be a G-subgroup system and let C £ Stab(6,TAb). The following holds: 
(i) If if e 6b, g e if and t/ e BAH) with = U, then for any n e N>o the relation 



n-l 

^g--i,U°''^4,H = conJ_i n conj. y oresg^^ 



7=0 

holds in C(U). 

(ii) I{H€&k,U€ 6i(fi) and g e G with = H, then for any n e N>o the relation 



'n-l \ 

riconj^oindgy 
b=0 * ' 



holds in C(H). 

Proof. This is easy to verify. □ 

4.4.14 Lemma. Let if be an inertially finite subgroup of G, let U be an open subgroup of if, let h e Frobij 
and let Z Th^HW- Let cp e d^Hw), let W NCff(E n f/) and let Wq W • In- Then {(/^^ 1 < j < Pidnih))} is 
a complete set of representatives of Wo\if/2. 

Proof. Let n := mu\t(dH(h)) and let ^ := Piduih)) = P(re). Since Zi^f >lH,we have eHixiu = 1 and therefore 

[if : Ei^] = fmziH = : d(2iff )] = [d(if ) : = fH\z = P(dif(/j)) = fe. 

Suppose that q)^ e Ziij for some j e N>o. Then 

jw = dH((p^) £ dnC^In) = dnC^) = dH({h)c-Iu) = dH({h)c) = {dH(h))c = <iw>c 
and consequently jT2 Q ^Q. Hence, using B.5.13 we get 

[O. : jD] = [n : reQ] ■ [reO : jQ] = ■ [nQ : yO] 

and therefore | [O : j'Q]. Since [O : jD.] 1 7 by B.5.9, we thus get k | j, that is, 7 £ kZ. Hence, the elements 
{(ff' 1 < j <k}<=iH are pairwise inequivalent modulo "Liu and since [if : 'LIh\ = k, we conclude that {(p^ 1 < 
j < ^} is a complete set of representatives of H/HIh- Since W < Z, we have Wo - WIh < Zi^ and therefore 
an application of C.2.3 shows that l(pj 1 < j <k] is also a complete set of representatives of Wo\if/Ziff. As 
iff is normal in if, we can write (p^I,Ih = Ih<P^^ for all j £ N>o and as Ir ^ Wo, we get 

k-i k-i k-i 

if = U Wo<p^I.Ih = U WolH(p'I. = U Wo</^Z. 
7=0 >o 7=0 

This shows that {(p-' | < j <k] isa complete set of representatives of Wo \if/Z. □ 

4.4.15 Convention. In the following we will construct morphisms Y, Y' and Y depending on the choice of 
(C,i>) £ FND^(£). To simplify notations we will not include a reference to this choice. 

4.4.16 Theorem. Let (C,v) £ FND^Ce). For each (H,U) £ (£b the assignment 

Y(H,£/):FrobH — C(if)/ind^ yC(i7) 

h ^ indg^^^^^(7r;,)^'W«(''»modindgj,C([/), 

where nh £ C(I.h^\u) is a prime element, is a semigroup morphism which is independent of the choice of 
the prime elements. 
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Proof. Let h e Frobn and let Z := I.h,H\u- Note that as Z is an open subgroup of if and as 9Jt is an arithmetic 
cover of €, we have Z e SJliiH) n DJlriH). We will first prove that y(H,u) is independent of the choice of the 
prime elements. Let n,n' e C(Z) be two prime elements. Since Zni7 > (Zni7)nKer(d) -lunl^- Iz, we 
have e-z^znU = 1- Hence, the morphism ind^j-^^y : Ker(i;xni7) — * Ker(i;j;) is surjective according to 4.4.9(ii) 
and now it follows from 4.2.7 that n and n' are equivalent modulo iad^-^^^Ci.!, nU). Since ind^^nc; ~ 
ind^ jj o ind^ j.nf/' ^® have ind£^ ^^^C(,1, n t/) Q ind£ ^C(XJ) and therefore 

indg j.(7r':7--^) e ind£ j.(indf j-^^^CCZ n f/)) = indg j-^yCCZ n {/) c indg j^C({7). 

This shows that indg_j.(;r)^'W«'''» and indg j.(:/r')^'*'^«*''^' are equivalent modulo indg ^C(t/). 

Now we prove that '^(h,u) is multiplicative. Let /ii,/i2 £ Frobif and let /13 := /ti/i2- Let Zj := "L^.^hw and let 
;rj e C(Zi) be a prime element. Let mi := P'iduihi)) and fej := P(dH(hi)). Then nj := mjfej = mult(£fij(/ij)) 
and = ni + «2- We have to show that 

what is equivalent to 

ind^j.^(;r;['i)-ind^j.^(;r^^)-ind^j.3(;r3'"3)eind^yC(f/). (4.1) 
The proof proceeds in several steps beginning with one simplification step. 

Step 1. As dn : — ' O is surjective by 4.3.3, there exists <p e dj^(oj) Q Frobif. Let Z :- 'L^fi\u and let 
U\ be the normal core of Z n Zi n Z2 n Z3 n {7 in if. An application of C.4.1(iv) shows that U\ is open 
in H. We have ^ lu = iz, for i e {1,2,3} and obviously lu <U, Iz<l. and 7z, < Z; for i e {1,2,3}. 
Hence, i[/ < Z n Zi n Z2 n Z3 n J7. But as lu - U n Ker(d) is normal in H and as Ui is the normal core of 
Z n Zi n Z2 n Z3 n f/ in fi, this implies immediately that lu ^ Ui and consequently lu ^ lui- On the other 
hand, since Ui < U, we have lui ^ lu- This shows that if/ = lui and so we can write 

= '^hi,H\U = {hi)c-Iu = ihi)c-Iui ='^hi,H\Ui- 
Hence, if we would have proven that Y(h,Ui) i^ multiplicative, then, since Ui<U £ 2Jti(ii), we would get 

Y(H,C7i)(/ll) ■ Y(H,C7i)(/l2) = Y(iy,j7i)(/l3), thuS 

ind^ j.^(7rf 1) • ind^ j-^Ctt^^) = ind^ j.^Ctt^^') mod ind^ j^^C(t7i) c ind^ j^C(t7) 

and therefore 

so that this would prove the multiplicativity of Y(h,U)- Hence, it suffices to prove the multiplicativity in the 
case U = Ui, that is, f/ < Z n Zi n Z2 n Z3. 

Step 2. So, assume that U = U\. The element /14 := (p"^'^hi(p~"'^ is obviously contained in Frobn and so we 
can define Z4 := I.h4,H\u- Since U < Zi, we have 

U = 'P"'U< ^'"'Zi = q)'^H{hi),-Iu)<p-''' = <<p"^/M<p-"^>c -/fl = 5:4. 
Let 714 con^„^ j.^(;ri) £ CC^"' Zi) = C(Z4). Then 

v-eMa) = i'^''2 ocon^nj^zi^'^i^ = con"4_j:j °fZi(7ri) = vziini) = w 
and therefore is a prime element in C(Z4). Because of the relation 

ind^ j.^(;r4) = ind^ ^-^(con^^^ ^.^(Tri)) = ind^ o con^^^ j.^(;ri) 
= con^„2,j? ° ind^ 21(^1) = ind^_j.^(;ri) 
the logical assertion in 4.1 above now becomes 

indg5.^(<i)-indgj.^(<^)-indg5.3(;r3'"^)eindgyC(f/). (4.2) 
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Step 3. Let m4 := P'^duihi)) = mi, ^4 := Piduihi)) = fei and ^4 := 77x4^4 = mult(dH(/i4)) = n\. Let s e 

{2,3,4}. By the choice of <p, we have duihi) = re/oi = nidnif) = dniff"'') and so there exists an element 
Ti^lH- Ker(dff) such that /i; = Tj^q)"-' . These elements satisfy the following relation: 

= ^ (pn3(h2hi)-^ = "^"'^s^ = T3. (4.3) 

Moreover, due to the equivariance of the conjugation morphisms and the fact that /ij e Z,, we have 

con^.;,.(;ri) = conJ„.^.i (7ri) = con^^ , ocon'^^^,^(ni) = con^n,^Xni). (4.4) 

Since Zj e 2Jtb and since U is open in Z;, we have i7 e ^fftri^i)■ This allows us to define 

m-i 

Using 4.4.13(i) we get the following relation for i e {2,3,4}: 

conJ'';-i,C7 °^®4,Zi(^i) = con^-i,c/ 1 ^onj oresg j..(;ri)J = con^.^ ^^(5?;). (4.5) 

Let 

e := ns7i2^Tt^^ £ C(U). 
AsU € <f™'(Zj) and as i; : C — is a morphism, we get 

nj-l nj-l nj-l 

vu(^i)= L ^c/(con^- j^ores^j..(;rj))= ^ ^[/(resy j..(;rj))= ^ 1^x^(71:;)= ^ 0^ = ^1(0. 

Hence, 

vu{£) = - yf7(5r2) - vuijii) - nsco - n20J - nib) - n^u) - («i + n^Xa - 

and this shows that e e Ker( ?;[/). Now, define 

£2 := res^ j.g(7r3) ■ res^ ^2(^2 ^) ^ Ker(i;f7) 
£4 := res^ j.^(;r4 ^) ■ (res^ 12 ^3 ° con^^ j.g(;r3)) e Kerd;^/). 



We have the following relation in C{U): 
con^2-i,C/^^2) • con^^_i(£4) = 



C „„„C ^ _ ^°" ^2,C/^^2) COnf^,t7(£4) 

£2 £4 

^°'^f2,c/^^®®^,Z3^^3^'^®^f^.^2(^2^)) con^^ j^(resgj,^(;r4^)-(res^,2Z3°'=°'^f2,X3('^3^^^ 
resg j.^(;r3)-resg j,^(7r-i) ^esg j,^(;r-i)-(resg.2Z3 °con^2,Z3('^3)) 

^ conf2,C7 ° '•e^^,£3^^3^ • '^""?2,c/ ° '•^^[>,Z2^^2 ^) con^4,t/ °''^^^,S4^^4^^ -conf^.c/ °^e^^,^2Z3 °con^2,Z3^^3) 
resg^,^(;r3)Tesg j.^(7r2^) resg j.^(7r4i)-(resg ocon^^ j.^(;r3)) 

_'''^'^/2Z3°'=°"f2.Z3'''^"''°^^J2Z2°°°''T2.Z2'''2'' ''''"^/4z/'°''f4.^4'''i''"°°^/4^2Z3"°"f^/2Z3°'°°?2.^3'''3' 
resg_^_^ ("3 )-'-»=&,Z2 '^2 ^ ' ■■™t>,Z4 '"4 ^'■<'''''u.''2 Z3 """^ii .^3 '"^ " 

^ resg t^^^oconf^^^^(7r-^) resg ocon^ ^^^(;r-i)-resg ,,,2x3 ;s3(7r3) 

resg_^3 (;r3 ) ■ resg^^^ (tt" 1 ) resg^^^ (tt" ^ ) 

4j resg,2^^°con^,,x2fa2^) _ ^^4,uz4°'^""T4,Z4^^4^^-resg.3^3°cong^^3(7r3) 
resg j.^(7r3) ■ resg j-^Ctt-^) resg^^^CTr"!) 

^ ^e^^,-2Z2°^°"T2.i2^^2^^ resg .3Z3 °^°"f3,Z3^^3^ ^sg o conf^^^^(7r4 ^ ) 
resg_^^(7r-i) resg:^3(7r3) resg_^^(7r-i) 

resg_^^(7r2) resg rg^^ ocon^^_^3(;r3) resg_^^(;r4) 



resg.2Z2°co<2,Z2^^2) resgj-g(7r3) res^,,^,^ ocon^^^^^(7r4) 
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4.4 



res^ 2-^(71:2) 



res 



c 



(;r3) 



res^ „„ ocon'^n, ^ (712) 



res 



res 



U,1.2 



(tts) res „. ocon^„. ^ (?r4) 



res 



{7,Z4 



(714) 



1^ . 



res 



con 



4.5 



(p''2-l,C7 
1 



(Tra) 



con 



(p"4-l,C7 



and this yields 



■con ic,(%) ^ 



~ con^-i,C7(^3^2 ^^4 ^) = con^_i 



con^2-i,c/(^2)-conf,_i(£4) = con^_ !,[/(£)■ 



(4.6) 



Step 4. The group Uq .-U -Ih is an open normal subgroup of if. Let a e Frob(7Q with ^[/^(ct) - n:-\H -.V^ 
and let := /j/p ■ S^^hiu Uq. As /[/q < Z^, we have eu^^jo - 1 and as G is a pro-P group, an application of 
B.5.13 yields 

[f/o : Z"] = eu,\^o ■ fu.i^o = fu.i^o = [d(Uo) : dCZ")] = [fuoduo(Uo) : fu,du,(X'')^ 

= \.fUo^ ■ fUoduodUo ■ <<7>c -lu)] = [fuo^ ■ fUaduQ({(J)c)\ = Uuo^ ■ fUgnO.] 
= [Q:nQ]=P(re) = re. 

Since H n Ker(rf) -Ih^Uq<H, we have H n Ker(d) < f/o n Ker(d) < 7? n Kevid). Hence, Ih £ i[/o ^ ■'^h and 
therefore = 7j/o . As 2*^ = /^j • I.aji\u ^ and as = Th is abelian, we conclude that iP is normal in 
H. Moreover, as Uq <oH and E*' <„ J7o, we have iP <oH. 

Let W := 2° n [7 <o H. From /j/ < [7 and Iu<Ih<Ih- ^a,H\u = 2:°, it follows that Iu<UnZ^ <U 
and this shows that eu\w - 1. Hence, according to 4.4.9(ii), the morphism ind^ ^ : Ker(s;v(^) — Ker(s;(7) is 
surjective and so there exist r],rj2,r]i e Kerivyf) such that 



£ = ind[} ,y(7j), £2 = ind[^ ,,,(772), £4 = ind[}^^(7?4). 



Now, equation 4.6 yields 



that is. 



con?2-i,c/ "^'^'^f/.w^'Ja) -con^.-i^f/ oindg ,y(774) = con^.^ ^ oindg ,^(77), 



con^^ j^oind[} ,^(r?2) conf^ j^oind[Jyr?4) con^ o ind[} ,^(77) 



ind^^(T/2) 
Using the equivariance we get 



indg,^(774) 



ind^,^(T/) 



indg_^ o conf^^(772) ind^_^ o conf^^(r/4) ind^^ o con^^C?;) 



ind[)_,y(77) 



that is. 



and therefore 



ind' 



1^ V 



conr_ ,„(772) 



m 

\C , c 



■ind' 



/con^,y??4)\ 



??4 



= ind' 



^conC^(7?)\ 



ind^^(con^_;^^(T7) ■ conf^.^^CTya) ■ conf^.^ ^^(774)) = 1. 

It is obvious that con^^ ^(77) ■ con^^ .j^ ^(772) ■ con^^ ^(774) e Ker(i;Tv) and therefore 4.4.9(ii) implies that 
there exists jS e Ker(D;y) such that 



= conJ_i_^(77) ■ con^^.^ ,^(772) ■ con^,_i,w('74). 



(4.7) 



Since 12 e Ih and Ih , we have 



ind^o °'=°'^T2,w(^2) = con^^ "^'^^zo w^^^^ " ^"^^zo w^'Js) 



and similarly 



ind' 



zo,w 



°con^4,w(^4) = ind^o w^^*). 
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Hence, equation 4.7 yields 

ind^o^vr ° con^f;|w-i.w(^> = ind^o,^^ ° con^-i,w(^) " ind^o ° conf^-i.w^^a) • ind^o ° conf^-i,w('74) 

C ^^^x'',w°'=°^?2,w('72) ind^o,;y°conCy,,4) 



and this implies 



:ind^o,Tv°co%-i,w('7) T-^ , , • r ^ 

ind^o_,^(J72) ind^o^vr^^4) 



ind^o ,y°con^^^^ ,y(^) ^ indgo ,y°con^^^(7?) 



(4.8) 



Since i7o ^ Ih, we have eijiu,, = 1 and therefore fH\Uo - • Uq]- Obviously, (p^^'^°^ e Uq and so we can 
apply 4.3.3(iii) to get 

tmUa \H •■ Uo\ 

Let \f/ e dy^(w). Since U-Iuo = U-Ih = C^o> we have fuo\u = 1 and so a further application of 4.3.3(iii) shows 
that 

w = dubf) = duoiv) = duoiv)- 

tUo\U 

Hence, (p^^-^o^y/-^ £ Ker(d[/„) = ^Ir^'^^ and therefore (p^"-^°^ = mod Z°. Using the fact that 
\fr mod W = (pu\W this yields 

ind^o.w °'=on^£/iw,w = ind^o,^ °con^^^ = conj^^o oind^o,^ = con^i^^j^^j .^o oind^o 

In particular, equation 4.8 is now equivalent to 

conJ«.t;„] ^oOind^o,^(/5) _ ind^„^ o con^^^(7?) ^ con^_^„ o ind^o^CTj) 
ind^o^^(/3) ind^o^iy^''^ ind^o^,^('?) 

and this is equivalent to 

con^[H,f,g]_^^^(, o ind^o^vT^^^ = '=°'^^-i,zo ° ind^o_Ty(»7)- (4.9) 

Step 5. Let 

[H-XJo\-l 

r-= n con^T^()8)£Ker(i;w)^C(W). 
Then it follows from 4.4.13(ii) and equation 4.9 that 

'=°^J-i,zo °ind^o,;y(r) = con^[«^^^j_^_^„ oind^o,w.(^) = ^o^^J-i.zo °ind^o,w('7) 
As > /ij, we have Cji^jo = 1 and therefore the sequence 

Ker(t;^f) ^ Ker(t;j-o) ^ Ker(v^o) 

is exact by 4.4.9(ii). Hence, there exists 5 e Kerivn) such that 

ind^o^W^V) = i^d^o^w^r)-res^o^H'^S). (4.10) 

Since ejiWo ~ 1' have if/i7o = {<Ph\U(,) and so is a complete set of representatives 

of the right cosets Uo\H. As W <Uo, an application of C.2.3 shows that this is also a complete set of 
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representatives o{Uo\H/W. Now we can use the Mackey formula for C to get 

lH:Uo]-l 



ores 



ocon 



C „C C 



J=0 
lH:Uo]-l 

[H:C/o]-l 

■ n indg^,w°res^^^°conj;,.^ 

7=0 
[if:«7o]-l 



n indg^,W°conJ^^ 



and this immediately implies that 



indgo,Tv(r) = resg^^^ oindg T^(^). 
Using this relation and the cohomologicality of C we derive from equation 4.10 that 
indg(,_C7(£) = indg^ oindg^(r?) = indg^^(r?) = indg^ °ind^o (^(J?) 

" ^^^Uq,i.'>^^^^i.»,w^'^^ ■ ^^^10, H^^^^ " indg^ ^(y) • indg^ j,o(res^o^(5)) 



= indg„_^(r)-resg^ ^(5[^^^b = indg^^Cy) ■ resg„ ^(ind^ o resg ,^(5)) 

= resg^^^ o ind^^(/3) • resg^^^(indg_^ o res^ ^(5)) 

= resg^_^(indg ,y(/3) ■ indg o resg^^(5)) 

= '■esgo.ff (ind£ j; o indg^(/3) ■ indg^ o res^^(6)) 

= resg^^^(ind£ f;(indg^(i3) ■ resg^(5))). 



(4.11) 



Step 6. AsU = NCif(E n U), it follows from 4.4.14 that {(p^ \ 0<j < ki) is a complete set of representatives 
of f/o\if/Zi. An application of the Mackey formula for C now shows that 

ki-i 

resrr„ 17° ind Try (;!;)= ind , ores , , ocon , _ (;r;). 

It is obvious that i7 < i7o n Zj. But the converse inclusion also holds. To see this, let /i e i7o n Zj. Then 
h " uh' = s for some u eU, h' £ Ih and s e Zj. Hence, h' = m~^s e f/Zj = Zj and therefore h' £ Inf^^i - 
7x; -lu^U which implies that = wA' e U. Now, we also have Uq n ''^Zj = {Uq r\I,i)f^ = IJi^ = C/ and so the 
above equation becomes 



reS[/„,H°ind^;2.(;ri)= indf^o.f/"''^^ Wz^ "''^^z^^^^^ 



c 



'ki-i 
n res^ , 

n con^[/°resg_;s.(;ri) 

V7=0 



(4.12) 



For arbitrary Z e l\l we have the following relation: 

'"esgo.ff ° ind£^2i(^») " ""^^cff ° ^^C(iJ) ° ind£ {ni ) = resg^_^ o con^,^ . o indff,Zi > 



= con'^;j,. oind 



Vo,U 



[ki-1 



n con^ j^oresg;2,(7rj) 



Vj=0 
(ki-i 



= indg„,t/°conJ,. f] "on^ f/°^®^&,Zi('^i) 
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4C I j-j c 

qC rr „ c 



Hence, it follows from equation 4.12 that 



'miki-l 



n 



con 



oresy_j..(;rj) 



= indg„,f/| n conj;^ j^oresg_^.(;ri) 
= indg^,t/(^»)- 



Now, we have 



resg„,H(indg_^3(<^)-ind£_z.(^2'"')-indg,^4(^r')) 
^ resFr. „oindS v„(7r!r^)-respr„ f^oind^^y (7r;;'"^)-res?r„ „oind 



We have 



and 



Hence 
and 



^ indg„,c;(S3) ■ indg^_(^(^2 ^) • indg^ £^(^4 ^) 
^ indg„,[/(^3^2^?ri^) 

^ indg„,^(e) resg^_^(ind^ ^.(indg ..(/J) • resg ,,(5))). 



t;ff(resg^_^(ind^ ^;(indg^^()3) • resg_^(5)))) = eif|(7o -fmu- (fu\wvw(P) + eH\uVH(S)) = 



t;ff (ind^ (tt^^ ) • ind^ j-^ (^2 '"^ ^ ' ^^^H,i.4 (^4 )) = ^ 3 /hiZs w - m 2 /if 1 - m 1 /if 1Z4 w 

= resw - UiO) - ni(o = 0. 

resg^^(indg f;(indg^(jS) -resg^C^))) e Kerd;^) 

ind£^^^(7r^^) ■ ind^_2^(7r-'"^) ■ indg_2^(7r-'"i) £ KeKuH). 



(4.13) 



As BHWo - 1' the morphism res^^^^^ is injective by 4.4.9(ii) and therefore equation 4.13 implies that 

indg 23(?rr> ■ indg,22('^2'"'> ■ indg,24(^r'> = indg [;(indg^()S) ■ resg ^(5)) e ind^^dU). 
This proves the multiplicativity. □ 
4.4.17 Proposition. Let (C,v) e FND^CC). Then for each (H,U) e fib the assignment 

r^jj^^yHIU C(if)/indgf^C(f/) 

where h e Frobij is a Frobenius lift of /i, is a group morphism which is independent of the choice of the 
Frobenius lifts. Moreover, the diagram 



Frobij 



'^■"^ > C(H)/ind^^C(U) 



y; 



H/U 



(H,U) 



commutes, where the vertical morphism is the restriction of the quotient morphism H — H/U. 
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Proof. We will first show that YJ^ is independent of the choice of the Frobenius lifts. Let hi,h2 e Frobij 
be two Frobenius lifts oih. Let Zj := ^hi^\u and let ni e C(Z,) be a prime element. Then 

^(H,U)(hi) = indg ^.(;rf' mod indg yC(C/). 

by definition. First, suppose that dnihi) = dH(h2)- Then hi = mod Ih and as both hi are Frobenius 
lifts of h, we also have hi = /12 niod [/. Hence, hi = h^ mod Ih<^U - lu what implies that Zi - Z2 and 
consequently [/)(^) does not depend on the choice of the Frobenius lift in this case. Now, suppose that 

dnihi) < dif(/i2). Then t := e Frob^f and since both hi and /12 are Frobenius lifts of /i, we also have 

teU. In particular, Z := I.x^\u ^ U and if ;r e C(Z) is a prime element, then 

Y(h,c7)(t) = indg j.(;r^'<''«<^») mod indg t;C(f/) = indg oindg mod indg [;C(f/) = 1. 

Hence, using the multiplicativity of ^(11,17) we get 

Y(J?,[/)(/l2) = Y(H,[/)(/liT) = Y(ij,[/)(/n) ■ Y(H,f7)(T) = '^{H,U)(hi) 
and this shows that Y'^jj is independent of the choice of the Frobenius lifts. It remains to show that 
^'(HU) ^® multiplicative. Let hi,h2 eH/U and let hi,h2 £ Frobij be Frobenius lifts. It is obvious that A1A2 
is a Frobenius lift oihih^ and therefore 

YU,f/)(^1^2) = Y(H,uihih2) = riH,U)(hl) ■ Y(H,uih2) = r[jj^u)^hi) ■ r[jj u)(h2). 

The commutativity of the diagram is evident. □ 

4.4,18 Theorem. Let {C,v) £ FND^(€). For (H,U) e let r(H,u) ■ (H/U)^^ - C(H)/ind^ ^C(U) be the 
unique morphism induced by YJ^ ^j, that is, 

Y^H,U):(H/Ur^ CiHVind'^^CiU) 
hmoACom^HIU) — indgj-^^^^CTrf mod ind£j^C(J7), 

where h £ Frob^j is a Frobenius lift of /i e HIU and ;r/j e CiX^hflw) a prime element. Then the family 
Y = i^(H,U) I (-f^. ^) £ ^b} is a canonical morphism 

Y : 71^ - H° (C) 

in Fct(€,TAb), called the Fesenko-Neukirch morphism for {C,v) on £. Moreover, this morphism is an 
extension of the Fesenko-Neukirch reciprocity morphism for (C,v) on 

Proof. We have to show that Y is compatible with the conjugation, restriction and induction morphisms. 

Let (H, U) e l£b and let geG. Let h e HIU, let h e Frob^f be a Frobenius lift of h, let Z l.h,H\u and let n e 
C(Z) be a prime element. Let con^ (^f j/) : HIU ^HI^U be the morphism induced by the conjugation H 
^H, h >— ghg~^. It is obvious that ghg~^ e Frob^jj is a Frobenius lift oicorig (H U){h) and ^Z = ^ghg-^sH\su- 
Since con^ j,(;t) e C(^Z) is a prime element, it follows that 



and consequently the diagram 



= indgy jj;(con^j;(7r)^'^'^*«<^''^'''^) mod indgj^^CC^t/) 
= indgj gj.(conJ j.(7r)^'^''»^'''>) mod ind?^ gj^C(^t/) 
= con^^ o ind^ ^in^'^^"^''^^) mod ind'^jj g^C(^U) 

= con^H^Cindg^x^^'"*''^^'''^) mod indg ,,C(C/)) 
= con^ Y(/ir,j7)(A)) 



Y' 

if/t/ ^^^^^ ^ C(i/)/ind^ r,C([/) 



<:o%,(H,!J) 



H,U 
<=0°*,<H,t/) 



^/f/^C/ ^ C(^if)/ind?^^yC(^) 
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commutes. An application of the functor (-)^^ now shows that the diagram 

(H/Ur^ — > C(if)/indg yC(f/) 



commutes, that is, Y is compatible with the conjugation morphisms. 

Now, we prove the compatibility with the restriction morphisms. Let (H,U) e €b> (I,U) e (Br(H,U) and 
let h e H/U. Moreover, let h e Frobij be a Frobenius lift of h, let E := I.fi^\u and let n e C(Z) be a prime 
element. Let R - {pi, . . .,Pn} be a complete set of representatives of IXHIJ. and let g : if — HfU be the 
quotient morphism. Then 

g(Z) = qm^-Iu) = g( Wc) = (g'(^)>c = W, 
where the last equality follows from the fact that HIU is discrete. Hence, as if = M^^^lpi^, we have 

HIU^q(.H)^(jq(.I)q(.Pi)q{X)=\J(.IIU)-q(.Pi)-{h). 

This union is also disjoint since 7^ qilpiY) n qilpjl.) implies that 

^ q-\q(IpiX)nq(Ipjm = ^-^(^(/piZ)) n q-\q(IpjZ)) 

= IpiI.UnIpjI.U 
= UIpiI.nUIpjI. 
^Ipil-nlpjl. 

and consequently i = j. In particular, if p^ := q{pi), then i? := {p^, . . . ,p„} is a complete set of representatives 
o{(I/U)\(H/U)/{h) and so it follows from 2.4.15 that 

Ver^™''''^""'^'^'^'^^ Com'(i//t/))= f] p./z:^*' pT^ mod ComH//C/), 

where 

f(i) A^(pi) = min {j | j £ N>o Ap^/^-'p"^ e //[/ < H/U}. 

First note that as G is a pro-P group and as f(i) divides [H/U : I/U], the prime factors of /(i) are contained 
in P so that P(f(i)) = f(i) and = 1. 

Let i e {!,...,«}. We define Zj := ^'Z = {pihpj^)c-lu- As Pih^'''^^pJ^eI/U, we can conclude that pih^'-'-^pJ^ e 
/. Since fniidi = («^J?)l7> we have fnu^ = fmidiil) = dnil) and with m := mult((iH(/i)) we thus get 

AOmw = dHiPihf^'^pJ^) e = /•ffi/n. 

This implies that f{i)mD. Q /^i/O and therefore 

[Q : /(OmQ] = [Q : /hi/H] ■ [/hi/Q : f(i)mn] = P(fH\i) ■ [fnn^ : f(i)mn] = fH\i ■ [fniiO. : f(i)mn]. 

Hence, fH\i I [fJ : f(i)TniJ\ and as [D. : f(i)mD] | f(i)m we conclude that fH\i I f(i)m. Consequently, 

tmi tH\i 

and accordingly pih^^^^p'T^ e Frob/. This allows us to define Z* := ^p-hnDpr^jw ~ {Pihf^^pf)c-Iu- We 
already note that the above yields the relation 



P'(ddpihf^'^pT^)) = P' (^] = P'(m) = P'Mh)) 



fmi 

As Z* < Z; and as 1^ = Ijj- /t« < Z* , we have ey ly* = 1. We will now prove that 7 n Z; = Z* . The inclusion 
Z* c / n Zj follows from the fact that Pih^'-''^pj^ e I. To prove the converse inclusion, we will first show 
that (ipihpj^) ■Iu)cil ^2^. If X e (.{pihpj^) ■Iu)c\I, then x - pih-'pj^u for some j e Z and u elu- Now, 
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q(x) - Pih''pJ^ e I/U and so it follows from 2.4.15 that j £ f(i)Z. Hence, x e ipih^^'^^ pj-^) -lu ^ 2* . It is easy to 
see that cl({pihpT^))-Iu 5 cl({pihpT^) •lu)-^'^ Moreover, noting that / is of finite index in H and is thus open 
in H, we can use [Bou07a, chapitre I, §1.6, proposition 5] to get cl((pj/ip7^> ■/[7)n / Q cl(((p,/ip7^> ■Iu)ril). 
Combining the above results, we finally get 

Zif^I^{{pihp-^^),■Iu)r^I^{c\{{pihp-^^))■Iu)nI 
c cl«pj/ip7i> ■ /fj) n / c cmpihp]^) ■ lu) n /) 
ecl(E*) = E;. 

Now, the Mackey formula for C yields 

res^^oindg;^ = nind^!7nPiZ°'"es7nPiz,'';z°con^i,z 



„C „,„jC _,j^-„jC „C c 

n 

(=1 



! = 1 ' ' 



Since ey iT* = 1, we conclude that n*. := res^, .j, ocon^ ^(n) e C(Z?) is a prime element. Recalling that 
Pihf^''^pT^ e Frob/ is a Frobenius lift ofp^h^^'^^pj^ e //f/ and that Z* = ^p^hmpr'^ i\u, we get 

Y(/ c/) oresj'/j^j mod Com'(i?/f/)) 



-'■(.i,U)°^^^i/jjH/u (« mod Com'(ii/t7)) 

= Y(7,[7) |n PiA^^'Vr^ mod Com*(//f/)j 

= n '^(i,U)(Pih^^%^ mod Com*(//t/)) 



! = 1 



= n indf ^.(;r*f ^» mod indf yC(/) 
= n indf 2.(;r*)^'<''«<''» mod ind^f;C(7) 



n 



= n indyz. °res^. o con^. j.(;r^ mod indy^CC/) 

= resf^ oind^ j.(;r^'<''«<''») mod ind^^dU) 

= resU^jJJJ^_j^,(ind^_^(7r-f"<'^«<''») mod ind^_yC(i7)) 

= reS(^^y.) (^ o Y(H_i7)(A mod Com*(if/I/)). 

This proves the compatibility with the restriction morphisms. It remains to verify the compatibility with 
the induction morphisms. Let (H, U) e €b, {I,V) e (Bi(H,U) and let x e I/V. Let x e Frob/ be a Frobenius 
lift of X, let Z := Zj:^!^ and let n e C(Z) be a prime element. Let ind(H,f/),(/,y) : I/V — ff/J7 be the morphism 
induced by the inclusion I y->H. The relation fH\idi - {dH)\i implies that Frob/ c Frob// and therefore it 
is evident that x e Frob// is a Frobenius lift of ind(//^i7)_(/^y)(x). Let Z' := Zj;_//|[/. Then 

Z' = (x>c ■/[/= «^c> c ■ /y )■/[/ = Z ■ /c7 = Z ■ /z' 



*^IfA,B are subgroups of H, then A,B £ AB, hence cl(A) s cl(AB) and cl(B) £ cl(AB). Using the fact that cl(AB) is a subgroup, we 
get cl(A) • cl(B) s cl(AB). In the above, we also use that Iu = Un Ker(tZ) is closed in H. 
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and this shows that Z is a totally ramified subgroup of U, that is, /x'|z = 1- Hence, n' := ind^, j.(;r) e C(Z') is 
a prime element. Using the relation 

P'(d/(x)) = 1 ■ P'{di{x)) = P'(fH\i) ■ P'(di(x)) = P'(fH\idi(x)) = P'(dH(x)) 

we conclude that 

= ind||j^)',^_^/ind?_^(;r^'W/(*))) mod ind^yC(y)) 

= indg ^(indf j.^^'^''''^''")) mod ind^^C(U) 
= indg j.(;r^'^'^»^*>^) mod indg yC(f/) 
= ind^ J., oind^, j.(7/"^'^»^'^") mod ind^^dU) 
= ind^ mod ind^ jjC(U) 

This shows that the diagram 



H/U > C(H)/md^^C(U) 



™d<H",t/),(/,V) 



™"(H,U)XI.V) 



I/V , ^ C(/)/indf ^C(y) 



Y' 



commutes and an application of the functor i-)^" finally shows that the diagram 

(H/Ur^ C(H)/ind^^C(U) 



A 



"<H",t/),(/,V) 



^°^<.H,UX(I,V) 



(i/vr^ — > c(/)/indf ^,c(y) 



commutes. Hence, Y is compatible with the induction morphisms and we conclude that Y :7T^^ Hg(C) is 
a morphism in Fct(£,TAb). 

It remains to show that Y is an extension of the Fesenko-Neukirch reciprocity morphism for (C,v) on 
For this, let (.H,U) e £b such that enw = 1- Let (p e dJ^((o). Then (p e Frobn and (p mod U = (pH\u- Let 
l.:^Z^jj\U- Then 

[ff : Z] = e^iz • /-ffiz = Uh : /zl ■ PWcp)) = [/ff : /f/] ■ 1 = 1 
and therefore 11 = 1,. If tth e C(if) is a prime element, then 

'^(H,U)(mu) = = indg_^(4'*'^"*'^") mod indg ^;C(t/) = 71^ mod indg j;C(f/). 

Hence, Y(h,U) coincides with the morphism in 4.3.14. □ 

4.4.19 Proposition. Let {C,v)e FND^(€). Assume that ^ is coherent and assume that C satisfies the class 
field axiom for all {H, U) £ £^ with ( being any prime number. If 'Y(h,U) is injective for all (H, U) e with 
fH\u - 1 and £ being any prime number, then Y : ttj^ ^ H° (C) is already a .R-class field theory. 

Proof. According to 3.5.11 it is enough to show that Y is a .ft-prime morphism, so let ^ be a prime number 
and let (H,U) e Since ^ = [if : f/] = euw ' fH\u, we have either euw = 1 or fjjiu = 1- If ^HW = 1> then 
Y is an isomorphism according to 4.3.14 because (C, v) e urFND^''"((£"''). If fmu = 1, then Y(h,U) '• ~* 
}^{C){H, U) is injective by assumption and as \ii^{C){H, U)\ - [H : U], this morphism is already surjective 
and is thus an isomorphism. Hence, Y is a .^-prime morphism. □ 

4.4.20 Corollary. Assume that € = SpCG/. Let M = Grp(G)'', let C e Mack'=(a)t, Ab) and let v £ Val^^^'^^CC) e 
Val^'*". Suppose that the following conditions are satisfied: 
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(i) C satisfies the class field axiom for all (H,U) e (S^"" and for all (H,U) e €^ with fnw = 1 and £ being a 
prime number. 

(ii) C has (H, ?7)-Galois descent for all (H, U) e 

(iii) y^(H,U) is injective for all (H,U) e €^ with fniu - 1 and £ being a prime number. 
Then (C, u) e FND^(e) and Y : ;rj^((j)f^ - (C) is a .^(G)^j,-class field theory. 

Proof. First note that OJl is an arithmetic and inertially finite Mackey cover of £. The class field axiom 
and the Galois descent for all {H,U) e €^ are precisely the conditions in 4.4.11 and thus imply that (,C,v) e 
FND^(e:). Now, it follows immediately from 4.4.19 that Y is an isomorphism. □ 

4.4.21 Proposition. Let {C,v) eFND^CG;). Assume that the following conditions are satisfied: 

(i) B.-\C){.H,U) = 1 for all (H,U) £ with fuw = 1 and / being any prime number. 

(ii) For each open subgroup J7 of a group H and each V <oU with fu\y = 1 and UfV being cyclic of 



prime degree the sequence 



c{U) — V c(y) ■ — > c(V) 



is exact, where it is a generator of UIV. 
Then Y(h,U) is injective for all (H,U) e with fjjw = 1 and £ being a prime number. 

Proof Let {H, U) £ with fH\u - 1 and £ being a prime number Since fuw = 1, we have Ulfj = H and so 
there exists h^Iu such that h mod i7 is a generator ofH/U. Let £ d^-^Cw). Since du = fmudu - (dff)lj/, 
we have w = du((p) = dnifp) and therefore w = dnihcp). This implies that £ Frob^j is a Frobenius lift of 
the generator h mod U £ Let Z l.hq,fl\u- Then /■^ix = P(dH(h(p)) = 1. Let W := NCH(i7 n E) and let 
Wo := WIh- Since /j/ is normal in H and I.r\U >Ij,r\Iu - lu,'^^ have W > /[/ and thus Iw^Iu- But as 
C/ > W, we also have /(/ > Iw and so we can conclude that I-z-Ijj -Iw- Moreover, we have 

Ih > Iwo Wo n Ker(c/) = (W/^) n Ker(d) > 7^ n Ker(d) = 7^ 

and consequently Ih - Iw^- Since fuw - 1> we have [77 : J7] = enit/ = [7ij : 7j7] and this implies that the 
canonical inclusion 

IhIIu = (Hn Ker(d))/(f/ n Ker(d)) ^ H/U 

is an isomorphism. As WIwo = W^^i? = Wq, we also have fwolW = 1 and the same argument as above implies 
that 

Iwo^Iw^Wo/W 
is an isomorphism. Hence, we have an isomorphism 

H/U ^ Ih/Iu = IwJIw ^ Wo/W 



h(p mod U I 9- h mod lu I h mod ly/ I >- h mod W. 

In particular, WqIW is a cyclic group of order £ with generator mod W. Since Wo n f/ > W, we have 

^ = [ Wo : W] = [ Wo : Wo n f/] ■ [Wo n f/ : W] 

and therefore [Wq : Wq n {/] = 1 or [Wq n {/ : W] = 1. In the first case, we would have Wo = Wq n t/ and this 
would imply that 7^^ < Wq < ?7 and so H -U what is a contradiction to [77 : f/] = f . Hence, we must have 
Wo n i7 = W. Similarly, since Wq n Z > W, we have 

^ = [ Wo : W] = [Wo : Wo n Z] • [Wo n Z : W] 

and if [Wo n Z : Wo] = 1, then 7ij ^ Z and therefore f = [77 : f/] = enw = ejjiz = 1 what is a contradiction. 
Hence, Wo n Z = W. 

Now, let Tlx £ C(Z) be a prime element. Then 

r(H,u)ih mod U) = r^H,u)(h(p) = ind^ j.(;r^'*'^"*'"^") mod ind£ yC(i7) = ind£ j.(;rz) mod ind£ yC(f/) 
and therefore 

'^(H,U)(h^ mod LT) = ind£ 5-(7r|) mod indg [;C(f/) 
''^The proof given here is partially based on the proof of [Neu99, chapter IV, theorem 6.3]. 
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for all e Z. Hence, to show that '^(h,U) is injective, we have to show that ind^j.(;r|) e ind£jjC({7) for 
0<k<[H -.U] implies k = 0. So, suppose that ind£ x^^i) ~ u^'^^ some z e C(f/). 
Let Try e 0(1/) be a prime element. As eu\w - 1 and ei|w = 1, both res^ jji^u) e C{W) and res^ ^(ttj;) e 
C(W) are prime elements. Consequently, there exists e e Ker(i;^y) such that e • res^ u^^u^ ~ res^ z^^z^- 
WqS = WIh^ = 1^^^ = it follows that {1} is a complete set of representatives of Wq \H/I,. By the same 
argument, the set {1} is a complete set of representatives o{Wo\H/U. Hence, an application of the Mackey 
formula yields 



and 



re4o,H ° ind^,! = indwo,Wonz ° ^es^^^;^^^ = ind^o.w ° ^es^^^ 



These relations yield 

= i"eswo,H °indg c;(z) = ind^^_^ ores^ ^^U) 

and we get 

ind^^ ^(e) = ind^^ y^ires^^^iz) ■ res^ ^in^^)) = ind^^ ,y(res^ ^(5)) 
with 5 :- zn^ e C(U). Since 

ff/Cz) = fH\uvu(z) = VH° ind£^ j;(z) = vh° ind£^ j-^^z^ = fH\i.vz(Jt^) = k(o, 

we conclude that S e Kerivu)- Now, ind^^ w^^~^ ' ^^^w u^^^^ ~ ^ ^® H~^(C)(Wo, W) = 1 by assumption, 
there exists an element a e C(W) such that 

£-1 -res^ = conf w-i,w(«> = conf_i,w(«)- 

As the canonical morphism 

H/Iu = H/Hh nU)^ H/Ih x H/U 

is injective, it follows that H/Iu is abelian and as W > /[/, we conclude that H/W is also abelian. In 
particular, h(p = (ph mod W and this implies that 

conf^-i,w °conf_i,W = con^-i,W °conf^_i,^. 
Now, using the fact that (peU and /up e Z, we get 

c , c , ft con^ °res^ j^(4-5) res^ o conf • 5) 
conr_, wCres^;^ rAnjr ■ 5)) = ^ t = t 

^ ^'^ ^ res^,,(7r^-5) res^^^^C^ ■ 5) 

res^ o con^^ j^(7r^ ■ 6) con/,^,w ° res^ jj(n^ ■ 6) 



= conf^_^_^(res^_j;(7r^ ■ 5)) = con^^_^ ,y(£-^ ■ res^_j;(4) • res^ ^^(5)) 
= con^v-i,w(conf_i ;y(a)) ■ conf^_^ ^^(res^^jC^)) 
= conf_i^(conf^_i^(a)) ■ res^_2 o con^^_i_2(7r|) 
= con^_i,^(con^^_i,y(a)) 

and therefore 

X := res^ jjin^ ■ 5) ■ con^_^^^(a) e Ker(con);_j^ j^) = Im(res^^g) 
by assumption. Let y e C(Wo) such that x = res^ wo^-^^' '^^^^ 

k(!) = = i;w °res^^ ,^(3') = e^oiw • vw^iy) = enij/ • i^WoCy) ^[H-.U]- i'Wo(3') 
and since < < [if : t/], this implies = 0. Hence, '^(h.U) is injective. □ 

4.4.22 Corollary. Assume that g = Sp{G)^. Let = Grp(G)f let C e oAb^, let C. := H^(C) and let v e 
Val^'^^'"'(C,) c Val^''"(C*). Suppose that C* satisfies the class field axiom for all (H,U) £ 2:™ and for all 
{H,U) e €^ with fuw = 1 and ^ being a prime number. Then (C,,t;) £ FND^CS) and Y : n^^^^^ - H° (C*) is 
a .ft(G)^jj -class field theory. 
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Proof. This follows immediately from 4.4.20 and 4.4.21, recalling that C* has (H, t/)-Galois descent for all 
(if, U) e £b so that in particular both 4.4.20(ii) and 4.4.21(ii) are also satisfied. □ 

4.4.23. We rewrite the definition of the Fesenko-Neukirch morphism once in the language of field exten- 
sions under the Galois correspondence to make it more explicit. Let G - Gal(fe) be a pro-P group and let 
(C,!;)eFND;J(€). Letifee^, letLeExt(£,i4:)andletaeGal(L|i4:). Then 

Yl|x : Gal(Lll^)''^ C{K)linA^^C{L) 

is a morphism which maps the element a mod Com^(Gal(L|if)) to ind£ j.(;r^ ^''^*'^^^) mod ind£ iC(L), where 
2 is the fixed field of the restriction ffl^ur of a Frobenius lift a e GdliK) of cr to the maximal unramified 
extension L™' of L and tti e Z is a prime element. The automorphism a is characterized by ct|l = ct and 
d-Kio^) = w. We see that it is enough to lift cr to Gal(.U^\K). 
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5. Discrete valuation fields of higher rank 

In this chapter we will review the basic notions necessary to describe Fesenko's approach to higher local 
class field theory. After 5.2 the reader may already go to 6.1 to see how classical local class field theory is 
obtained as a Fesenko-Neukirch class field theory. 

In 5.1 and 5.2 some basic material about valuations on fields is recalled which may for the reader familiar 
with this material be thought of as fixing notations. In 5.3 discrete valuations of higher (finite) rank are 
introduced and basic properties are discussed. In 5.4 the basic notions of Milnor K-theory and in 5.5 the 
Parsin topology on a higher local field is sketched. 

5.1. Basic facts about valuations on fields 

5.1.1. In this section we will recall some basic facts about valuations on fields. The references for all the 
unexplained material presented here are [Neu99, chapter 2], [Bou72, chapter VI], [Ser79, chapter II] and 
[FV93, chapter I and II]. 

5.1.2 Assumption. Throughout this section k denotes a field. 

5.1.3 Definition. Let F be a totally ordered abelian group. A (non-trivial) T-valuation on is a map 
v.k'^ — r satisfying the following conditions: 

(i) i; is a morphism, that is, v(xy) = v(x) + v(y) for all x,y ek'^ . 

(ii) V satisfies the ultrametric inequality, that is, v(x + y) > mia.{v(x),v(y)] for all e fe** with x + y 7^ 0. 

(iii) V is non-trivial, that is, there exists xek^ with v{x) ^ 0. 

5.1.4. The map v is usually extended to all of k as follows: the total order and the addition of F are extended 
to Foo '■- FU {00} by defining cxd -1- cxa = 00, x -1- cxd = cxa and x < cxd for all x e F. This makes Fco into a totally 
ordered commutative monoid. Now, by defining v{Q) 00, one gets a map v:k^ Foo satisfying 5.1.3(i) and 
5.1.3(ii) for all x,y£k. We will use this canonical extension of a valuation to the whole field from now on 
without explicitly mentioning this. 

5.1.5. The set of all F-valuations on k is denoted by Yal^(k). Two valuations v.k'^ — ' Fy and m; : fe*" — F^, are 
called equivalent if there exists an isomorphism of ordered groups / : v(k'^) — w(k'^) such that w = fv on 

. The set of all equivalence classes of valuations on k is denoted by Val(fe). 

5.1.6. If is a field and v e Val'^(fe), then the following properties are well-known: 

(i) v{l) - and v{x) = 00 if and only if x = 0. 

(ii) v{x~^) - -v{x) and v{-x) = v{x) for allxeW . 

(iii) The set 0v:-{xek \ v{x) > 0} is a subring oik which is called the valuation ring of i>. 

(iv) is local with maximal ideal rriy := {x e | v(,x) > 0} and unit group e"^ = {x e | v(,x) = 0}. The field 
Kv := 0v^^v is called the residue field of v. 

(v) Itxek'^ ,then xEGv orx~^£0v 

(vi) If w.k^ ^Tu, is another valuation, then ff^ - Su, if and only if v and w are equivalent. 

(vii) &v, ^^'^ ju^t depend on the equivalence class of v. 

(viii) The value group v^W) depends up to isomorphism of ordered groups only on the equivalence class of 

V. 

5.1.7. A domain e such that there exists a field k with <k and such that x e fe** implies x e ^ or x~^ e e 
is called a (non-trivial) valuation ring. In this case the field k is already equal to the quotient field Q(e') 
of e. Any valuation ring ^ is a normal Bezout domain and the ideals in e are totally ordered by inclusion. 
In particular, the KruU dimension of is equal to the number of non-zero prime ideals in e. Moreover any 
ring e' with e <e' <k is, again a valuation ring and the map p ^ Op is a decreasing bijection from the set 
of non-zero prime ideals of to the set of such intermediate rings. In particular, the set of such rings is 
totally ordered by inclusion and the number of such rings is equal to the number of non-zero prime ideals 
of ^. 

According to 5.1.6(v) the valuation ring 0^ of a valuation u on a field kisa valuation ring. But the converse 
also holds: if (9 is a valuation ring and k :- Q(©), then F^ :- k^l0'^ is totally ordered by x < y yx''^ £ and 
the quotient morphism i; : ^ ^ ^ Fig> is a valuation with valuation ring e. Hence, there exists a canonical 
bijection between the valuation rings in k and Val(fe). If ^ is a valuation ring in k, then a valuation v on 
k with 0^=0 i^ called an admissible valuation for 0. All equivalence-invariant notions for valuations will 
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interchangeably be used for valuation rings. ^ 

5.1.8. A valuation ring & in k with residue field k is said to be of equal characteristic if char(fe) = char()c). 
Otherwise it is said to be otmixed characteristic. In this case necessarily char(fe) = and char(jf) = p>0. 

5.1.9. If i; : fe'' — r is a valuation, then the sets kv>Y '.= {x£k \ v(x) > y}, y e v(k'^), form a compatible filter 
basis on the additive group k'^ of k and give k'^ the structure of a separated topological group. Moreover, 
with this topology, which we denote by 5y, the field k is a topological field and the map v : k'^ ^ F is 
continuous with respect to the discrete topology on T. The topology 31 is equivalence-invariant. But two 
valuations v,w onk with 31 = 3'w are not necessarily equivalent. Such valuations are called dependent. 

5.1.10 Convention. Subgroups of R are always considered with the natural order. 

5.1.11. A real valuation (also valuation of height 1 or valuation of rank 1) on ^ is a valuation v on k 
whose value group vik"") is as an ordered group isomorphic to a subgroup of R. This notion is obviously 
equivalence-invariant and the subset of Val(fe) consisting of the equivalence classes such that one (and then 
any) representative is a real valuation is denoted by VaF(fe). There exists a canonical bijection between 
Val''(fe) and the set of non-archimedian places of k, that is, the equivalence classes of non-archimedian 
norms on k. The topologies defined by a real valuation and the corresponding non-archimedian norm 
coincide and this fact implies that two real valuations v,w onk are equivalent if and only if = and 
this is equivalent to the existence of s e [R>o such that w - sv on k"" . In particular, real valuations are 
equivalent if and only if they are dependent. 

5.1.12. A discrete valuation on ^ is a valuation v on k whose value group v{k^) is as an ordered group 
isomorphic to Z. This is obviously an equivalence-invariant notion and any discrete valuation is real. If 
i; : ^ ^ — >• r is a discrete valuation, then as the ordered group Z has no non-trivial automorphisms, there 
exists an already unique isomorphism (p of ordered groups from the value group v{k'')ioZ. The valuation 
V is called normalized if v{k^) - Z. The composition (pov is obviously a normalized discrete valuation which 
is equivalent to v and this valuation is called the normalization of v. If y e F, then any element 
n^k with v(,Ti) - J is called a uniformizer of v. Any uniformizer is a prime element of and generates 
the maximal ideal trii,. Any non-zero ideal of ^„ is of the form m" for a unique n e N and the set of ideals 
is a neighborhood basis of e ^. The higher unit groups f/*"' := 1 + m" £ , « e N, form a neighborhood 
basis of 1 £ fe*". The group U'"^^ is called the group oi principal units. Discrete valuation rings, that is, 
valuation rings of discrete valuations, can be characterized as valuation rings of KruU dimension 1 or as 
local Dedekind domains. 

5.1.13. If A is a Dedekind domain and k Q(A) is its quotient field, then for any p e mSpec(A) and a e A 
one defines ordp(a) :- sup{re e N | p" 3 (a)}. For a e A \ {0} the natural number ordp(a) is equal to the power 
of p in the prime ideal decomposition of (a) and using the properties of Dedekind domains one can show 
that the map ordp :k^ ^J., ^ ^ ordp(a) - ordp(6), is a normalized discrete valuation on k which is called 
the p-adic valuation. Its valuation ring is equal to the localization Ap^k and its residue field is canonically 
isomorphic to A/p. Moreover, the map mSpec(A) — Yal^ik), p ^ ordp, is injective. 

5.1.14. The field of formal Laurent series k{{X)) over a field k is defined as the quotient field of ^[[X]]. Any 
element of k{{X)) can be written as f - Y.n>na dnX"- with reg e Z and a^^k. The order valuation on k{{X)) is 
defined as ord(£„£z anX"^) := inf{« eZlan^'O). It is easy to see that this is an equal characteristic normal- 
ized discrete valuation on ki(X)) with valuation ring and with residue field canonically isomorphic 
to k. If nothing else is mentioned, then we always consider k{(X)) with this valuation. 

5.1.15. Let K\k be a field extension and let v e Val^(k). If we Val^'(K) such that F < F' as ordered groups 
and w\k-v, then w is called an extension of i; and we denote this by w\v or by (.K,w)\(k,v). In this case the 
diagram 



commutes, where the vertical morphisms are the canonical inclusions. Moreover, = n k, tTiy = m„, n k 
and there exists a canonical embedding )c„ ^ Ku,. We denote by Ext„(if ) the set of all valuations on K 
which extend v. l{(K,w)\(k,v) is an algebraic extension, then the residue field extension Ku,\Kv is algebraic 



w 




A 



^F 



"The value group itself is for example not an equivEilence-invariant notion. But its isomorphism class as an ordered group is 
an equivalence-invariant notion and so are 0^,0^ and nit, . 
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and w is a real valuation if and only if u is a real valuation. In this case, the alternative characterization 

of the equivalence of real valuations in 5.1.11 implies that if f is a real valuation and w,w' e Exty(X^) are 
equivalent, then already w -w'. li (K,w)\(k,v) is a finite extension, then w is discrete if and only if t; is 
discrete. 

5.1.16. A valuation v e Yal^ik) is called complete if the topological group is complete. The Cauchy- 
completion k ^ k k with respect to =9^ is again a topological field and the valuation v extends 
uniquely to a valuation v€.Nai\^{.k) such that v-.k"" ^ T is continuous with respect to the discrete topology 
on r. The value group of v is that of v and the topology on the Cauchy-completion k is that of v. For 
7 e vik"") - v(.k'^) the set kv>Y is equal to the closure of ki,>j in k. The valuation ring e^^ respectively the 
maximal ideal is canonically isomorphic to the Cauchy-completion of ^i, respectively of m„. Finally, the 
residue fields of v and v are canonically isomorphic. 

5.1.17. A valuation v £ Val^(fe) is called henselian ifv admits a unique extension to every algebraic extension 
if of As. This is equivalent to 0i, being a henselian ring. If v is henselian and nothing else is mentioned, 
then we will always equip an algebraic extension of k with the unique extension of f . If f is henselian and 
{K,w)\{k,v) is an algebraic extension, then by definition (K,w) is also henselian. If y is a real henselian 
valuation and if (K,w)\(k,v) is an algebraic extension, then 0^, is equal to the integral closure of ffj, in K. 
If additionally [K : k] - n < oo, then w is explicitly given by «; = ^v(Ng:\k(-)) '■ IK. Any complete real 
valuation v is henselian and its unique extension w to an algebraic extension K\k is again real by 5.1.15. 
If additionally \K:k^<oo, then w is also complete. 

5.1.18. A complete discrete valuation field is a field k equipped with a complete discrete valuation. If p is a 

prime number, then the completion Qp of Q with respect to the (p)-adic valuation is according to 5.1.16 a 
mixed characteristic complete discrete valuation field with valuation ring Tp, maximal ideal pZp and with 
residue field canonically isomorphic to F^. It is not hard to verify that the field of formal Laurent series 
k{(X)) over any field ^ is a complete discrete valuation field. As a finite extension K oi a complete field k is 
again complete with respect to the unique extension of the valuation on k to K, it follows from 5.1.17 that 
the class of complete discrete valuation fields is closed under forming finite extensions. 

5.1.19. A consequence of Hensel's lemma and the approximation theorem for discrete valuations is that on 
a complete discrete valuation field there exists up to equivalence no other discrete valuation. Therefore the 
omission of the valuation in the notation of complete discrete valuation fields will not produce ambiguities. 
Moreover, this implies that if (/) : — fe' is a field isomorphism, t; is a complete discrete valuation on k and v' 
is a discrete valuation on k' , then v' is already complete and equivalent to the valuation voq)~^. Moreover, 
(p is already a homeomorphism. 

An important property of a complete discrete valuation field (k,v)is the fact that after choosing a set i? Q 0^ 
of representatives of ©i,/m„ = k„ and a uniformizer nee^ any element x£k admits a unique representation 
as a convergent series x = L«>rao'"n^" with r^^R and no e Z. Using this, one can show that for a com- 
plete discrete valuation field {k,v) the set of field isomorphisms (p : Ky((X)) — > is in canonical one-to-one 
correspondence with pairs (.X,7i) consisting of a prime element tt e and a coefficient field A of ^, that is, 
a subfield A Q such that : A ^ )f„ is an isomorphism, where q-.e^^^v is the quotient morphism. 
If such a pair {X,n) is given, then (p{Y.ti^z(^n^"')^Y.n^zsian)it'^ is the corresponding isomorphism, where 
s is the inverse of q\i : A )c„. If an isomorphism cp : )c„((X)) ^ ^ is given, then {(p{Ki,),(p(X)) is the cor- 
responding pair li(k,v) is an equal characteristic complete discrete valuation field, then one can prove 
the existence of a coefficient field and thus concludes that is as a topological field already isomorphic to 
KviiX)). If Char(^) = p > and Ky is perfect, then there exists indeed only one coefficient field formed by 
the Teichmiiller lifts. If Char(^) = or Kf, is imperfect, then there exist many coefficient fields in general. 

5.1.20. If t; e Val^(fe), then the topology 5y is locally compact if and only if v is complete and discrete and 
the residue field Ky is finite. In this case the valuation ring is compact and the pair {k,v)\s called a local 
field. Obviously Qp and ¥pr{{X)) are local fields for any prime number p and r e N>o. Moreover, the class of 
local fields is closed under finite extensions. Any local field is as a topological field already isomorphic to 
either a finite extension of Qp or to Fg((X)) for a prime number p and q=p^ with / e N>o. 

5.2. Ramification theory 

5.2.1. In this section we will recall the basic notions concerning ramification of valuations. The references 
for all the unexplained material mentioned here are the same as in 5.1. 

5.2.2. Let K\k be a field extension, let u be a valuation on k and let w e Exty(if). The ram.ification index of 
w over V is defined as ew\v '•- \.w{K^) \ vik^y^ and the inertia index is defined as fw\v '•- l^w '■ fyl- All these 
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notions obviously equivalence-independent and both the ramification and the inertia index are transitive 

on extensions. Suppose from now on that [K : k] - n < oo. Then eu,\v ■ fw\v ^ « and therefore both the 
ramification and inertia index are finite in these cases. Equality holds if v is complete or if v is discrete 
and the extension K\k is separable. The extension iu\v is called unramified if [K .k] = [k^ : Ky] and the 
residue field extension Ku, ^ is separable, otherwise it is called ramified. It is called totally ramified if 
it is ramified and fu,\v = 1. liw is discrete, then mv&u, = tn^*"''"^ and therefore eu,\v is equal to the algebraic 
ramification index em^imi, • 

5.2.3. If i> is a henselian valuation on a field K, then an arbitrary algebraic extension K\k is called unram- 
ified, i{K'\k is unramified for all intermediate extensions K^K' with K'\k finite. 

5.2.4. Let K\k be an extension with [K ■.k] = n<oo. Let i> be a normalized discrete valuation on k and let 
w - ^viNK\k(-)) : K'^ R he the unique extension of v to K. Then w(K'^) = -^Z and eKik^ is the 

ft n ^K\h 

normalization of w . 

5.2.5. Let K\k be a Galois extension, let t; be a real valuation on k and let G - GaHK\k). li w £ Exty(if ), 
then woa € Exty(ir) for each a eG and consequently G acts on the set Exty(if ). This action is indeed 
transitive. From now on we fix m; e Ext„(-K^). The decomposition group of U!\v is defined as Dw\v {a eG \ 
woa -w] and the inertia group oi w\v is defined as Iu,\v (ff e Du,\v \o'x=x mod rUw for all x e Both 
the decomposition and the inertia group are closed subgroups of G. The fixed field Z„,|y :=if^»'i'' is called 
the decomposition field of w\v and the fixed field T^,|f, K^'^'^" is called the inertia field of w\v. The map 
Dw\v \G — Exty(i^), Du;\vO^ " if o a, is a bijection and therefore we have in particular [Zw\v : k] - #Extv(K). 
Of great importance is the fact that the residue field extension normal and that the sequence 

is exact, where the morphism 7i^|„ — ► D w\v is the canonical inclusion and the morphism Dif,\i, — ' Gal(Ka,|)fy) 
is given by a^a with a{x) :- a{x) for x £ k^, and a representative xeGu;- In particular, we have a canonical 
isomorphism Gal(ru;|i;|Zu;|;,) = Gu,\v/Iu,\v - Gal(,Ku,\Kv). Moreover, if jcy is perfect, then Galois 
extension and consequently 

[Du,\v : Iw\v1 = #(Diu\v/Iw\v) = #Gal(Ku;|*:i,) = [ku, : k„] = fui\,j. 

5.2.6. Let u be a real henselian valuation on a field k. For a Galois extension K\k we simply write eK\k '•= 
ew\v, fm ■= fw\v, Dxik ■= Dw\v, lK\k — Iw\v, ZK\k — -^ujio and TK\k — Tu,\v, where w is the unique extension 
oft; toK. Moreover, we write ek ■^ek^\k, fk ■^fk^\k,Dk -^Dk^^k, Ik ■^Ik^\k, Zk -^Zk^^k and Tk ■■^Tk«\k- For 
any Galois extension K\k we have Dk^/i = GaUiflfe) and thus Z^^k = k because #Ext„(if) = 1. ItK is any 
intermediate extension o{k^\k, then obviously 

Ik = Ik-\k = Ik-\K = Ik-\k n GaW\K) = Ikn Gal(K). 

We say that K\k is unramified if w\v is unramified, where w is the unique extension of w to K. The 
compositum of all intermediate extensions K oik'^\k such that K\k is a finite unramified extension is called 
the maximal unramified extension o{(k,v) and is denoted by fe"''. The extensions of contained in k^^ are 
precisely the separable unramified extensions otk. Moreover, k^^\k is a Galois extension and the residue 
field oik^'^ is equal to jc^. 

If if is a finite unramified Galois extension of k and w is the unique extension of v to K, then jf„, |k„ 
is a Galois extension and as Gal(iri^) = \K : ^] = V^w 

: Ky] = Gal(K„|)c„), the epimorphism Gal(K\k) - 
DK\k Gal()Cu;|)c„) from the exact sequence in 5.2.5 is an isomorphism. In particular, I^ik = 1- Now, if 
a e Ik'^ik ^-Dfeur|^ = GaHk^\k), then obviously a\K £ lK\k - 1 and as is composed of such extensions K\k, 
it follows that Ik'^y^\k - 1- In particular, the epimorphism Dk^r^j^ - Gal(^'^''|^) Ga\{Kl\K„) from the sequence 
in 5.2.5 is an isomorphism. We denote this isomorphism by and we denote by dk the composition of 
the quotient morphism Gal(k) = Gal(fe^|fe) - Gal(fe'|fe)/Gal(fe^|fe'") = Gal(fe'^lfe) with d^. If denotes the 
unique extension of i; to fe^, then Jf„s|)c„ is an algebraic extension containing and as the diagram 

Dk^\k ^ > Gal(KglKy) 

(-)l^ur = (-)l«s 

1 ^ h^lk ^ -DyfeSI/fe ^ Gal()CyS |Ky) 



commutes, where we used the common fact that the restriction on the right is an isomorphism, it follows 
that Ik is the kernel of the restriction Dk Z);feur|j, and consequently GaK^*'!^'^'') -Ik- In particular, - Tk 
and the kernel of dk is equal to Ik- Moreover, a separable extension K\k is unramified if and only if 
GaKK)>Ik. 
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5.2.7. Let (k,v) be a local field. Let be the unique extension of y to fe®. As k^^k^^, we have JCys ^kI^k^. 
As Kys\Kv is algebraic and as is finite, we thus have )Cys = k^. 

Let q :- #)Cy. Then Gal(jf„) = Z is procyclic with canonical topological generator being the Frobenius auto- 
morphism Fr^ : — )c^, X >— x'. It follows that <pk := (dp~^(Fr^) is a topological generator of Gal(k^\k) 
which is called the absolute Frobenius automorphism of k. By definition of this automorphism is 
uniquely determined by <pk(x) = Frq(x) mod myur for all x e e'yur, where t;"^ is the unique extension of v 
to fe""". As Z = Gal(jc:„) = Gal(k^\k) has for each supernatural number n a unique closed subgroup of index 
re, it follows that k has a unique separable unramified extension of degree re. 

Let K\k be a separable extension and let w be the unique extension of v to K. Since w is henselian, an 
application of the theory in 5.2.6 to (K,w) yields an epimorphism (Ik ■ Gal(K) — ' Gal(K„;). As 

GaKfe'lfe'^) = h>hn GaKfe'li!:) = Ik = GaKK^lK"^) = GaKk^lK""), 

we conclude that k^^ '^K^^. Now it is not hard to see that the diagram 

dx 



Gal(K) 



■ Gal(kmGal(k^\IC''') 



(-)lxur 



GaK^T) 



•Gal(fe«|fe)/Gal(fe^|fe"'") 



GaKK'^lK) 

(-)l*ur 



GaKk'^lk) 




Gal(K^) 

V 



•Gal(jf„) 



commutes, that is, dk\Gai(K) = dx- The restriction oidk to Gal(if) Q Gal(fe) has kernel nGal(i^) - Ik and 
consequently 

K : )c„] ^ fk^iK = IDk^iK : h^\K] = [GaKTsT) : /jf] = #dfe(Gal(A:)) = [dfe(Gal(iO) : 1] 

as supernatural numbers. Since Gal(Ky) = Z has a unique closed subgroup of order [k^ : k^] and as [jc^ : 
»fui] = [Gal(jfu;) : 1], it follows that dk(Gal(K)) = Gal(jf„r). Hence, if L|fe is a further separable extension with 
L^K and if u is the unique extension of i; to L, then 

[dk(Gal(K)) : ^^(GaKL))] = [Gal(jc^) : Gal(jc J] = [k„ : k^] = fnK- 

If we assume that fK\k < oo then as Gal(jCu) = Z and as [Gal()c„) : Gal()Cu,)] - [Ku; : )c„] = fK\k, it follows that 
/kl/^GaK'fu) - Gal(Kw) and consequently j^Gal(Ki„) = Gal(Ky). Hence, the morphism 



dK\k 7^(c?fe)lGai(if) : GaKif) - Gal(jc„) 

fK\k 

is surjective with kernel Ik- We denote the induced isomorphism Gal(K^'^\K) = Gal(K)/lK — * Gal()c„) by 
d^lj. Obviously, = j^d'j^ and therefore 

(d;,l^)-i(Fr<,) = (-^d^)-^(Fr^) = (d^)-^ o(/-^|^Fr,) = W^)-^(Fr ) = cpK- 

tK\k ' 



5.3. Discrete valuation fields of higher rank 
5.3.1. In this section we will discuss some basics about discrete valuations of higher rank and discuss the 

notion of higher local fields. Although any reference on valuations discussing the height of valuations 
might already contain all results of this chapter, the author did not find a reference discussing the material 
in the way the author thought about it. In particular, the author could (except for some parts in [MZ95, §1] 
which motivated this section) not find a reference explaining the passage between a discrete valuation of 
higher rank and a sequence of discrete valuations of rank 1 and vice versa. Therefore all this is discussed 
in detail with the remark that this section may be obvious for a reader having a broader knowledge than 
the author. 

5.3.2 Proposition. Let i = l,...,re, be totally ordered abelian groups. The reverse lexicographical 

order (RLO for short) on the direct sum F := Ti ® . . . ® r„ is for a = (ai,. . .,a„),6 = (6i,...,6„) e I defined as 
follows: 

a<b <=> a = 6 or there exists 1 <m < n with <m bm and a^+i = = ^n- 

The following holds: 
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(i) r is a totally ordered abelian group with respect to the RLO. 

(ii) Let r' := Ti ® . . . ® r„_i be equipped with the RLO. Then the RLO on F is the RLO on the direct sum 

r'®r„. 

(iii) For 1 < r < re let F*'"' := Tn-r+i ® . . . ® F„ be equipped with the RLO. Then the map 

F F*'"' 
(«!,.. .,a„) ' — ► (a„_r+i,...,a„) 

is a morphism of ordered groups. 

(iv) Letr'':={(ai,...,a„_i,0)er}<r. Then the map 

(ai,...,a„-i,0) 
is an isomorphism of ordered groups. 
Proof. All assertions are straightforward. □ 

5.3.3 Convention. For re e N>o the abelian group Z" = Z ® . . . ® Z is always considered with the reverse 
lexicographical order. 

5.3.4 Definition. Let re £ N>o. A discrete valuation of rank « on a field ^ is a surjective valuation v 

Z". The pair ik,v) is then called a discrete valuation field of rank n. A discrete valuation ring of rank re 
is a valuation ring whose value group is as an ordered group isomorphic to Z", or equivalently, e is the 
valuation ring of a discrete valuation of rank re. 

5.3.5. The reason why we did not (compared to the definition of a discrete valuation in 5.1.12) define a 

discrete valuation of rank « to be a valuation with value group only being isomorphic to Z" but already 
being equal to Z" is that the ordered group Z" has non-trivial automorphisms for re > 1 and therefore there 
does not exist a unique normalization. Our definition already forces a choice of an isomorphism from the 
value group to Z". 

5.3.6. As the height (confer [Bou72, chapter VI, §4.4]) of the totally ordered group Z" is equal to n, the 
number of non-zero prime ideals in a discrete valuation ring e of rank re is equal to re and therefore also 
the KruU dimension of ^ is equal to re. Hence, according to 5.1.7 the intermediate rings between and k 
are given by the chain 

e gy("> < < . . . < < ^(D < 

where 0^''^ is the localization oi at its prime ideal m*'"' of height r for all 1 < r < re. The next proposition 
provides explicit admissible valuations for the rings in terms ot v if = 0^ for a discrete valuation v of 
rank re. 

5.3.7 Proposition. Let v = (v^ , . . . jV"^) : k'^ — ' Z" be a discrete valuation of rank re on afield k. The following 
holds: 

(i) For any 1 < r < re the map u*''^ := (u""''"'"^, . . . , i>") — Z'' is a discrete valuation of rank r onk. 

(ii) 0jj(r) is equal to the localization of 0^ = o^m at the prime ideal of height r for all 1 < r < re, that is, 
e'„(r) - in the notation of 5.3.6. 

Proof. 

(i) The map y*''' is obviously multiplicative. Let x,y £ k^ with x + y ^Q. Then v{x + y) > min{i'(x),i'(3')}. 
Without loss of generality we can assume that v(x) < v(y). An application of 5.3.2(iii) shows that v^''\x + y) > 
v^''\x) and v^''\x) < v^''\y). Hence, v^''\x + y) > inin{v^''\x),v^''\y)}. Since v is surjective, the map i;''"' is also 
surjective and we conclude that y''^' is a discrete valuation of rank r. 

(ii) If v^'^Hx) > 0, then also v^''\x) > for all 1 < r < re by 5.3.2(iii), that is, 0j^m ^ ^„(r). Hence, 0^<.r) is an 
intermediate ring oi0^,M = ©v and k of KruU dimension r and therefore it already has to be equal to ©^^^ by 
5.3.6. □ 

5.3.8 Corollary. If e' is a discrete valuation ring of rank re in a field k, then the intermediate ring as in 
5.3.6 is a discrete valuation ring of rank r. 

Proof. This follows immediately from 5.3.7. □ 

5.3.9. The above shows that a discrete valuation of rank n automatically induces discrete valuations of 
ranks r <n. In the next paragraphs we will introduce the concepts of pushforward and pullback of val- 
uation rings which allow to inductively transform a discrete valuation of rank re into a family of discrete 
valuations of rank 1 and vice versa. We note that pushforward and pullback are not standard terminology. 
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5.3.10 Proposition. For two valuation rings &v,&w in a field k the following are equivalent: 

(i) 0v<&w 

(ii) < <<. 

(iii) m„ >m,^. 

(iv) qiffv) Of u, is a valuation ring with maximal ideal q(m.v), where q :0w ^ 0w^^w = is the quotient 
morphism 

If these conditions are satisfied, then ^„ is said to be finer than 0w The valuation ring q(&v) = &vl^w is 
called the pushforward of the pair (0v,^w) and is denoted by (0v,&w)*- The above equivalences also hold 
with < replaced by <. 

Proof. 

(i) => (ii): Obviously, < 0^. Let xe&wXffi,. If x~-^ t &w, then as - &w, we would also have € Sv but 
this is a contradiction since is a valuation ring. Hence, x e 0^. Since xt&v and since 0^ is a valuation 
ring, we have x~^ e 0^ and therefore x~^ e0^\e^. 

(ii) => (iii): We have XtUy = <^w- ^w\''^w Hence, if x e tnj,;, then x 1 0w\xnw and therefore x C Xm^, 
that is, X e m,;. Let x e \ . Then x i mw and x~^ t xriw If x e 0^, then as x C , we have x e niy and 
consequently my > mw . Otherwise, we have x"-^ e ^„ because 0v is a valuation ring. Hence, x~^ e e„ = m„ 
and therefore x~^ e rriy \ m„,. 

(iii) => (i): If x C then x~^ e ^j^, = m„, < mw since is a valuation ring and this implies xt0v. Hence, 
0v £ 0w Let X E m„ \ tTijt,. Then x~^ € 0^ and as e„ < we have x e^^, \mu, - 0^. Hence, x~^ e e^^Xe^. 

(i) => (iv): Since my > m-w by (i) o (iii), we have < ^u/tUu; < 0w^mw and therefore q'(^!;) - ^y/tUu; is an integral 
domain and a proper subset o{kw If x e such that q(x) i q(0v), then x t ^„ and therefore x~^ £0v<0w 
so that q'(x)~^ = ^(x"^) e q(0v). Hence, q(0v) is a valuation ring. It is easy to see that qixUv) is the maximal 
ideal of q'(^y). 

(iv) (i): Since q(0v) <Kw= ^w^'<^w, it follows immediately that 0v<0w Q 

5.3.11 Proposition. Let 0^ be a valuation ring in a field k, let 0v be a valuation ring in and let g : 
0U, — ' 0'«,/ni„r = Ku, be the quotient morphism. Then q'H^^) is a valuation ring in k with ^"^(^y) < 0ui and 
maximal ideal ^"^(mi,). This valuation ring is called the pullback of the pair (0v,0w) and is denoted by 

(0v,eu,)*- 

Proof. The ring q~^(0v) is a domain since xUw £ ^"^(^y). Obviously g'~'^(e',;) < 0^ and if g'~'^(^!;) would be 
equal to 0w, then e„ = g'(q'~^(^„)) = q(0u;) = Ku, and this is a contradiction since is a valuation ring. 
Hence, q~^{0v) < 0w Let x e \ g~^(#u). If x e then x € mw because mu, < q~^{0v) and therefore x e 
with q'(x)e jc^X^y. As is a valuation ring, we get ^(x"-^) - q{x)~^ and this implies thatx"-^ £ q~^{0^). 
On the other hand, i£xt0uj, then x~^ e tUu, < g~^(^„). This shows that q~^(,0v) is a valuation ring. It is easy 
to see that q'Hm^) is the maximal ideal of q~^{0v). □ 

5.3.12. One can think of pushforward respectively pullback as an operation (-,0^)* respectively (-,0w)* 
with a fixed valuation ring 0^, in a field k that transforms in the case of pushforwards a valuation ring 0^ < 
0w into a certain valuation ring in the residue field k„, and transforms in the case of pullbacks a valuation 
ring in into a certain valuation ring in k. The next proposition shows that these two constructions are 
inverse to each other. 

5.3.13 Proposition. Let 0w be a valuation ring in a field k. The following holds: 

(i) If 011 is a valuation ring in k with 0v <ffw, then [{0v,ffw)* ,^w)* 

(ii) If iffy is a valuation ring in Kw, then ((iffy,ifft«)* ,^!«)* - 

Proof. Let q :0w-^ &w^^w - be the quotient morphism. In the first case we have 

[i.&v,&w)* ,&w)* = (q(&v),&w)* = q~\q(0v)) = &v 
because niu; <mv<0v In the second case we have 

{{ev,ew)* ,0w)^ = (q'"Vy),*?«,)^ =g'(Q'"Vy)) = ^y. 

Note that the pushforward is defined as (^y,^^;)* < e'jy. □ 

5.3.14 Proposition. Let e„ < 0u) be valuation rings in a field k and let u : ^ ^ F be an admissible valuation 
for 0^. For an element x £ let (v,0w)*(x) :- v(x), where x€.0u,\ mw = e'^ is a representative of x. Then 
(v,0w)* : Jf^ — ' r is an admissible valuation for (0v,&w)*, that is, its valuation ring is equal to 0v/mw 
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Proof. To simplify notations, let u := {v,0u))*- First, we have to verify that u is well-defined. Let x,y e 0^ 
such that x = y mod m.u,. Then there exists a e m„r such that x = a + y and using the fact that m„r < my we 
get 

Hence, v{xy~^) - and therefore v{x) - v{y). This shows that u is well-defined. To see that u is non-trivial, 
note that as e,j < Ow, there exists x e m„ \ m„,. Then xee^ and u(x) = v(x) > 0. It is obvious that u satisfies 
the remaining properties and thus is a valuation on Ku, ■ 

Let O^xEffu and let xee^hea representative. Then < u(x) - v(x) and therefore x £ e^, that is, x £ ^y/mu;. 
Conversely, if x £ with x 5^ 0, then x £ and consequently u(x) = v(x) > 0, that is, x £ ^„ . □ 

5.3.15 Proposition. Let v - (v^,...,v") : /s'* — Z" be a discrete valuation of rank re on a field k. Then the 
map 

X ^ (vHx),...,v''-Hx)), 
where x £ ^^(^ = 0^„ is a representative of x, is a discrete valuation of rank re - 1 with 

^5<r) =(^„fr+l),^y(l))* 

for all 1 < r < re - 1. 

Proof. As0v= < e^m = ^y", the map 

m:=(i>,^„(1))* :)c|^(y — ► Z" 

"x ^ (i;i(x),...,i;"(x)), 

where x £ e'^m = is a representative, is a well-defined valuation by 5.3.14. But as i;"(x) = and as 

v\e^n)= Z for i < n, the value group of u is equal to (Z")" in the notation of 5.3.2(iv) and so the composition 
of u with the canonical isomorphism (Z"')^ = Z""^ of 5.3.2(iv) shows that v is a discrete valuation of rank 
re - 1 on Kyd) ~ K^n. 

Let q : e^w -» ey(i)/m„(i) = x^m be the quotient morphism. Then (s^(r+i),0^a))* = ^(^^(r+i)) and so we have to 
verify that q{e^,(r+i)) = (9-(r) for all 1 < r < re - 1. Let ^ x £ 0^r) and let x £ 0^n be a representative. Then 
< v^''\x) = (i;"-^-''+i(x), . . . , v^-Hx)) and now it follows from 5.3.2(iv) that also 

< (i;"-''(x), . . . , v^-HxXO) - (i;"-''(x), . . . , i;"-^(x),i;"(x)) = j;<''+"(x), 

that is, X £ ^„(r+i) and therefore x £ gCe^jtr+i)). The converse inclusion follows similarly. □ 

5.3.16 Corollary. Let 0' be a discrete valuation ring of rank « in a field k and let 

e =: 0^"^ < < . . . < < < k 

be the chain of intermediate rings between © and k. Then ^^^.^ := (^*''"'"^\^^^')* is a discrete valuation ring 
of rank r in the residue field kn-i of 6'*^^ for all 1 < r < re - 1 and 

is the chain of intermediate rings between ^|j"r/' and kn-i- 

Proof. This follows immediately from 5.3.15. □ 

5.3.17. Using the concept of pushforwards inductively, we can extract the whole valuation theoretic struc- 
ture of lower rank out of a discrete valuation ring © of rank re in a field k. For this, we inductively define 
the following data for all 1 < i < re: 

• =: 0^^^ < 0^n~^^ < ... < 0^^ < 0n^ <kn ■= k is the chain of intermediate rings between and k, and 
kn-i is defined as the residue field of e^^^. 

• ©^l'' and g'.^i" : e'-^i" ^ induced by the quotient morphism : ©fj^ - ki for 
all 1 < 7- < i, and ki-i is the residue field of 
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According to 5.3.16 these data yield the following commutative diagram: 

ko kl k2 ka ■■■ ■■■ kn-2 kn-1 kn 




li e - for a discrete valuation v of rank n on k, then we also have explicit admissible valuations for 
each of the rings in the diagram in terms of v. For this we define by induction Vn '■- v and Vi Vi+\ for 
1 < i < re - 1, where Uj+i denotes the discrete valuation of rank i induced by yj+i on ki as in 5.3.15. The 
ring e'^p is then equal to the valuation ring of . By definition of the vi we have f'^'Cx) = v\x) iarxek^, 
where x£^^=^^isa lift of x along the zig-zag line between the first two rows in the diagram. 

5.3.18. By 5.3.13 we have 

for all 1 < i < re - 1 and 1 < r < i. This shows that we can reconstruct the whole diagram (and thus the 
discrete valuation v of rank re on k — kji up to equivalence) inductively via pullbacks from only the first two 
rows of the diagram. Hence, the diagram provides an invertible transformation from a discrete valuation of 
rank re on (the re-th column) to a family of discrete valuations of rank 1 (the first two rows). This family is 
an important tool in studying discrete valuations of higher rank and therefore we formalize this situation 
in the next paragraph. 

5.3.19 Definition. Let n e N>o. A discrete valuation ring stack of rank re is a family = {Oi \ i — 1,.. . ,n}, 
where &i is a discrete valuation ring of rank 1 whose residue field is equal to the quotient field of ^j-i for 
all i = 2,...,n. Adiscrete valuation stack of rank re is a family JJT = {(ki,Wi) | i = l,...,re}, where (ki,Wi) is a 
discrete valuation field of rank 1 for all i and Ku,. = for all i = 2,..., re. 

5.3.20. If JfT = {(fe,,M;,) I f = l,...,re} is a discrete valuation stack of rank re, then &(^) := {0u,i I i = l,...,re} is 
obviously a discrete valuation ring stack of rank re. If ^ is a discrete valuation ring of rank re, then using 
the notation of 5.3.17 we see that :- | i = l,...,re} is a discrete valuation ring stack of rank re. If 
i; is a discrete valuation of rank re on a field k, then using the notation of 5.3.17 with & = 0^ we see that 
(k,vh := {(ki,vf\i = l,...,n} is a discrete valuation stack of rank re with 0(,(,k,v)*) = (,&v)*- 

5.3.21. To see that a general discrete valuation ring stack - {Gi \ i - 1,.. . ,n} induces via inductive pull- 
backs a discrete valuation ring of rank re in the quotient field of we first have to determine an explicit 
admissible valuation for the pullbacks. 
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5.3.22 Proposition. Let n e N>o. Let w -.k" ^ Zhe a discrete valuation of rank 1 on a field k and let 
i; : jf ^ — ' Z" be a discrete valuation of rank n. Then the map 

(vow)t:k'' Z"®Z = Z"+i 

X — (voq(xt-'^^''\w(x)), 

where i e is a uniformizer and q :0u, ^ k^, is the quotient morphism, is a discrete valuation of rank n + 1 
on k whose valuation ring is equal to (&v,^w)*- 

Proof. To simplify notations, let u := {vow)t and let be the first component of u. Since w(xt~'"^^^) - 
w{x)-w(x)-0,wehavext~"'^''^£e^ and therefore qixt'"'^"^) £ so that m-^(x) is well-defined. lix,y£k'^, 
then 

and therefore a is multiplicative. To see that u is surjective, let a^+i £ Z. Since if is surjective, there exists 
xek'' with i(;(x) = a„+i. Then = {a„+i}. If £ e then m^(£) = t; o ^(e). Hence, since = and 

since v is surjective, it follows that 

u^(x0^) - u^(x) + u-'-ie^) - u-'-(x) + V o q(&^) - u^(x) + Z'^ = Z". 

This shows that u{x&^) -Z"- x {a„+i} and as a„+i was arbitrary, we conclude that uik")- Z"^-^. 

It remains to verify the ultrametric inequality. Let x,y Ek'' with x + y^O. First suppose that wix) < wiy). 

Then u(x) < u(y) and w(x + y)> w(x). If w(x + y)> w(x), then 

u(x + y) — (u^(x + y),iu(x + y)) > (u^(x),w(x)) - u(x) - min{a(x),a(3')}. 

Otherwise, we have w(x + y) = w(x). Since w(yt~"'^^^) = w(y) - w(x) > 0, we conclude that e m.w and 

therefore 

u\x + y) = vo q((x + y)r"'<^+^') = v o g(a:r"'<*^ + yr"'^*^) = i;(g(a:r"'^*>) + 0) = uHx). 

Hence, 

it(a; + y) = (m^(x + y), w(x + y)) = (u^ix), wix)) = u(,x) = min{it(x), it(y)}. 

The case w(x) > wiy) is similar, so it remains to consider the case iu(x) = iu(y). First suppose that u(x) < u(y). 
Then u^(x) < u^(y). lfw(x + y) > mm{w(x),w(y)] - w(x), then 

u(,x + y) = (it^(x + y), wix + y)) > (u^ix), wix)) = u(,x) - min{it(x), M(y)}. 

If w(x + y)- min{jAi(x), wiy)} - w{x), then 

u\x^y)^vo qiix + y)r'"<*+^>) = yC^Cxr""**' + yr""*^')) 
> min{voq(xt-'^^''\voq(yt-"'^y^)] = u\x) 

and therefore 

m(x + y) = (m^(x + y), m;(x + y)) = (m^(x + y), m;(x)) > (m"^(x), m;(x)) = m(x) = min{M(x), u(.y)}. 

The case m(x) > u(y) is similar This shows that u satisfies the ultrametric inequality and is thus a discrete 
valuation of rank n + 1. 

It remains to verify that 0u - {ev,Ow)* ■ We already know that {0v,&w)* is a valuation ring with (ev,^w)* < 
0w and maximal ideal m :- q~^(mv). Hence, m-w < m. Now, if x e &u, then (u-'^(x),m;(x)) - u(x) > and this 
inequality leaves two cases. The first case is that it^(x) > and iv(,x) = 0. Then < it^(x) = i; o g(xi~"'^*') = 
voqix) and therefore q{x) e e„, that is, x e q~^(.ev) - i&v,^w)* ■ The second case is that w(,x) > 0. Then 
xEm.w<vn.<(.0y,0w)* . Hence, ^„ < (^y,^^;)*. 

According to 5.3.10 we can prove the converse inclusion 0^ ^ (0v,&w)* by proving that m„ < m. If x e mu, 

then u{x) > and this leaves two cases. The first case is that w(x) > and this implies x £ mw < tn. 
The second case is that w(x) - and v o q'(xi""'*^') > 0. Then v o q(x) > 0, that is, ^(x) e and therefore 
xe q'"^(m„) = m. □ 
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5.3.23 Corollary. Let ^„ be a discrete valuation ring of rank 1 in a field Let &n-i be a discrete 
valuation ring of rank re - 1 in the residue field kn-i of and let 

^n-i =: < ^t? < < < ^L" 1 < k.-i 

be the chain of intermediate rings between e^-i and kn-i- Then :- (e^'^'lK&n^)* is a discrete valuation 
ring of rank r in fe„ for all 2 < r < re and 

is the chain of intermediate rings between and 

Proof. This follows immediately from 5.3.22. □ 

5.3.24. Let 0' = {©'j | i = l,...,re} be a discrete valuation ring stack of rank re. We inductively define the 
following data for all r = 1, . . . , re: 

• If r = 1, then := ei and ki is the residue field of 0i for all 1 < i < re. 

• If r > 1, then (9*''' :- and q^[^ : ef^ ^t-i^ quotient morphism for all r < i < re. 
According to 5.3.23 the above data yield a commutative diagram as in 5.3.17 and the ring &* :- e'^"' is a 
discrete valuation ring of rank re in If ^ = {(fe;,^;;) | i = l,...,re} is a discrete valuation stack of rank re 
and - 0{^), then using 5.3.22 an admissible valuation for is given as follows: for each i = 1, . . . , re let 
t\ e e*^' be a uniformizer and let ti e be a lift of t\ along the diagonal between and ^If"'"^"^' in 
the diagram. The family (ii, . . . , i„) e (fe^)" is then called a local system of parameters for JJT. An inductive 
application of 5.3.22 now shows that 

|[(m;iom;2)(/ 0^3)^, o...OM;„j ^ =: i; = . . . , u") : fe^ - Z" 

is a discrete valuation of rank re on fe„ which is admissible for 0* . The are determined inductively as 
follows: 

. . o (. . . (..r-'^'^rr^^^' ■ ■ ■ for i < re. 

We define J?r^*^ ^ ^ := (fe^.i;). To get an intuition for note that any xekn can be projected along the zig- 
zag line in the diagram between the first two rows from the right to the left into ki as follows: multiplying 
X with pushes x into the units of the valuation ring e'-^^ and then q'-^^ can be applied which gives an 

element in kn-i- This element is now again pushed by multiplication with a certain power oft'^_-^ into the 
units of and we can apply to get an element in kn-2 and so on. 

5.3.25. Using 5.3.13 we see that the constructions in 5.3.17 and 5.3.24 are inverse to each other: if ^ is a 
discrete valuation ring of rank re, then = and if ^ is a discrete valuation ring stack of rank re, then 
(0*)* =0. 

5.3.26 Definition. A discrete valuation stack J?f = {{ki,Wi) \ i = 1 , . . . , re} of rank re is said to be complete if 
Wi is complete for all i. A local field of rank re is a discrete valuation field (k,v) of rank re such that the 
corresponding stack (k,v)* - {(ki,Wi) \ i = 1,. .. ,n} is complete and {ki,wi) is a local field, that is, ko = Kwi = 
Kj, is finite. 

5.3.27. Let {ki,wi) be a complete discrete valuation field. We define inductively for i = 2,...,re the field 
ki :- ki-iiiTi)) and denote the order valuation on this field by Wi. The residue field of ki can canonically be 
identified with ki-\ and therefore Ji^ - [{ki,Wi)\ i - l,...,re} is a complete discrete valuation stack of rank 
re. A local system of parameters for this stack is {n,T2,...,Tn) ^kn- fei((r2))...((T„)), where n eki is a 
uniformizer. Hence, if {ki,wi) is a local field, then J?r,* ^ t \ = (k i({T2)) . . .((Tn)),v) is a local field of rank 
re. We will always equip ^i((r2)). . .((r„)) with this induced discrete valuation of rank re if nothing else is 
mentioned. 

5.3.28 Proposition. If (fe,i>) is a local field of rank re and of characteristic p > 0, then is as a topological 
field already isomorphic to Fg((Ti)). . .((T„)) with q=p^ and / e N>o. 

Proof This is proven in [Par85, §1] and follows by induction from the classification of equal characteristic 
complete discrete valuation fields mentioned in 5.1.19. □ 

5.3.29 Proposition. Let (k,v)he a local field of rank re. Then any finite extension of is canonically a 
local field of rank re. Hence, the class of local fields of fixed rank is closed under finite extensions. 
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Proof. Let (k,v)-={(ki,Vi)\i = \,...,n}he the corresponding stack. As if „:= if is a finite extension oikn = k 
and as Vn is complete, there exists according to 5.1.17 a unique extension Wn of to Kn which is again 
discrete and complete. Moreover, according to 5.2.2 the residue field extension if„-i :- Kuj^\k^^ - k^-i is 
finite. Hence, repeating this process yields a complete discrete valuation stack {(if j ,Wi)\i = l,...,n}, where 
(Ki,wi)\(ki,Vi) is a finite extension. As (Ki,wi) is a local field, it follows that K is an re-dimensional local 
field. □ 



5.4. Milnor K-theory 

5.4.1. In this section we will provide the definition of Milnor K-groups and mention some of their properties. 
A certain quotient of Milnor K-theory will be the class functor in Fesenko's approach to higher local class 

field theory. 

5.4.2. Milnor K-theory is an algebraic invariant, more precisely a sequence of abelian groups, attached to 
a field which was introduced by John Milnor in [Mil70] (although not under this name of course). Milnor 
studied quadratic forms over a field k of characteristic not equal to 2 and observed that the first three 
algebraic K-groups oik reduced modulo 2 are closely related to the Witt ring W(k) of anisotropic quadratic 
modules over k. More precisely, there exist canonical isomorphisms = K„(fe)/2K„(fe) for n e {0, 1,2}, 
where I is the maximal ideal of W{k). Milnor tried to generalize this to higher degree by introducing 
the Milnor K-groups K^(fe) for all re £ N and his motivation for their definition was Hideya Matsumoto's 
presentation of the second algebraic K-group of a field which was for a general ring R defined earlier by 
Milnor as the center of the Steinberg group St(i?). Matsumoto showed that K'zik) is for a field k equal to 
the abelian group k'' ^zk"" /{a\®a2 | ai + 02 = 1>. Milnor simply took this presentation, generalized it to an 
re-fold tensor product modulo a similar subgroup and defined the Milnor K-groups K^(^) in this way. He 
then showed in [MilTO] the existence of a canonical epimorphism 'K^{k)l2T^{k) and conjectured 
that this is an isomorphism for all re £ N. This became the famous Milnor conjecture which was proven by 
Vladimir Voevodskij in 1997 using very advanced techniques. 

Milnor himself states in [Mil70] that his definition of K^(A) is purely ad hoc.^" In spite of its simple 
definition, Milnor K-theory is incredibly hard to compute and it turned out that deep information about 
the arithmetic of the field is encoded in it. One hint in this direction is the Bloch-Kato conjecture which 
generalizes the above isomorphisms to reductions of the Milnor K-groups modulo any natural number 
prime to the characteristic of the field and replaces the ideal quotient by a Galois cohomology group. This 
conjecture has (probably) also just recently been proven by Vladimir Voevodskij, Markus Rost, Charles 
Weibel and perhaps further people. 

5.4.3. As indicated in the footnote above, the Milnor K-groups may also be characterized as being the 
universal codomains of symbols. We motivate this by the following example. Let p be a prime number 
and let k := (the following indeed works for any local field of characteristic not equal to 2). The Hilbert 
symbol of is for a, 6 £ fe** defined as follows: 

1 ax^ + hy^ - has a solution {x,y,z) ek^\ {(0,0,0)} 
- 1 otherwise. 

One can show (confer [Ser73, chapter III, proposition 2]) that (■,-)p '■ ^k"" — Z/(2) is a Z-bilinear map 
with the additional property that (a, fe)p = 1 if a + fe = 1. 

We take this as a motivation for defining for re £ N>o an n-symbol (or Steinberg n-cocycle) on a field k with 
values in a multiplicatively written abelian group A to be a Z-multilinear map ^ : (fe*" )" ^ A satisfying the 
Steinberg property: 

if (ai,...,a„)£ (fe'')" such that ai+aj = l for some i ^ j, then (p{a\,...,an) = 1. 

A universal n-symbol is now defined as an re-symbol {■} : (fe )" — K^(fe) which is universal among re-symbols 
on k, that is, for any re-symbol (p on k with values in A there exists a unique morphism ^ : K^(fe) — A 
making the diagram 

{k^'T ^A 




^"The author believes that Mihior's deep insight into the theory is mainly responsible for this definition because it leads to such 
deep connections. As the author unfortunately does not share this insight, further motivations for this definition cannot be given 
and also seem not to be given in the literature. Another motivation may be provided in terms of symbols as given below, but this is 
essentially just a reformulation of the definition. 
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commutative. The group K„ (fe) is then unique up to unique isomorphism. Using the universal property of 
tensor products it is easy to see that the map 

(ai,...,a„) ' — ► {ai,...,a„}:=ai«i---«ia„ mod^n 

is a universal re-symbol, where denotes then-fold tensor product of fe** over Z and .S^ra := (ai«i---«ia„ | 

ai+aj = 1 for some i ^ j). We will now fix K^(^) := (k'')^i/.9'n for all « e N including n = where K^(fe) = Z, 
and call this group the «-th Milnor K-group. The groups K^(fe) are usually written additively. 

5.4.4. It is not hard to see that the cup-product 

U:K^^)xK!^(« K^^„(k) 
({ai,...,a„},{6i,...,6m}) ' — ► {ai,---,a«,&i,---,6m) 

for «, m e N>o and U : K^(k) x K^ik) - Kf(k), u : K^(k) x ^(k) - K^(^) given by the Z K^(^)-action on 
the abelian group K^(fe)for all n€N are well-defined morphisms which make K^(fe) :- ©neN^Jf (fe) into an 
N-graded ring, the Milnor ring oik. 

5.4.5. As mentioned at the beginning, we have K^(fe) = K.2(k) and we obviously have K^(fe) = k^ = Ki(fe). 
Hence, Milnor K-theory coincides with (Quillen) algebraic K-theory in degrees < « < 2 and as mentioned 
in [Kuk07, 5.1.5(ii)] and [Kah05, section 4.3.1] there exist canonical morphisms K^(fe) — K„(^) which are 
however in general only isomorphisms for re < 2, that is, Milnor K-theory and algebraic K-theory split into 
different directions in higher degree. 

5.4.6. Let n e l\l>o. If ct : ^ is a morphism of fields, then composition of the induced map (k^)"' ^ (K")" 
with the universal w-symbol {•} :{K'')"- ^ K^{K) is a symbol and thus induces due to the universal property 
a unique morphism a, : K^(fe) K^{K) such that the diagram 

A 

{■} {■} 

(fex)" — ^(K^'r 

commutes. If re = 0, then we define ct« : K^(^) - Z^Z- K^(K) to be the identity and this yields a degree 
zero morphism a* : K^(fe) — ' }^(K). This morphism obviously satisfies the following properties: 

(i) (id^.), = idKM(^.)- 

(ii) (t o a)* = T«oa« ifT:if — Lisa further morphism. 

Hence, Kf (-) is a (covariant) functor from the category of fields to the category of graded rings. If K\k 
is a field extension, then we will denote the morphism K^(fe) — ' }^(K) induced by the canonical inclusion 

k^Khy jK\k- 

5.4.7. In the above we have lifted a natural relation between field extensions, the inclusion, to the Milnor 
K-theory. Another natural relation for a finite extension of fields is the norm map and so the question is 
if this map can also be lifted to Milnor K-theory. This question was raised by Hyman Bass and John Tate 
in [BT73, chapter I, §5] and an idea of a construction was given. The idea is to choose a tower of simple 
intermediate extensions for which a lift of the norm map to the Milnor K-theory could be defined and then 
take the composition of all these norm maps in the tower. The problem was that the independence of the 
choice of the tower could not be proven. It took several years before this was proven by Kazuya Kato 
in [KatSO, §1.7]. Even the definition of the norm map is intricate and therefore we will just review its 
definition and basic properties and refer the reader to the nice expositions in [GS06, chapter 7] and [FV93, 
chapter IX] for the proofs. 

5.4.8. The basis for the definition of the norm map is the so-called tame symbol: if {k,v) is a discrete 
valuation field, then for each re e N>o one can prove that there exists a unique morphism = : K^(fe) — 
Kj^_^(Ky), called the tame symbol, such that d^({n,U2,...,Un]) = {m2, for all uniformizers n and all 

(U2,...,un) e For 1 the tame symbol : Kf(k) = k'^ ^Z = K^(jc„) is just the valuation v. If 

{K,w)\{k,v) is an extension of discrete valuation fields, then d^o - edflf) • Jk„|jc„ 

5.4.9. The discrete valuations on a function field k(X) which are trivial on k are up to equivalence either 
the p-adic valuations for a prime element p e k[X] or the degree valuation which can also be identified as 
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the (l/X)-adic valuation of the polynomial \IX e c k{X). Hence, the equivalence classes of discrete 

valuations on the function field k{X) which are trivial on k are in one-to-one correspondence with the 
closed points of the scheme P^. We define oo (1/X) and for P e we set 3p :- 5^, where vp is the 
corresponding discrete valuation on k(,X). A theorem by Milnor and Tate ([GS06, theorem 7.2.1]) now 
states that for n e N>o the sequence 

Kf(k) ^ KfmX)) ^ epepiX(oo)K^i(K(P)) ^ 

is split exact. A consequence of this theorem is that there exist unique morphisms Np : K^{k{P)) K^(^) 
for all P e \ {co} such that -d^(x) = I.pepi\{oo]'^p °dfix) for all x e Kf(k(X)). If we additionally define 

Noo = ^'^K^(k)' then we get the Weil reciprocity formula T,p^pi Npd^(x) = for all x e Kjf 
Now, suppose that K\k is a simple extension, that is, K = k(6) for some 6 which is algebraic over k. If ju is 
the minimal polynomial of 6, then (/i) is a maximal ideal in k[X] and thus a closed point in P^ with residue 
field isomorphic to k(6) - K. Hence, we have a norm map 'He\k '■- ^(n) '■ Kjf (i^) K^(fe) for all « e N. liK\k 
is any finite extension, then we choose algebraic elements d\,...,di such that K = k(,6\, ...,6i) and so we get 
a tower 

k<k(ei)<k(0i,e2}<---<k(6i,...,ei)=^K 

of simple extensions. Now we define the norm Nxik '■ K^(ir) Kjf(fe) as the composition of the norm maps 
of the simple extensions. As mentioned above, it is a non-trivial result by Kato that this definition is 
independent of the tower of simple extensions. We denote the map K^(K) — >• }^(k) given by the norm map 
in each degree again by ^K\k- This map has the following properties: 

(i) In degree zero 'Nxik is multiplication by [K : k]. 

(ii) In degree one Njf |a is the usual field norm. 

(iii) N^,|^,=idgM(j). 

(iv) 1{L\K is a further finite extension, then Nxik °^L\K =^L\k- 

(v) NK\kUK\k(a) u /3) = a u NK\k(p) for all a e Kf(k) and p e Kf(K). 

(vi) The compositum NK\k ° jK\k '■ Kjf (^) Kjf (&) is multiplication by [K : k]. 

5.4.10 Proposition. Let neN, let khea field, let G Gal(fe) and let 9Jt < Grp(Gr''be a Mackey system. We 
identify the groups in DJl as fields under the Galois correspondence H (k^)^. Then the map K K^(if ) 
together with the following data define a cohomological Mackey functor : £01 — ' Ab: 

• con^"^ : K^iK) — }^(aK) is for each K e 9Jlb and ct e G the morphism induced by the corestriction 

a\K :K - aK. 

• res^"^ Jlik : ^^(K) - K^iL) for all if £ OJlb and L e MAK). 

• ind^^ := Nl\k : ^fiD - K^(K) for all if e OTb and L g MiiK). 

Proof. All relations not concerning the norm maps are evident. The cohomologicality relation is 5.4.9(vi), 
so it remains to verify the equivariance of the norm maps and the Mackey formula. Both these relations 
are precisely [FV93, chapter IX, exercises 3.3 and 3.4]. □ 



5.5. Sequential topologies 

5.5.1. In this section we will review the Parsin topology on a higher local field introduced by Aleksej Parsin 
in his approach to higher local class field theory presented in [Par85]. 

5.5.2. In 5.1.19 we have seen that in a complete discrete valuation field (k,v) any element x has a unique 

representation as the limit of a series Z^ez^/j^''; where f is a uniformizer and the are elements of a 
complete set of representatives of Ky = ©u/my with a^^ = for all sufficiently small n. Moreover, each such 
series is convergent. This is a very important property which is extensively used and therefore it would be 
important if this would generalize to higher local fields. A proper generalization of these rank 1 phenomena 
to rank n would be to require that in a local field (k,v) of rank n the following two conditions hold: 

• If (ii, . . . , tn) is a local system of parameters for k, then any family (a^i^j*^ . . . tn'')n=(ni fi„)En with elements 

E s()C[,) is summable^^ in the topological group with respect to the topology induced by the rank 1 
valuation on k, where s is a section of the quotient morphism ^ jcy = ko with s(0) = and O c z" is an 
admissible subset meaning that for every 1<1 <n and every ...Jn^^ there is an i(ji+i, ■ ■ ■ Jn) £ Z 
such that 

(ii,...,i„)£n and ii+i =ji+i,...,in =jn implies ii > i(jl+i,---Jn)- 



Confer [BouOTa, chapitre III, §5] for the concept of summability. 
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The admissibility of Q essentially characterizes that the family is obtained by inductive lifts of coeffi- 
cients of series expansions in the residue fields as above because the coefficients of such series expansions 
vanish for small enough indices and this is the property the admissibility captures. Note that in partic- 
ular for re = 1 the admissibility is precisely the property that Q is bounded from below. 
• Any xe.k has a unique representation as the sum of family (a/xt'^^ . . . tn")^=(^i ti„)en as above. 

Unfortunately, this natural generalization does not work. To see this, consider the field k := ¥q((Ti))((T2)). 
The set Q - {(v, 0) | v > 0} c is admissible and so the first property would imply that the family {T^)v>o is 
summable in k with respect to the topology induced by the rank 1 valuation m;2 on fe. A necessary condition 
for summability is that the sequence (TPv>o converges to zero. But ^2(^1) = < 1 so that TJ' C kujr,>i for 
all V and as kw^yi is an open neighborhood otOek, this sequence does not converge to with respect to W2- 
As the rank 2 valuation on k is finer than 1112, it also does not converge to with respect to this valuation 
which would have been even more natural than convergence with respect to the rank 1 valuation. 

This shows that the "valuative" topologies that come with a local field of rank n, namely the topologies 
induced by the discrete valuations of ranks 1 and n, do not induce a structure that resembles the structure 
of a classical local field, that is, a local field of rank 1. The intuitive explanation for this failure is that 
the valuative topologies are not aware of the topologies on the residue fields. But as the representation of 
elements as unique limits of sums is of fundamental importance we should not abandon the desire to make 
this work. Instead, we should simply abandon the valuative topologies and equip a higher local field with a 
suitable topology that takes into account the topologies on the fields in the corresponding stack and makes 
all of the above possible. Precisely this was done by Aleksej Parsin. It is remarkable that his topology is 
still compatible with the group structure on the additive group but unfortunately the multiplication on the 
field is continuous only for re = 1 and is for re > 1 just sequentially continuous. This observation induced a 
complete change of perspective because it seems that sequential continuity is the right notion and that we 
have just been cosseted by the stronger condition of continuity in rank 1. 

5.5.3. The Parsin topology is defined for any higher local field but it is defined differently depending on the 
characteristics of the fields in the stack. We will only consider the positive characteristic case and although 
this case is significantly easier than the mixed characteristic cases, we can just state the definition and 
basic properties of the Parsin topology here. The reader is referred to [Par85, §1] and [MZ95, §1 and §2] for 
a detailed exposition and to [ZhuOO] for an overview. The first two references seem to be the only detailed 
accounts of this theory. Matthew Morrow, a student of Fesenko, started to write an introduction [Mor09] 
to higher local fields which, although still in its beginnings, already contains some additional explanations 
which are necessary from the author's point of view. 

5.5.4. Let K be a field equipped with a topology such that the additive group is a topological group. Let 
(k,v) be a complete discrete valuation field with residue field k of the same characteristic as k. Let tt e 
be a prime element and let s : )c — A Q be a coefficient field with s(0) = as mentioned in 5.1.19. Then 
k - Min)). For a family of open neighborhoods of e k with the property Ui=K for sufficiently large 
i we define 



The family of all such sets is a compatible filter basis on the group fe"*". The resulting topology is called the 
Parsin topology on (k,v) with respect to (A,7t). 

5.5.5. Let {k,v) be a local field of rank n and of characteristic p>0. Let {k,v)t - {{ki,Wi) \ i = 1,. . .,n} he the 
corresponding stack. The Parsin topology on (k,v) is defined as the topology obtained by equipping ko - 
with the discrete topology, then choosing inductively a coefficient field Aj of fej and a prime element Hi^ki 
and then equipping A; with the Parsin topology on ki with respect to (A,,;rj) for all i = 1,. . . ,re. This topology 
has the following properties: 

(i) It is independent of the choice of prime elements and coefficient fields.^^ 

(ii) is a separated and complete topological group with respect to this topology. 

(iii) The summability properties discussed in 5.5.2 are satisfied. 

^^To the author it is not clear why in the Uterature the Parsin topology is in this case defined without first choosing a coefficient 
field because if re > 1 there is not a unique coefficient field due to the imperfectness of the residue field. The independence of the 
coefficient field is hidden in the proof concerning the independence of the prime elements given in [Par85, §1]. As this is mentioned 
nowhere except at this point, it may be obvious. Our way of first choosing a coefficient field is then at least transferable to an equal 
characteristic step and in this situation the Parsin topology indeed depends on the choice of coefficient fields as mentioned in [MZ95, 




'■-{Y. s(ai)?r' \ aiEUi for all i 



§1]. 
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(iv) The multiplication with a fixed element on k is continuous. 

(v) If « = 1, then the topology is the valuation topology. 

(vi) If « > 1, then the multiplication kxk^kis not continuous but it is sequentially continuous. 

(vii) If re > 1, then the topology is not locally compact. 

5.5.6. The desire to present principal units of a local field {k,v) of rank n, that is, elements of U'iP = 1 + my, 
as a limit of a convergent product similar to the situation above led Parsin to also modify the topology on 
the multiplicative group W . We again just sketch its definition in characteristic p > and refer to the above 
references for details. Let be a system of local parameters for and let(^,i;), = {(^i,^;;)} be the 
corresponding stack. Then the sequence 1^ ^Z"^0 splits with a section of v given by the map 
which sends the j-th unit vector to ti. Hence, we have -0^ x (ti) x ...x (tn)- Let q:0v^ ^[)/iTi„ -ko^fq 

be the quotient morphism. It is easy to see that the sequence 1 — — ^ 1 is exact. As is 

complete, the ring &^ is as a closed subring of e^j^ also complete. Now, it follows from [Ser79, chapter II, 
§4, proposition 8] that the map q in this sequence admits a section (the Teichmiiller map) and therefore 
the sequence splits, that is, - U^^ x^"^ , where 5?"* is the image of this section (the non-zero Teichmiiller 
representatives). Hence, we have 

feX={7^"x^'<x(il>X...x(i„>. 

The Parsin topology onk'^ is now defined as the product topology of the topology on u'iP induced by the 
Parsin topology on k and the discrete topology on the remaining factors. This topology has the following 
properties: 

(i) It is independent of the choice of local parameters. 

(ii) Multiplication by a fixed element onk^ is continuous. 

(iii) The multiplication map x and the inversion map k" ^ are sequentially continuous. 

(iv) Any element e £ U^^^ has a unique presentation as the limit of a product fl/aenCl + ^^i^i^ ■■■tn") with 
an admissible subset H c z" and elements 9^ e 

(v) If re = 1, it coincides with the valuation topology induced on k'^ .^^ 

(vi) If re < 2, then multiplication and inversion are continuous so that is a topological group. 

5.5.7. The modification of the topology on the multiplicative group motivates that this modification should 
be reflected in the Milnor K-groups and due to 5.5.6(iii) the sequential continuity plays a central role in this 
modification. Again we can just give an overview and refer the reader to [Fes02, section 4]. To present the 
abstract idea behind this, we will first define the topological Milnor K-groups for any pair (k,r) consisting 
of a field k and a topology t on k^. Let re e N>o and consider the set 3'n(k,r) of all topologies on }^(k) 
satisfying the following conditions: 

(i) The universal symbol {•} : (fe**)" — K^(fe) is sequentially continuous with respect to the product topol- 
ogy on (fe'')". 

(ii) Addition and negation in K^(fe) are sequentially continuous. 

The set 3'n(k,T) is non-empty as it contains the indiscrete (weakest) topology. Hence, there exists the 
supremum topology sup^(fe,T) on K^(fe) which has \J3'n(k,T) as a subbase. It is not hard to see that 
this topology itself satisfies the above properties and that the intersection A„(^,t) of all neighborhoods of 
e }^(k) with respect to this topology is a closed subgroup oiK^(k). The n-th topological Milnor K-group 
of (fe,T) is now defined as the quotient K^(fe,T) := K^(fe)/A„(fe,T) equipped with the quotient topology and 
for re = we define K^{k,r) :- Z. The sequentially continuous universal sjrmbol {■} : (fe**)" — >• K^(fe,T) is 
universal among sequentially continuous symbols into separated groups. 

5.5.8. If T is Ti and if multiplication and inversion on k'^ are sequentially continuous, then K^(k,T) = 
K^(fe). This is not explicitly mentioned in the references. To see this, note that the assumption implies 
that T e Si(k,T) as the universal symbol {■} : k'^ ^ k'^ = K^(fe) is just the identity and is thus sequentially 
continuous. Hence, sup.Ti(^,T) contains t. But as t is Ti, the intersection of all neighborhoods otlek'^ is 
equal to {1} and therefore also Ai(^,t) = 1. 

5.5.9. Let (k,v) be a local field of rank re and let t be the Parsin topology onk'' from 5.5.6. Then we define 
A^(fe) := Am(k,T) and call K^^(A;) := K^(fe,T) the m-th Milnor-Parsin K-group oik. 

Perhaps due to its obviousness, the author could not find this statement in the Uterature. To see this, let a be a retraction of f/*^' -> 

, let /i be a retraction of „ -^k^ and let 7 : 'he Teichmiiller map. Then the map f7<^' xSg" x (t^) k"" , i£,d,t\)^ £8t\ 

is an isomorphism with inverse a — > (a()3(a)),7(q'(/3(a))),j!^'°*). If vsfe equip with the valuation topology and l/^^' x x (ti) with 

the product topology, where U^^^ is equipped with the topology induced by and the remaining factors are equipped with the 
discrete topology, then all maps are continuous due to the closed map lemma because 0v is compact and so k'^ is homeomorphic to 
ul,^^ xM" x (ti). The assertion follows since the Parsin topology on k coincides with the valuation topology. 
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5.5.10. We have to warn the reader about the following: in the definition of topological Milnor K-groups in 

[Par85] it is required that the universal symbol is continuous, not only sequentially continuous. The author 
does not know about the implications of this difference. As Parsin only discusses the positive characteristic 
case, the universal symbol may already be continuous but Fesenko discusses in [Fes92] also just this case 
and there only sequential continuity is assumed. We stick to the sequential continuity because in this way 
the topological Milnor K-groups are also defined in [Fes02] and this paper is, according to its introduction, 
a replacement of the earlier work (including [Fes92], [Fes95], and [Par85]) which "[. . . ] corrects and clarifies 
some statements or proofs [. . . ]". Unfortunately, it is not explained which statements were wrong or were 
replaced, only that Parsin's description of subgroups of the topological Milnor K-groups was wrong. In 
[Fes02] the topologies on and k'^ are defined differently, but the topological Milnor K-groups defined 
there coincide with the Milnor-Parsin K-groups defined here according to the remark in [Fes02, section 4]. 

5.5.11. l{(k,v) is a local field of rank n, then it is proven in [Fes02, section 4] that 

Z£N>o 

and 

for all m,l £ l\l>o. This is an important result because it allows to consider the Milnor-Parsin K-groups 
purely algebraically. It seems that the first relation was not known in Fesenko's first article [Fes92] on 
higher local class field theory because there only one inclusion is mentioned. 

5.5.12 Proposition. Let {k,v) be a local field of rank n and let m e N>o. The following holds: 

(i) IfK\k is a finite extension, then jK\k(.^m^k)) c A^(.K) and NK\k(.A^(.K)) e A^(fe). 

(ii) Let G = Gal(k) and let DJt < Grp(Gr^ be a Mackey system. Then the map : OTb ^ Ab, K — A^ (^T), 
is a subfunctor of K^ : 971 — Ab. Hence, K^^ := K^/A^ : 971 — Ab is a cohomological Mackey functor. 

Proof. 

(i) First note that K is canonically a local field of rank n by 5.3.29 so that K™(ir) is defined. Since 
Jmil'K^ik)) ^ I'i^miK) and Nxikd'K^^K)) c lK^(k), the relations are evident by 5.5.11. 

(ii) Due to the above relations, it just remains to show that con^'^(A^(i^)) c A^(aK). But this is again 
evident because of 5.5.11. □ 

5.5.13. As indicated above, the algebraic presentation of A^(fe) in 5.5.11 was probably not available in 
[Fes92]. The author does not know how 5.5.12 can be proven without this presentation. This is not men- 
tioned in [Fes92]. 

5.5.14. An important justification of our functorial approach to class field theories is that the functors K^ 
and K^^ do not necessarily have Galois descent for m > 1. A counterexample was given by Ivan Fesenko 
in [Fes96, §8] for a local field of rank 2 and of characteristic 0. In private communication between Fesenko 
and the author, Fesenko explained that also a counterexample in characteristic p > can be obtained by 
using an extension k(.\/n) of a local field k of rank 2 and of characteristic p > containing a non-trivial ^-th 
root of unity with a prime number £i^p and a uniformizer n. 
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6. Fesenko-Neukirch class field theory for certain types of 

discrete valuation fields 

In this chapter the material of chapter 5 is used to explain how classical local class field theory and higher 
local class field theory are obtained as Fesenko-Neukirch class field theories. 



6.1. Local fields 

6.1.1. Local class field theory is a Fesenko-Neukirch class field theory for a local field k of arbitrary 
characteristic. The modeling of the finite abelian extensions takes place inside the multiplicative group 

{k^Y - GLi{k^) of the separable closure oik. 

6.1.2 Assumption. Throughout this section {k,v) is a local field and G :- Gal(^). We assume without loss 
of generality that v is normalized and for an algebraic extension K\k we denote by vk the normalization 
of the unique extension vk of v to K. Extensions of k are always assumed to be separable if nothing 
else is mentioned. We set q #k„ and identify Gal()c„) with Z via the canonical isomorphism mapping 
the Frobenius automorphism Fr, to 1 e Z. We set € := Sp(G)^ := = ^(G)[y^, ^ := GrpiO f and 
GLi(fe^)* :=HO^(GLi(fe«))e Mack<=(£!Jl,Ab). 

6.1.3. We note that GLi(fe^) is indeed a discrete Gal(fe)-module with the obvious action of automorphisms so 
that the above is well-defined. Moreover, due to [Neu99, chapter I, proposition 2.6(iii)] and the definition of 
GLi(fe^)* we have ind^'^^*^''* = ^l\k for all 1^ e OTb and L e MiiK), where Nl\k :L>< - iTMs the usual field 
norm (here we identify the groups in DRy, as finite separable extensions of using the Galois correspondence 
as mentioned in 3.6). 

6.1.4. Let 5 :- dk : Gal(fe) -» Z be the epimorphism defined in 5.2.6. We always consider 1 e Z as the 
canonical topological generator and thus 6 induces an abstract ramification theory on G including a notion 
of Frobenius elements. To be careful, we first attach a 5 in the notation of all notions induced by this 
ramifications theory. For example we write e^|^ for the ramification index eGal(s:)|Gal(L) defined by 5 and 
similarly for the inertia index. 

Now let K\k and L\k be two extensions with L^K. Then according to 5.2.7 we have /'^'^^ = fL\K and so 

the (5-inertia indices correspond to the valuation theoretic inertia indices. Moreover, we have 7^^ = Ik 
and therefore the <5-inertia subgroups correspond to the valuation theoretic inertia subgroups. Also, L\K 
is i5-unramified if and only if L|i^ is valuation theoretically unramified. As Fk - Gal(i^)//^ = Gal(K^''\K), 
the maximal 5-unramified quotient of K corresponds to the maximal valuation theoretically unramified 
extension IC^ of the henselian field K. We have = fK\k and if fK\k < oo> then we have 

5k = -^g^SloaKK) = "7 (dk)\GaHK) = dK\k- 

tj^ TK\k 

We remark here, that this equality was the reason for writing 5 instead of d because dK is also defined but 
is different from dK\k as mentioned in 5.2.7. 

liK\k is finite, then qf^ = = (c^jf - fK and this shows that for finite extensions the absolute 

Frobenius elements of 5 correspond to the valuation theoretic absolute Frobenius automorphisms. 1{L\K 
is finite, then according to 4.1.8 and 5.2.2 we have 

■ fm = [GaKiT) : GaKL)] ^[L:K]^ eL\K ■ fm = eL\K ■ /{^ 

and therefore e^'^ -ei,\K- We note that both the abstract and the valuation theoretic ramification theory 
provide the notion of ramification indices for infinite extensions but in this situation it is not clear if they 
coincide. We summarize, that at least for finite extensions of a finite extension of fe, all notions provided by 
the abstract ramification theory induced by 5 coincide with the valuation theoretic notions. 

6.1.5 Proposition. » := {yjf | e m^} e Val^'^GLi(fe«)* ) c Val^'^GLi(fe«)* ). 
Proof. It follows from 5.2.4 that 

and therefore 

fK^ = fK\k^ = fK\kv(.k'')^ fK\kiVvK{K^): v^k'^WK^K^)) = fK\keK\MK^)^v{.mAfl^^^'(,K'')). 
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Hence, the assertion follows from an application of 4.2.9 to v : GLi(fe^)*(G) = fe** — ' Z. □ 

6.1.6 Theorem. The following holds: 

(i) GLi(fe^)* satisfies the class field axiom for all (H,U) e 

(ii) If ^ e aHb, then the groups Imdnd^^^^*'^* ) c If >< with L e Exm,K) are precisely the open subgroups 
of finite index of if'' with respect to the topology induced by vk- 

Proof. The first assertion is [Neu99, chapter V, theorem 1.1] and the second assertion follows from [FV93, 
chapter IV, theorem 6.2]. □ 

6.1.7 Corollary. (GLi(fe^)«,i;) e FND^((£) and the corresponding Fesenko-Neukirch morphism 

is a ^-class field theory, called local class field theory. 

Proof. This follows from 6.1.6 in combination with 4.4.22. □ 



6.1.8. To make explicit what the content of 6.1.7 is, let K\k be a finite extension and let L\K be a finite 
Galois extension, that is, K e 9}tb and L e Ext(€,if ). The the Fesenko-Neukirch morphism 

mapping a mod Com^CGaULIX")) to Nzix'Cttz) is a canonical isomorphism, where E is the fixed field of the 
restriction ffliur of a Frobenius lift a e G&\{K) of cr and ttx e Z is a uniformizer. If L\K is unramified, then 
<Pl\k ('Pk)\l £ Gal(L\K) is a generator and 'Yl\k('p1\x^ = for all n£Z, where tik is a uniformizer. 
The assignment L >— 'Nl\kL'^ yields a lattice isomorphism between the lattice of abelian extensions 
of K and the lattice of open subgroups of finite index oiK^ . Finally, the isomorphisms Yl\k are compatible 
with the conjugation, inclusion and norm maps. 

6.1.9. In the next few paragraphs we want to sketch how class field theory is used in practice and as an 
example we prove the local Kronecker- Weber theorem to present at least one explicit result obtained by 
class field theory (although this particular result can also be derived without class field theory). 

6.1.10. One general technique of class field theory is to calculate the class field corresponding to an open 
subgroup jY of finite index oik"" , that is, to determine a (due to local class field theory already unique) finite 
abelian extension if |fe with N^i^if = jY, and to transfer "lattice-theoretic" properties of ^ to statements 
about extensions of k . Consider for example the subgroups {nf) ■ f/^"' <k^, where tt e is a prime element, 
f e N>o and « e N. As f/*"' is open in these groups are open in These groups are also of finite 
index ink"" . To see this, write an element xeW as x- n^e with e£&^ and / e N, and use the fact that 

= = and uffu'i*'^'^ = K^ = fq for all i e N>o (confer [Neu99, chapter II, proposition 3.10]) 

implying that a certain power of e is contained in f/^"'. Now, if .jY is any open subgroup of finite index of 
k"" , then it contains some group of the form {nf)-U'f\ To see this, note that the J7^"* form a neighborhood 
basis of 1 e fe** according to 5.1.12 so that f/*"^ Q j/" for some re e N, and as n^^''-^^ £ J/'^ the assertion follows. 
Hence, class field theory implies that any finite abelian extension of k is contained in the class field of one 
of the subgroups (;r^> -i/^"' < fe**. Therefore the determination of these class fields will provide important 
information about abelian extensions. These class fields are determined explicitly by Lubin-Tate theory 
(confer [Neu99, chapter V, §5]) and in the next paragraph we will give some first ideas about these class 
fields. 

6.1.11 Proposition. Let tt e ^ be a prime element and let / e I\I>o and let neN. The following holds: 

(i) The class field of {n^) ■ U'^^ is equal to the composite of the class field of <;r^> • i/y*^' and the 
class field of (tt) • f/^"^ c \ 

(ii) The class field of the group (tt^) ■ f/^^' '^k^ is the unramified extension of degree f of k. 

(iii) Let p be a prime number and suppose that (fe, y) = Qp . Then the class field of the group {p) ■ U^"'^ 
is Qp(fp'!), where i,pn is a primitive p"-th root of unity. 

Proof. 

(i) This follows immediately from the equality 
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(ii) Let K be the unramified extension of degree f oik. We have to show that t^K\kK^ = (^^) ■ and this 
follows immediately from 

vmK\kK'' ) = fK\kVKa) = /Z = v{{nf)). 

(iii) This is [Neu99, chapter V, proposition 1.8]. □ 

6.1.12 Corollary. Let p be a prime number. Then every finite abelian extension of Qp is contained in a 
field Qp(C) for some primitive root of unity f . In particular, the maximal abelian extension Q^'' of Qp is 
equal to Qp({C7i I n e N>2}), where is a primitive re-th root of unity. 

Proof. Let (k,v) = Qp and let K\khea. finite abelian extension. Let / e N>o and re e N such that (p^> ■ u'^^ Q 
N^fii^X^*^ c Then according to 6.1.11 the field K is contained in the compositum of Qp(Cp") and the 
unramified extension of degree f oik which is equal to QCfpA-i) by [Neu99, chapter 2, proposition 7.13]. 
Hence, K Q <Q>p(Cp/_i,Cp'>) = Qj3(f(pf-i)pn)- The second assertion follows since any extension Qp(Cn)IQ/) is 
abelian. □ 

6.1.13. The conductor of a finite abelian extension K\k is defined as ^K\k - tri", where re e N is minimal with 
the property that f/^"' c Njf|,^if''. Note that this is well-defined as 'HK\hK'^ <^k'^ is open and the higher 
unit groups f/^"' form a neighborhood basis of 1 £ . In the next paragraph we will see that the conductor 
detects if an extension is unramified and as the conductor can be calculated within k , this is a hint towards 
the deep arithmetic information contained in a class field theory mentioned at the very beginning. 

6.1.14 Corollary. A finite abelian extension K\k is unramified if and only iifxik = 1- 

Proof This is [Neu99, chapter V, proposition 1.7] but we repeat the proof here. l{K\k is unramified, then 
as (GLi(fe^)*,D) e FND^((£), it follows from 4.4.9(ii) that 

t/f = = Ker(i;) = Ker(i;j) = NK\kKer(vK) ^ ^KikK" 

and consequently fK\k = iriy = 1- Conversely, suppose that fK\k = 1- Then U^^ Q Nif|j^if by definition. Let 
n^ik"" : NKikK""] and let tt e ^ be a uniformizer. Then tt" e NKikK"" and therefore {n"'} -U^^^ '^'^KikK'' . If 
M\k is the unramified extension of degree re, then according to 6.1.11 we have 

and therefore M^K, that is,K\k is unramified. □ 



6.2. Local fields of higher rank and of positive characteristic 
6.2.1. In this section we will explain what the input to Fesenko's higher local class field theory in positive 
characteristic is. To get an idea of this theory, let (k,v) be a local field of rank 1. The local class field theory 
for (k,v) was obtained as a Fesenko-Neukirch theory with respect to the ramification theory 

6 = dk: Gal(k) GaKk'^lk) ^ Gal()c„) = Z 

and with respect to the Fesenko-Neukirch datum (GLi(^^),,d) as demonstrated in the previous section. 
Now, we can also write GLi(k^)(K) = K" = Kf{K) and we can consider the valuation v :k^ — ' Z, which 
induces the valuation v, as the tame symbol : K^(&) K^(jCu) = Z by 5.4.9. If we would completely 
empty our mind, then we could come up with the idea to consider for a local field (k,v) of rank re with 
corresponding stack (k,v)* = {(ki,Wi)} the ramification theory induced by the composition 

6 : Gal(k) Gal(^„) ^ Gal(k'^''\kn) ^ Gal(^„_i) ^ . . . ^ Gal(^i) -» GaK^^'^lfei) ^ Gal(feo) = Z, 

where k^'' denotes the maximal unramified extension with respect to wi, and moreover we could consider 
Kjf(fe) as being the right generalization of fe^ to rank re and we could consider as valuation the composition 

V : Kf(k) = K^ikr,) ^ Kf(k^) ^ Kf(ko) = Z. 

Surprisingly, this idea indeed nearly works but two modifications are necessary. First, the IMilnor K- 
groups have to be replaced by the Milnor-Parsin K-groups and second, this approach only works in positive 
characteristic. In the following paragraphs we will explain a few additional details so that all what is left 
to do to get this class field theory is to verify 4.4.20, although this requires serious work. 
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6.2.2 Assumption. Throughout this section (k,v) is a local field of rank n and of characteristic p > 0. 

The corresponding stack is {k,v)t - {{ki,Wi)} and the absolute Galois group is G :- Gal(^). Extensions 
oi k are always assumed to be separable. We set q :- #)c„ and identify Gal(Ko) with Z via the canonical 
isomorphism mapping the Frobenius automorphism Fr^ to 1 e Z. We set (£ := Sp(G)^, R := A(<E) = MGf^^ 
and9Jl:=Grp(G/. 

6.2.3. We set up a ramification theory for (k,v) by inductively applying the results of 5.2.6 to the complete 
discrete valuation fields {k,Wi). For each 1 < i < « we have the epimorphism d^,- : G&Kki) Gal(^;_i) given 
by the composition of the quotient morphism Gal(^j) GaK^"""!^;) and the isomorphism Gal(kY\ki) 
Gal(fe j-i) as in 5.2.6. Then 5s := dk^ o ■ ■ • o dk- : Gal(fe j) -» Gal(feo) = Z induces a ramification theory on 
Gal(fej) for all 1 < i < re. We set 5 := (5„ : Gal(fe) Z. 

6.2.4 Convention. All notions concerning ramification which do not carry one of the epimorphisms 5i in 
their notation, will always refer to the rank 1 valuation. 

6.2.5 Proposition. Let L\K be two finite separable extensions oi k. Let {{Ki,ui)] respectively {(Lj,sj)} be 
the stack corresponding to K respectively L as in 5.3.29. The following holds: 

(i) fSK = fLi\K^ = [Lo:Ko]. 

Proof. 

(i) Since 6 is surjective, we have 5(K) - SxiiK^) - /^^' and similarly 5(L) - Now it follows from 6.1.4 
that 

(ii) We prove this by induction on n. According to 6.1.4 the relation holds for n = 1. Now let n>l. Using 
4.1.8 and 5.2.2 we get 

/Lillfie^l^jf = fL\K^L\K ^^L:K]^ fL\KeL\K = [Ln-i : Kn-i] ■ eL\K 

i-l 

□ 

6.2.6. A 5-unramified extension L is usually called purely unramified in the literature. By the above this 
is equivalent to n"^i eL^ijf; = 1. We note that at least in the higher rank theory it is important to make 
precise to which ramification theory the notions belong to because there exist further ramification theories 
on a higher local field. 

6.2.7. From the presentation of the Milnor-Parsin K-groups in 5.5.11 it follows that the tame symbol 
induces a morphism 5™ between Milnor-Parsin K-groups. Hence, we can define the composition 

,MP flMP =MP =MP 

6.2.8 Proposition. The map v-.'K^^Oi) — Z satisfies v{^K\ki^^iK))) = /^^'z for any finite extension K\k 
and thus induces according to 4.2.9 a valuation v e Val^'^(K^^). 

Proof. We prove this by induction on the rank n. For « = 1 we have v -v : V^(k) ^k"" according to 

5.4.9 and so it follows from the proof of 6.1.5 that the relation holds. Let n>l and let {(Ki,Ui)] be the stack 
corresponding to K. The assertion then follows from 6.2.5(i) and the commutativity of the diagram 

gMP 



which was proven in [FV93, chapter IX, theorem 3.7] in the case of the non-topological Milnor-K groups 
and so obviously also holds for the topological ones. □ 



6.2.9 Theorem. The pair (KjfP,») satisfies all the properties in 4.4.20 on €. Hence, (K^^.r) e FND^(€) 



and the induced Fesenko-Neukirch morphism Y : ;r — H^(K^^) is a .ft-class field theory. 
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Proof. Property 4.4.20(i) (the class field axiom) for unramified extensions follows from [Fes92, theorem 
3.3] and for the totally ramified extensions of prime degree it follows from [Fes92, theorems 3.1 and 3.2]. 
Property 4.4.20(ii) (the Galois descent for unramified extensions) follows from [Fes92, theorem 3.3]. Finally 
the injectivity of Y for totally ramified extensions of prime degree follows from [Fes92, theorem 4.1]. □ 

6.2.10. To make explicit what the content of 6.2.9 is, let K\k be a finite extension and let L\K be a finite 
Galois extension, that is, K e 9Jlb and L e Ext(£,if ). Then the Fesenko-Neukirch morphism 

mapping a mod Com^(Gal(L|ii')) to Nx|js:(7rx) is a canonical isomorphism, where Z is the fixed field of 
the restriction o\lv^ of a Frobenius lift a e Gal(if ) of a to the maximal purely unramified extension 
and ttj: e Z is an element with v(n^) - The assignment L ^ NlikL^ ^ yields an injective lattice 
morphism from the lattice of abelian extensions oiK to the lattice of subgroups of K^^(if). JVLoreover, the 
isomorphisms Yl\K are compatible with the conjugation, inclusion and norm maps. Fesenko presents in 
[Fes92] also an existence theorem, that is, a description of the image of the map L ^ NlikL^ Q . We 
note that this theory is for « = 1 precisely the local class field theory (in positive characteristic) discussed 
in 6.1. 

6.2.11. Fesenko mentions in [Fes92] that this approach does not work in characteristic because the Galois 
descent for unramified extensions does not hold. 
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A. Topological groups 

In this chapter basic facts about topological groups are collected. In A.1 filters are discussed which are used 
in the theory of profinite groups. In A.2 basic facts about general topological groups and in A.3 basic facts 
about compact groups are collected. In A.4 some facts about transversals, as the definition of the map kt 
which was used in the definition of the transfer map, are collected. Finally, in A.5 and A.6 some properties 
of topological abelian groups as the maximal separated abelian quotient are discussed. 

A.I. Filters 

A.1.1 Definition. A filter on a partially ordered set (A,<) is a subset 3^ Q A satisfying the following condi- 
tions: 

(i) li ye^ and a e A such that y<a, then a£^. 

(ii) li y,z£^, then there exists with x<y and x<z. 

(iii) dT^A. 

A.1.2 Definition. If X is a set, then a filter on is simply called a fi.lter on X. 

A.1.3 Proposition. If X is a set, then a subset ^ Q ^(X) is a filter on X if and only if it satisfies the 
following properties: 

(i) If Y e and Z e q3(X) such that Y^Z, then already Z e 5^. 

(ii) If Yi, Ya e d, then Yi n Yg e 

(iii) ^j^0and0€d- 

Proof. This is easy to verify. □ 

A.1.4. It follows immediately from the definition that X e^tor any filter ^ on X. In particular, there is no 
filter on the empty set. 

A.1.5 Proposition. Let X be a set and let Q ^(X). Let 

(5^) ={X]u{Y\Ye <P(X) and there exists Se3^ such that S c Y}, 

where 

5^ = {(~]Si 1 7 is a finite non-empty set and Si e 5^}. 

Then {^) is a filter on X if and only if and SinSa 5^ for all Si,S2e^. In this case, {^) is the 
smallest filter on X containing 5^. It is called the filter generated by 5^. 

Proof. It is obvious that the condition is necessary as there is no filter on the empty set and cannot be an 
element of a filter. So, assume that the condition holds. We have to verify that is a filter on X which 
contains 5^. Note that .9' <^ .9' c (^), so it remains to check that <^> is a filter By definition, X e <5^> 
and therefore {5^) ^ 0. Moreover, the condition implies that t {S'). Hence, {S') satisfies A.1.3(iii). Let 
Yi,Y2 e (5^). Then there exist Si,S2 e 5^ such that £ y.. By definition of 5^, we have Si nSa e 5^and as 
Si n S2 Q Yi n Y2, it follows that Yi n Y2 e {S^). Hence, A.1.3(ii) is satisfied. Condition A.1.3(i) is obviously 
satisfied, so {5^) is a filter on X which contains 5^. 

Finally, let ^ be a filter on X which contains 5^. Then it follows from A.1.3(ii) that and then it follows 

from A.1.3(i) that {S^) Q ^. Hence, {5^) is the smallest filter on X containing 5^. □ 

A.1.6 Definition. A subset oia filter ^ ona set X is called a generating system of ^ if {S^) = ^. 
A.1.7. If is a filter on a set X, then (5) = d, so any filter has a generating system. 

A.1.8 Definition. A partially ordered set (A, <) is called directed if every two elements of A have an upper 
bound. 

A. 1 .9 Definition. Let ( A , < ) be a partially ordered set. A set S is called co final in (A , < ) if S c A and if for 
each a e A there exists e B such that a<b. 

A.1.10 Proposition. If X is a set and c then is directed if and only if for all Bi,B2 e SB 

there exists BeSS such that Bi nB2 ^ B- Moreover, S^' is cofinal in (SB, 3) if and only iiSS' qSS and for each 
BeS§ there exists B' e SS' such that B ^B'. 



Proof. This is obvious. 



□ 
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A.1.11 Proposition. Let X be a set and let Q ^{X). The following are equivalent: 

(i) SS^0,0tm and (S§,^) is directed. 

(ii) {Y I Y e A OB e SB){B c Y)} is a filter on X. 
If satisfies the above properties, then 

<g§) = {Y I Y e <P(X) A (3B £ c y )} 

and ^ is called a filter basis on X. If 5^ is a filter on X and is a filter basis on X such that ^ - (SS), then 
we call S@ a filter basis of 

Proof. Both assertions are easy to verify. □ 

A. 1.12 Proposition. Let X be a set. The following holds: 
(i) Any filter on X is also a filter basis on X and {^) = ^. 

(ii) Let 38, SS' be two filter bases on X. Then c (^') if and only if for each BeSS there exists B' e ^' 
such that 

(iii) If 5^ is a filter on X, then a subset ^ Q *p(X) is a filter basis of ^ if and only if S§ is cofinal in (S^, 3). 

Proof. All assertions are straightforward. □ 

A.1.13. Let X be a set. Two filter bases on a set X are called equivalent if - {SS'). This defines 

an equivalence relation on the set of all filter bases on X and we denote the equivalence class of a filter 
basis S§ by The assignment [38] ^ (38) defines a bijection between the set of equivalence classes of 
filter bases on X and the set of filters on X. 

A.1.14 Definition. Let X be a set. A neighborhood system on X is a family {2J(x) | x e X} of filters on X 
satisfying the following properties: 

(i) If X E X and U e 9J(x), then xeU. 

(ii) If X e X and U e 2J(x), then there exists V e 2J(x) such that U e 2J(y) for each yeV. 

A.1.15 Proposition. Let X be a set. Then there exists a canonical bijection between the set of topologies 
on X and the set of neighborhood systems on X. Moreover, if QJ = {QJ(x) | x e X} is a neighborhood system 
on X and if t is the corresponding topology on X, then the following holds: 
(i) For each x e X the filter 5J(x) is the neighborhood filter of the T-neighborhoods of x. 
(ii) A subset A c X is r-open if and only if A e 5J(x) for all x £ A. 

Proof Confer[Bou07a, chapitrel, §1.2]. □ 

A.1.16 Definition. Let X be a topological space. The neighborhood system 03 on X corresponding to the 
topology on X is simply called the neighborhood system of X and for x £ X the set 23(x) is called the 
neighborhood filter of x. A filter basis of 2J(x) is called a neighborhood basis of x. 

A.1.17 Proposition. Let / : X — Y be a map between topological spaces. Then / is continuous in x e X if 
and only if there exists a neighborhood basis 38{x) of x and a neighborhood basis 3§(f(x)) of /(x) such that 
for each V e 3Sif(x)) there exists U £ 5§(x) such that f(.U) c V. 

Proof. This is obvious. □ 

A.1.18 Proposition. Let X be a topological space and let SB he a filter basis on X. The following are 
equivalent for a point x £ X: 

(i) Q3(x)c(^>. 

(ii) For every neighborhood basis S§(x) of x and every U £ Sg(x) there exists B e3S such that B^U. 

(iii) There exists a neighborhood basis 3S(.x) of x such that for each U £ 5§(x) there exists B £3S such that 
BqU. 

If these conditions are satisfied, then x £X is called a limit point oi 3§. The set of all limit points of ^ is 
denoted by lim 3S. If lim 3S ^ 0, then SS is called convergent. 

Proof. This follows immediately from A. 1.12. □ 

A.1.19 Proposition. Let 38 he a filter basis on a topological space X. The following are equivalent for a 
point X £X: 

(i) X £ cl(B) for each B £ S§. 

(ii) If 38(x) is a neighborhood basis of x, then B nil ^ tor all B £ 38 and U £ 38(x). 

(iii) There exists a neighborhood basis 38(x) of x such that B n J7 ^ for all -B £ ^ and U £ 3S(x). 
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(iv) There exists a filter basis S^' on X such that ^' 3 ^ and x e Hm S^' . 
If these conditions are satisfied, then x is called an accumulation point (or cluster point) of S§. The set of 
all accumulation points of SS is denoted by acc 

Proof. All assertions are straightforward. □ 

A.1.20 Proposition. Let X be a topological space and let be two filter bases on X with S§ Q The 
following holds: 
(i) lim^cacc^. 

(ii) acc SS' c acc and hm c lim 

(iii) acc SB - acc (SS) and lim = lim (SB). 

Proof. All relations are easy to verify. □ 



A.1.21 Proposition. Let ^ be a filter basis on a separated topological space X such that 3S contains a 
compact subset of X. Then the following are equivalent for xeX: 
(i) lim^ = x. 
(ii) riBeSgB = {x}. 

Proof This is [HM07, lemma A on page 101]. □ 



A.2. Topological groups 

A.2.1 Proposition. Let G be a topological group and let 93 be the neighborhood filter of 1 e G. Then the 
neighborhood filter of g e G is equal to both g9J := [gU | i7 e 93} and 93g := [Ug | i7 £ 93}. Moreover, if 3§ is 
a filter basis of 93, then both gSS and S§g are filter bases of the neighborhood filter of geG. In particular, 
the topology on G is already uniquely determined by S§. 

Proof. The first assertion is obvious as multiplication by on G is a homeomorphism. For the second 
assertion first note that gSB is a filter basis on G as multiplication by G is an isomorphism. Let gU e ^93. 
Since 93 = there exists BeS§ such that S Q f/. Hence, gB c gU and therefore gU e {gS§}. Conversely, 
if Y E (gm , then there exists BeS§ such that gB'^Y. In particular, B c g-^Y. Thus, g'^Y e (S§> = 93 and 
therefore Y e g93. □ 

A.2.2 Definition. Let G be a group. A compatible topology on G is a topology on G such that G is a 

topological group with respect to this topology. 

A.2.3 Definition. A compatible filter basis on a group G is a filter basis ^ on G satisfying the following 
properties: 

(i) For each U eSB there exists V £ SS such that := {gg' \g,g' eV]^ U. 

(ii) For each U eS^ there exists V eSS such that {g~^ \geV}cU. 

(iii) For each geO and each U eSS there exists V e 3§ such that V c gUg~^. 

A.2.4 Proposition. Let G be a group. Then there exists a bijection between the set of equivalence classes 
of compatible filter bases on G and the set of compatible topologies on G. Moreover, if ^ is a compatible 
filter basis on G and if r is the corresponding topology on G, then the following holds: 

(i) For each geG the set g{SS) is the filter of the r-neighborhoods oi g. 

(ii) A subset A Q G is T-open if and only if for each geA there exists V eSS such that gV Q A . 

(iii) If y e ^ is a subgroup of G, then V is r-open. 

Proof. Let SShe a compatible filter basis on G. It is easy to verify that (SS) is also a compatible filter basis. 
For ^ E G let 93(g) = g{SS} and let 93 = {93(g) | g e G}. It follows from the proof of [Bou07a, chapitre III, §1.2, 
proposition 1] that 93 is a neighborhood system on G and that the corresponding topology on G is compati- 
ble. This defines a map fi-om the set of compatible filter bases on G to the set of compatible topologies on G 
and it is obvious that this map induces a map from the set of equivalence classes of compatible filter bases 
on G to the set of compatible topologies on G. We prove that this induced map is a bijection. 
Let SSi, S§2 be two compatible filter bases on G and let ti, T2 be the corresponding compatible topologies on 
G. If Ti = T2, then in particular the corresponding neighborhood filters 93i(l) and 932(1) of 1 e G coincide. 
As 93/(1) - by A.1.15, we have - {SS2) and therefore both filter bases are equivalent. This shows 
that the assignment is injective. 

Let T be a compatible topology on G. Then it is easy to see that the neighborhood filter 93(1) of 1 e G is a 
compatible filter basis on G. Let t' be the compatible topology defined by 93(1). By A.1.15 the neighborhood 
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filter of 1 e G with respect to this topology is equal to 5J(1) and so it follows from A.2.1 that t = t'. Hence, 

the assignment is surjective. 

It remains to prove the second part of the proposition. Statement (i) follows directly from A. 1.15. To prove 
(ii), let A c X. It follows from A. 1.15 that A is open if and only if A e = g{SS} for all g e A and this is 
easily seen to be equivalent to the statement. The last statement is now obvious. □ 

A.2.5 Proposition. Let G be a topological group. Then for each re e Z the n-th power map : G — G, 
g"- is continuous. 

Proof. This is easy to see. □ 

A.2.6 Proposition. Let G be a topological group. The following holds: 

(i) Every open subgroup of G is closed. 

(ii) Every closed subgroup of finite index of G is open. 

(iii) G is separated if and only if {1} is closed in G. 

(iv) If G is quasi-compact, then a subgroup of G is open if and only if H is closed and IG :H]< oo. 
Proof. 

(i) This is [Bou07a, chapitre III, §2.1, coroUaire de proposition 4]. 

(ii) Let H he & closed subgroup of finite index of G. Let T be a right transversal of in G such that leT. 
Since G - UtexHt, we have G \ U(er,(#i-f^^ = H and since UteT.j^i-f^i is a finite union of closed subsets of 
G, it is closed in G and so its complement H is open. 

(iii) This is [Bou07a, chapitre III, §1.3, proposition 2]. 

(iv) A closed subgroup of finite index of G is open by (ii). Let H be an open subgroup of G. Then H is closed 
by (i). Let T be a right transversal of if in G. Then G = Ut^rHt is an open cover of G and as G is quasi- 
compact, there exists a finite subset T' Q T such that G = UteT'Ht. Hence, T' is also a right transversal of 
i? in G and therefore [G :H]<oo. □ 

A.2.7 Proposition. Let G be a topological group and let if be a subgroup of G. The following holds: 

(i) The quotient map q:G^ G/H is open. 

(ii) The quotient space G/H is separated if and only if if is closed. 

(iii) The quotient space G/H is discrete if and only if if is open. 

(iv) If if is a normal subgroup, then G/H is a topological group with respect to the quotient topology. 

(v) The closure cl(if) of if is also a subgroup of G. If if is a normal subgroup, then cl(if) is also a normal 
subgroup of G. 

(vi) Let AT be a normal subgroup of G and let g : G — G/N be the quotient morphism. Then the canonical 
isomorphism of abstract groups HN/N = q'(if ) is an isomorphism of topological groups. 

(vii) Let if and K be normal subgroups of G such that H <K. Then the canonical isomorphism of abstract 
groups G/K = (G/H)/(K/H) is an isomorphism of topological groups. 

(viii) Let if be normal in G and let q' : G ^ G/H be the quotient morphism. If iV is a closed (open) normal 
subgroup of G such that N>H, then q(N) is a closed (open) normal subgroup of G/H. 

Proof. 

(i) Let i7 c G be an open subset. Then 

q-Hq(U))= U Uh. 

As right multiplication on G is a homeomorphism, each Uh is open in G and therefore q~^(q(U)) is open. 
This implies that q(U) is open because is a quotient map. 

(ii) This is [BouOTa, chapitre III, §2.5, proposition 12]. 

(iii) This is [BouOTa, chapitre III, §2.5, proposition 14]. 

(iv) This is [Bou07a, chapitre III, §2.6, proposition 16]. 

(v) This is [BouOTa, chapitre III, §2.1, proposition 1]. 

(vi) This is [BouOTa, chapitre III, §2.T, proposition 20]. 

(vii) This is [BouOTa, chapitre III, §2.T, corollaire de proposition 22]. 

(viii) By (vii) we have a canonical isomorphism 

(G/H)/q(N) = (G/H)/(N/H) = G/N. 

Hence, if A^^ is closed (open) in G, then G/N is separated (discrete) and therefore (G/H)/q(N) is also sepa- 
rated (discrete) which implies that q{N) is closed (open) in G/H. □ 

A.2.8 Proposition. Let (p:G ^G' he a morphism of topological groups and let N he a normal subgroup of 
G such that N c Ker(<p). Then the induced morphism (p' : G/N — G' of abstract groups is continuous. 
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Proof. Let q:G^ GIN be the quotient morphism. The following is a commutative diagram of abstract 
groups 

G 




Since g is a (topological) quotient map and (p is continuous, (p' is also continuous. □ 

A.2.9 Definition. A morphism ^ : G — G' of topological groups is called strict if the induced isomorphism 
(f' : G/Ker((p) — lm{(p) of abstract groups is a homeomorphism. 

A.2.10 Proposition. The following are equivalent for a morphism <p:G^G' of topological groups: 
(i) (f is strict. 

(ii) The corestriction (p.G^ Im(^) is an open map, that is for any open subset {7 of G the set (p(U) is open 
in Imicp). 

(iii) For any neighborhood Q of 1 in G the set is a neighborhood of 1 in Im(^). 

Proof. This is [Bou07a, chapitre III, §2.8, proposition 24]. □ 

A.3. Quasi-compact and compact groups 
A.3.1 Proposition (Closed map lemma). A continuous map / : X — Y from a quasi-compact space X into 
a separated space Y is closed. If / is moreover bijective, then / is already a homeomorphism. 

Proof. This is [Bou07a, chapitre I, §9.4, coroUaire 2]. □ 

A.3.2 Proposition. Any morphism from a quasi-compact group into a separated group is strict and has 
compact image. 

Proof Let cp : G ^ G' he a morphism, where G is a quasi-compact group and G' is a separated group. 
Since G' is separated, {1} is closed in G' and as (p is continuous, Ker(^) = (p~^{{l}) is a closed subgroup of 
G. Hence, the induced isomorphism of abstract groups q>' : G/Ker((p) — >• Im(^) is a continuous map from a 
compact space into a separated space and therefore already a homeomorphism by the closed map lemma. 
Hence, q)' is strict and Im(^) is compact. □ 

A.3.3 Proposition. Let G be a quasi-compact group. The following holds: 

(i) Let (S^,^) be a directed set of closed subsets of G and let Y be a closed subset of G. Then 

n XY = ( n X) Y. 

XeSC XeX 

(ii) Let (^, 3) be a directed set of closed subgroups of G, let G' be a separated group and let ^ : G — G' be 
a surjective morphism of topological groups. Then 

(p(f]H)^ n cpiH). 

(iii) Let U be an open subset of G. If | i £/} is a family of closed subgroups of G such that fljez-f^i ^ U, 
then there is a finite subset J of / such that CljejHj Q JJ. 

Proof 

(i) This is [Wil97, lemma 0.3.1(h)]. 

(ii) ^* Let K :- Ker((p) and let g : G ^ G/K be the quotient morphism. We will first prove that 

q( n (H K))= n q(H K). 

The inclusion c is evident. To see the converse inclusion, let x e r\H€jfQiH-K) and let x e G be a repre- 
sentative. Then for each H e ^ we have x e q(H ■K) = (H- K)IK and so there exists yn^HK such that 
x = yH mod K and consequently 

x€yH-K^(HK)K = H-K. 
This shows that x e r\H£^(H -K) and therefore x = q(x) £ qiDH^^iH -K)). 



^■^This is essentially the proof of [RZOO, proposition 2.1.4(b)]. 
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Since G' is separated, Kisa closed subset of G and so we can use the first statement of the proposition to 
get 

n (.H K)^( fl H) K. 

Let (p' : GIK — G' be the isomorphism of abstract groups induced by (p. Then using the fact that (p' is 
bijective, we get 

n 'P^H)^ n (p'oq(H) = q)'{ f] q(.H)) = (p\ f) qiH-K)) = (p'(q( f] H K)) 
= (p'q( n H)-K)) = (p'(q( f] H)) = (p( f) H). 

(iii) Since DieiHi Q U, we get 

G\UQG\f]Hi^[jG\Hi. 

i£l i€l 

Hence, {G\Hi \ i e 1} is an open cover oiGW. Because G \ i7 is a closed subset of the quasi-compact space 
G, it is also quasi-compact and so there exists a finite subset J of / such that G \ f/ Q [Jj^jG\Hj. This 
imphes DjejHj <^U . . □ 

A.3.4 Proposition. Let G be a compact group and let X,Y be closed subsets of G. Then the set X ■ Y is 
closed in G. 

Proof. This is [Wil97, lemma 0.3.1(g)]. □ 

A.4. Transversals 

A.4.1 Definition. Let G be a group and let J? be a subgroup of G. A complete set of representatives of the 
right cosets oiH in G is also called a right transversal of if in G. A right transversal T is called unitary if 
1 G T. If G is a topological group and if is a closed subgroup of G, then a closed right transversal of if in G 
is a right transversal T of if in G such that T is a closed subset of G. A (unitary, closed) left transversal is 
defined similarly. 

A.4.2. All statements in this section about right transversals hold analogously also for left transversals. 

A.4.3 Proposition. Let G be a group, let if be a subgroup of G and let T be a right transversal of if in G. 
The following holds: 

(i) For each g £ G there exist unique elements Kxig) £ if and t £ T such that g - KT(g)t. The map 
KT :G ^ H,g ^ Krig), is called the T-remover. 

(ii) For each geG there exists a unique permutation aT,g on T such that tg = KT{tg)aT,g{t) for all t£T. 
The permutation aT,g is called the T-permutation for g. liT - {^l,...,^„} then we usually identify 
aT,g with a permutation on {1, . . . , «}. 

(iii) lig,g' E G, then Kritgg') = KT(tg)KT{crT,g(.t)g') and OT,gg'(t) = cfT,g'(.(rT,git)) for all t e T. 

(iv) Let q:G^ if \G be the quotient morphism. Then g |r : T — if \G is bijective and 

s:=io(q\Tr^:H\G^G 

is a set-theoretical section of q, where t : if — G is the inclusion. Moreover, KT(g) = g(sq(g))~^ for all 
geG. 

(v) Let r be a unitary right transversal of if in G. Then ^^(l) - 1 and Kxihg) - hxxig) for all h eH, 
g^G. 

Proof. 

(i) Since T is a right transversal, we have G = Ut^rHt and consequently there exists a unique t e.T such 
that g E Ht. This shows uniqueness of the element t in the decomposition. Moreover, we can now write 
g = KT(.g)t for some Kxig) e if and it g = ht for another element heH, then g - KTig)t = ht which implies 

KT{g)-h. 

(ii) If ^ £ r, then by the above there exists a unique element tg such that tg - KT(tg)tg. The uniqueness 
implies that we must have crT,git) - tg and we also conclude that the map (TT,g :T ^ T, t^ tg, is injective. 
To see that it is surjective, note that G = {JtExHt and consequently G = Gg - {Jt^THtg. Hence, if t' e T, 
then there exists t £T such that t' £ Htg, that is, t' - htg for some /i £ if and therefore h~^t' - tg. This 
implies that KT(tg) - h~^ and t' = tg = OT,g{t) proving the surjectivity oiaT,g- 
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(iii) We have tg = KT{tg)aT,gi.t) and aT,git)g' = KT((TT,g(t)g')aT,g'(crT,git)). Hence, 

t(gg') = (tg)g' = (KT(tg)aT,g(t))g' = KT(tg)(aT,g(t)g') 
= KT(.tg)(.KT(.crT,git)g')aT,g<crT,g(.t))) = (KT{tg)KT{aT,g(t)g'))o'j,g{OT,g{t)) 

and consequently 

KT^tgg') = KT(tg)KT((7T,g(t)g'), 

^ T,gg' 

(t) ((JT,g(t)). 

(iv) By definition, glr is bijective and it is obvious that s is a set-theoretical section of q. Now, let g eG. 
Then g has a unique decomposition g - ht with h £ H and t e T. Hence, q(g) - q(ht) - Ht and there- 
fore sqig) = s(Ht) = t hy construction of s. It follows that g = ht = h(sq(g)) and we get h = g{sq(g))~^. 

Consequently, Krig) = h = g(sq(g))~^. 

(v) Since 1 e T, the equation 1 = 1 • 1 is a decomposition of the form 1 - ht,h £ H,t £ T and therefore 
jf = 1. l{ geG, then g = KTig)t for some teT. Hence, hg = hKT(g)t and as hxrig) £ H, it follows that 
KT(hg) = hxrig). □ 

A.4.4. Note that if T is a left transversal of if in G, then we have the relations 

KT(g'gt) = KT(g'(TT,g(t))KT(gt) and aT,g'g(t) = (TT,g'((TT,g(t)). 

A.4.5 Proposition. Let G be a topological group, let Hhea subgroup of G. Let if <G such that K<H and 
let Q' : G ^ G/K be the quotient morphism. If T is a right transversal of fi in G, then T := q(T) is a right 

transversal of H/K in G/K and k oq — q okt :G HIK. 

Proof. Since G = {^t^THt, we have 

g(G) = g( U if = U = U (if/^) • ^• 

To show that this union is disjoint, let ^ e G and suppose that q{g) - q(h)q(t) - q(h')q{t') for some h,h' eH 
and t,t' e T. Then q{g) - q{ht) - qih't') and therefore ht - kh't' for some k eK. Since K ^H, we have 
kh' e H and thus it follows from the uniqueness in A.4.3 that h - kh' and t - t' . Consequently, q(,h) = 
q(kh') = q(h') and q{t) - q{t') and this shows that the decomposition is unique. 

If £ G, then g - KT{g)t for some teT and therefore q{g) = q{KT(g))-q(t) and since T is a right transversal 
of H/K in G/K, the uniqueness in A.4.3 implies that qixxig)) - KTpiqig)). This shows that gojcy = K^oq- □ 

A.4.6 Proposition. Let G be a topological group, let if be a closed subgroup of finite index of G and let T 
be a right transversal of fi in G. Then kt -G^H is continuous. 

Proof. Let q -.G ^ H\G be the quotient morphism. Since H is closed, it follows from A.2.7 that H\G is 
separated (note that A.2.7 holds similarly for right coset spaces instead of left coset spaces). Hence, the 
restriction qlx - T ^ H\G is a bijective continuous map from a finite (and hence quasi-compact) space to a 
separated space and therefore it is a homeomorphism according the closed map lemma. This implies that 
the set-theoretical section s := i°{q\T)~^ .HXG — ► G of g, where t : T — G is the inclusion, is continuous. 
As multiplication and inversion on G is continuous, it follows that the map g >— g(sq(g))~^ - Krig) is 
continuous. □ 



A.5. Topological abelian groups 
A.5.1 Proposition. Let A be a topological abelian group. If Z is equipped with the discrete topology, then 
the map Z x A — A, (re,a) >— na, makes A into a topological Z-module. 

Proof. It is obvious that the given map makes A into an abstract Z-module. As Z is equipped with the 
discrete topology, it thus remains to check that for each neZ the group morphism : A — A, a " «a is 
continuous. But this follows immediately from A.2.5. □ 

A.5.2 Proposition. Let A be a compact abelian group and let n £ N>o. The following holds: 

(i) The map /i„ : A ^ A, a «a is continuous and nA := /in(A) is a closed subgroup of A. 

(ii) If A has trivial torsion, then ;u„ induces an isomorphism of compact groups n'^-.A^ nA. For a £ nA 
we define := (iJ.'^)~Ha). 

Proof. By A.5. 1 the group morphism is continuous. Due to the closed map lemma ju„ is a closed map and 

therefore nA = /in(A) is a closed subgroup of A. Hence, nA is a compact group. If A has trivial Z-torsion, 
then iJ-n is injective and therefore jujj : A ^ nA, a " na, is an isomorphism of compact groups by the closed 
map lemma. □ 
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A.6. Abelianization 

A.6.1 Definition. Let G be a topological group. The commutator of two elements x,y eG is the element 
\.x,y'[ :=xy(yx)~^ £G. The abstract commutator subgroup Com''(G) of G is defined as the subgroup gener- 
ated by all commutators, that is, 

Com«(G)=fey]U,yeG>. 

The topological commutator subgroup Com*(G) of G is defined as the subgroup topologically generated by 
all commutators, that is, 

Com*(G) = cl(Com^(G)). 

A.6.2 Proposition. Let G be a topological group. The following holds: 

(i) Com*(G) is a closed normal subgroup of G. 

(ii) G is separated and abelian if and only if Com*(G) - 1. 

(iii) G^^ :- G/Com*(G) is a separated abelian group. 

(iv) Let N<icG. Then G/N is a separated abelian group if and only if A'' > Com*(G). 

(v) If c/) : G — G' is a morphism of topological groups, then y(Com*(G)) Q Com*(G'). 

(vi) If (/) : G — G' is a closed surjective morphism of topological groups, then (p(Com\G)) = Com*(G'). 

(vii) The quotient morphism q .G ^ G^^ is universal among morphisms from G into separated abelian 
groups, that is, if : G — A is a morphism into a separated abelian group A, then there exists a 
unique morphism of topological groups q)' : G^^ — A making the diagram 




commutative. 

(viii) If : G — G' is a morphism of topological groups, then there exists a unique morphism of topological 
groups (p^^ : G^^ — ' (G')^** making the diagram 



G 

1G 



^G' 

1g' 
- (GT^ 



commutative, where the vertical morphisms are the quotient morphisms. 
(ix) The maps 

(-r^ : TGrp TAb" 
G — G^^ 
<p:G^G' — (p^^:G^^^(GT^ 

define a functor from the category of topological groups to the category of separated abelian groups. 

Proof. 

(i) Let x,y,geG. Then 

[g~^xg,g~^yg] = ((g~'^xg)(g~'^ygMg~'^yg)(g~^xg)r'^ = (.g~^xgg~'^yg)(g~^xgr\g~^ygr^ 

= (g~''-xyg)(g~^x~^gg~^y~^g) = g~'^xyx~'^y~^g = g~\x,y]g. 

This shows that the set of commutators is invariant under conjugation and therefore Com^(G) is a normal 
subgroup of G. As Com'(G) is the closure of Com^(G), it follows from proposition A.2. 7 that Com*(G) is also 
a normal subgroup of G. 

(ii) It is evident that G is abelian if and only if Com^'CG) = 1. Let G be separated and abelian. Then 
Com^iG) = 1 and therefore Com'(G) = cl({l}) = 1 by proposition A.2.6. Conversely, if Com*(G) = 1, then G is 
abelian because Com^(G) Q Com*(G). Moreover, since 

1 = Com*(G) = cl(Com^(G)) = cl({l}), 

if follows from proposition A.2.6 that G is separated. 

(iii) Let x,y e G. Then xy{yx)~-^ - [x,y] £ Com^(G) so that xy = yx mod Com'*(G). Hence, G/Com'*(G) is 
abelian. Since Com*'(G) c Com*(G), the quotient group G/Com*(G) is also abelian. Moreover, as Com*(G) is 
closed in G, it follows from proposition A.2.7 that G/Com*(G) is separated. 
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(iv) If G/AT is abelian, then xy = yx mod AT and so xy(yx)~^ - \x,y\ e AT for all x,y e G. Hence, AT > Com^(G) 
and since N is closed, we get N > Coni*(G). Conversely, \iN > Com*(G) then in particular A'' > Com*'(G). 
Thus, if x,y e G, then xy{yx)~^ - [x,y] e Com^'CG) c A/' and therefore xy = yx mod A'' so that GIN is abelian. 

(v) Leta;,yeG. Then 

(^([x,^]) tpixyiyxy"^) - fp{x)q){y){(p{y)(p{x)y'^ - £ Com^(G') 

and therefore ^(Com'^(G)) Q Com'^(G'). Using the continuity of cp, we get 

(/)(Com*(G)) = ^(cl(Com^(G))) Q cl(^(Com^(G))) Q cl(Com^(G')) = Com*(G'). 

(vi) By the above, we have (/>(Com*(G)) Q Com*(G'), so it remains to show the converse inclusion. Let 
x' ,y' e G' and let x,y e G such that ^(x) = x', ^(y) = y' . Then 

= ipixyiyx)-^) = x'y'iy'xT^ = [x',y'] 

and this implies Com^(G') Q ^(Com^(G)). As (p is closed, we get 

Com*(G') = clCom^(G')) c cl((p(Com^(G))) £ (p(cl(Com''(G))) = (p(Com\G)). 

(vii) If such a morphism (p' exists, then due to the commutativity of the diagram, it is necessarily given by 
(p'(g mod Com*(G)) = (p'(G). It remains to verify that this indeed defines a morphism of topological groups. 
Since (p(Com\G)) c Com*(A) - 1, we have Com*(G) c Kericp) and therefore q)' is a well-defined morphism of 
abstract groups satisfying (p' oq=(p. It follows from A.2.8 that tp' is continuous so that (p' is a morphism of 
topological groups. 

(viii) The morphism qG'°(p: G iG'y^ is a morphism into a separated abelian group and so there exists a 
unique morphism (p^^ : G^^ — (G')'^^ such that (p^^ °qG- IG' ° V- 

(ix) This follows immediately from the uniqueness of (p^^. □ 
A.6.3 Proposition. Let G be a compact group and let Hhe & closed subgroup of G. Then 

Com'(G/if) = HCom\G)/H < G/H 
and there exists a canonical isomorphism 

G/HCom\G) = (G/HT^. 

Proof. Let q .G ^ G/H be the quotient morphism. Since H is closed, G/H is separated and therefore q 

is closed by the closed map lemma. Hence, we can apply A.6.2(vi) and get Com'(G/i?) = g(Com*(G)) = 
HCom\G)/H. An application of A.2.7(vii) yields the canonical isomorphism of topological groups 

(G/HT^ = (G/H)/Com\G/H) = (G/H)/(HCom\G)/H) = G/HCom\G). 

□ 
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B. Projective limits of topological groups 

In this chapter some basic facts about profinite groups are collected. This chapter mainly emerged from the 
author's considerations about how much from the profinite theory can be generalized to projective limits 
of compact groups, leading to the notion of complete proto-'^ groups for a formation ^ of compact groups. 
In particular, the theory of maximal pro-'i^ quotients as discussed in [RZOO, section 3.4] was generalized to 
this setting. The main reference and motivation for the first part of this chapter was [HM07]. 

B.l. Basic facts 

B.l.l Proposition. The following holds: 

(i) The category TGrp of topological groups^^ is complete. The product of a family {G; | i e 7} of topological 
groups is given by the direct product Oje/Gj equipped with the product topology. The pullback of the 
diagram formed by two morphisms ^ : G — G" and ^' : G' — G" is given by the subgroup P - {{g,g') e 
G X G' I ipig) = ip'{g')} of the product G x G'. 

(ii) The pullback of the diagram formed by two coherent coretractions^^ (/),cp' : G — G" in TGrp is also 
given by KerCy) < G, where y : G ^ G", g ^ (p{g)(p'{g)~^. 

(iii) If is a full subcategory of TGrp consisting of separated groups and which is closed under the 
formation of products and passing to closed subgroups, then is closed under the formation of limits. 
In particular, ^ is complete. 

(iv) The full subcategory TGrp*^ (TGrp'^ '^P^ TGrp™"") of TGrp consisting of separated (separated and com- 
plete, compact) groups is closed under the formation of limits. In particular, it is a complete category. 

Proof. 

(i) This is easy to verify. 

(ii) We have K := Ker(7) = {g£G\ <p(g) = <p'(g)}. By (i), the pullback of the diagram formed by q) and (p' is 
given by P := {ig,g') e G x G | (p(g) - <p'(g')}. Consider the map a:K ^P, g^ (g,g) and let p : G x G ^ G be 
the projection onto the first factor Both maps are morphisms of topological groups and we have poa- idjf . 
Now, let {g,g') eP. As (p and (p' are coherent coretractions, there exists a morphism r.G"^G such that 
r(p - r<p' - yAq- Since {g,g') e P, we have (p{g) = (pig') and therefore r(p{g) = r(p'(g') which implies g = g'. 
Hence, 

(g,g') = (g,g) = a(g) = aop((g,g')) 

and so we conclude that aop\p= idp . This shows that a : if — ' P is an isomorphism of topological groups. 

(iii) \i cp,(p' : G ^ G" are two coherent coretractions in SS', then the pullback of the diagram formed by 
these morphisms is given by Ker(7), where y : G ^ G" is defined as above. As G" is separated, Ker(7) is 
a closed subgroup of G and as G e , it follows that Ker(y) e by assumption. Hence, is closed under 
the formation of products and the passing to intersections of coherent retracts. As TGrp is complete, an 
application of [HM07, theorem l.lO(iv)] shows that is closed under the formation of limits. 

(iv) By (iii) it is enough to show that the closed subspaces and products of separated (separated and 
complete, compact) spaces are again separated (separated and complete, compact). All this follows from 
[Bou07a, chapitre I, §8.2], [BouOTa, chapitre II, §3.5, proposition 10], [Bou07a, chapitre II, §3.4, proposition 
8], [Bou07a, chapitre I, §9.5, theoreme 2] and [Bou07a, chapitre I, §9.3, proposition 2]. □ 

B.l. 2 Definition. Any partially ordered set / - (I, <) can be considered as a category whose objects are the 
elements of 7 and in which for every i,j e I with i < j there exists a unique morphism j — i. We say that 

/ is a directed set if any two elements of I have an upper bound. A projective system in a category ^ is a 
functor &> -.1 where / is a directed set. We often write ^ as a family of morphisms & - {(pij : Xj — 
Xi I (ij) elxl,i< j], where Xi := &>(i) and (pij := &>(j — i). 

B.1.3 Proposition. The limit of a projective system - {(pij -.Gj^Gi \ (,i,j) £ I x I,i < j} in TGrp is given 
by the subgroup 

{(gOiei e n<5H Vijigj) = gi for all i<j}< Y\Gi. 
Proof. This is easy to verify. □ 

B.2. Approximations 
B.2.1 Definition. The category FTGrp of filtered topological groups is defined as follows: 



'Not necessarily separated. 

'Confer [HM07, definition 1.6] for this notion. 
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• The objects are pairs (G,jV), where G is a separated topological group and ^ is a filter basis on G 
consisting of closed normal subgroups of G. 

• The morphisms (G,jVg) ^ (H,J/h) are morphisms <p:G^H in TGrp satisfying the following proper- 
ties: 

1. (p(N)eJ/H for ea.ch N e jVq. 

2. For each M e jVh there exists A'' e j^q such that (p(N) c M. 

• The composition is the composition in TGrp. Note that this is well-defined: Let (pi : (Gi,^i) — 
(G2,^2) and (p2 : (G2,^) (Gg,^) be two morphisms in FTGrp. If A^'i e J/^, then (pi(Ni) e ^ and 
so (p2 ° (piiNi) e li N3 e ^3, then there exists A^2 g ^2 such that (p2(N2) ^ N3. Now, there exists 
Ni e jVi such that <pi(Ni) Q N2. Hence, (p2 ° (pi(Ni) Q N3 and so (p2 o (^i is a morphism in FTGrp. 

B.2.2 Definition. For {,G,J/') e FTGrp the projective system GlJif in TGrp® is defined as follows: The index 

set is {J/, 3), the objects are {GIN \ N e J{\, and the morphisms [GIM GIN \M<N£ JV} are induced by 
the quotient morphisms. The limit lim GIjV is denoted by G^ and is called the approximation of G by JV. 

B.2.3 Theorem. Let (G,^) e FTGrp. The following holds: 
(i) The map 7^ : G — Gjy, g ^ {gN)]sfejy is a morphism of topological groups, 
(ii) For all iV e ^ the diagram 

■Gj{ 




commutes, where pjv is the canonical morphism and gjv is the quotient morphism. 

(iii) 7^(G) is dense in Gj{ and KeKy^) = flATe^A''- 

(iv) The canonical morphisms pjv : Gj/ GIN , N £ J/ , are strict surjective. Hence, p^f induces an iso- 
morphism of topological groups G ^/Ker(pjv) = GIN. Moreover, Ker(j5jv) = cUy ^(iV)). 

(v) G^ is separated. 

(vi) 7^ is a strict injective morphism (and thus topologically an embedding) if and only if lim Jf -\. 

(vii) If lim J/ -\ and if ^ contains a complete group, then 7^ is surjective and hence it is an isomorphism 
of topological groups. 

(viii) If (p : {G,J{g) (H,J/h) is a morphism in FTGrp, then there exists a unique morphism (p^ : G — 
H jy-jj such that the diagram 



A 



commutes, 
(ix) The maps 

FTGrp — TGrp" 
(G,^) — G^ 

(G,^g)^(H,^h) — G^^^H^„ 
define a functor. This functor is called the approximation functor on FTGrp. 

Proof. 

(i) This is the first part of [HM07, theorem 1.29(i)]. 

(ii) This is [HM07, theorem 1.29(ii)]. 

(iii) This is the second part of [HM07, theorem 1.29(i)]. 

(iv) This is [HM07, theorem 1.29(iii)]. 

(v) This follows from B.1.1 since all A'' e .yK are closed in G so that GIN is separated. 

(vi) Let 7^ be a strict injective morphism. Then 1 = Ker(7 ^) = fliVe^^ and as 7^ is topologically an 

embedding, it follows from [HM07, theorem 1.30] that lim ^ = 1. Conversely, if lim jV = 1, then it follows 
from [Bou07a, chapitre III, §7.2, proposition 2] that 7^ is a strict morphism and 

n iV = Ker(7^) = cl({l}). 
Since G is separated, we have cl({l}) - 1 and so 7^ is a strict injective morphism. 

(vii) By the above, JjV is a strict injective morphism. It follows from [Bou07a, chapitre III, §7.2, proposition 
2] that 7^ is surjective and so it is an isomorphism of topological groups. 
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(viii) This is [HM07, theorem 1.29(v)]. 

(ix) This follows from the uniqueness of (p^. □ 

B.2.4 Definition. The category FTGrp^ is defined as the full subcategory of FTGrp consisting of all (.G,J\^) 
such that lim JV -1. 

B.2.5 Proposition. Let (.G,jV) e FTGrp^. If the quotient G/N is complete for each N e J/, then G admits 
a Hausdorflf completion which is given by y^. 

Proof. This is [Bou07a, chapitre III, §7.2, corollaire 1 de proposition 2]. □ 

B.2.6 Proposition. Let (G,JV) e FTGrp^ such that G is complete and the quotient G/N is complete for 

each N e jV. The following holds for a closed subgroup if of G: 

(i) Let Hj^/J^ be the projective system in TGrp*^ with index set (^,3), objects {HN/N < G/N \ N e J{), 
and morphisms induced by the quotient morphisms. Similarly, let <^{HJif)/Jf be the projective system 
in TGrp*^ with index set (^,3), objects {c\(HN)/N < G/N \ N e J{], and morphisms induced by the 
quotient morphisms. Then canonically 

lim HJ//jr c lim cl(if^)/^ c lim G/JT = G^. 

Moreover, 

lim HJ//JY = lim cl(if^)/^ 

and the isomorphism : G — G^ maps H isomorphically onto lim Hj^/jV. 

(ii) The set H nJt^ := {H nN \ N £ jV] is a filter basis on H consisting of closed subgroups and having 1 as 
limit point. Moreover, 

Tifn^ : i? ^ lim H/H n ^ = -ff^n^ 

is an isomorphism. 

Proof. This is a slight reformulation of [HM07, theorem 1.34(i)-(ii)] using some details of the proof given 
there. ^'^ □ 



B.2.7 Proposition. Let (G,jV) e FTGrp such that all AT e ^ are compact. Let H he a closed normal 

subgroup of G. Let q:G ^ G/H be the quotient morphism. The set q{^) := {q{N) \ N e ^} is a filter basis 
on G/H consisting of closed normal subgroups oiG/H and having 1 as limit point. The morphism 

r<,(^) : G/H - lim (G/H)/q(^) = (.G/H)q(j^) 

is an isomorphism. 

Proof. The set q(jY) is obviously non-empty and does not contain the empty set. If q'(A''), q{N') e qiJV), then 
there exists A^" e ^ such that N" QNnN' because ^ is a filter basis on G. Hence, qiN") c q(N) n qiN') 
and this shows that qi^/) is a filter basis on G/H. Since each N ejV is a compact normal subgroup of G 
and q is continuous, each q(.N) is a compact (and thus closed) normal subgroup of G/H. Let U be an open 
neighborhood of 1 £ G/H. Then q~^(U) is an open neighborhood of 1 £ G and since lim ^ -1, there exists 
N £ ^ such that N c q~\U). Hence, q(N) c q(q-'^(JJ)) - U and this shows that lim q(.J^) = 1. Hence, 
{G/N ,q{jY)) £ FTGrp^ and as q{J^) consists of compact (and thus complete) normal subgroups of G/H, it 
follows from B.2.3 that Yq(^) '■ CrIH — lim (G/H)/q(jV) is an isomorphism. □ 

B.2.8 Theorem. Let - {(pij : Gj — Gj | (i, j) e 7 x 7, i < j'} be a projective system in TGrp^, let G := lim ^ 
and let p j : G — Gj be the canonical morphism. The following holds: 

(i) For each i e 7 let SJj be the neighborhood filter of 1 e Gj. Then {p~^^{U) \i£l aU £ 5Jj} is a neighbor- 
hood basis of 1 £G. 

(ii) := {Ker(pj) | i £ 7} is a filter basis on G consisting of closed normal subgroups of G and having 1 as 
limit point. 



Note that [HM07, theorem 1.34(iii)-(iv)] is false as pointed out by Helge Glockner. Confer also [HM08]. 
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(iii) There exists a unique isomorphism rjj^ : Gj^ — G such that the following diagram commutes for all 
i<jva.l 

Gj, '4 



Pj 



Pj 

G/Keripj) > Gj 



Vij 



Y „'. Y 
G/Ker(pi) ^ Gi 

where p] is the canonical morphism, qij is induced by the quotient morphism and the two lower 
horizontal morphisms are induced by the canonical morphisms.^^ Moreover, 7/^07^= idg. 

(iv) IfjV contains a complete group, then tj^ is inverse to 7^. 

(v) Let G • := cl(pj(G)) for each i e / and let (p'^j : G'j G^ be the morphism induced by q>ij for each pair 
i<j€ I.^^ Let = {«»'. ,. : G'. -^G'A(iJ)€lxI,i< j). Then lim = lim Moreover, for each i e / 
the canonical morphism lim — G^ is the corestriction of pi and has dense image. 

Proof. The first three statements are [HM07, theorem 1.27(i)-(ii)]. The relation rjjyoj jy = ide is shown in 
the proof of the theorem. The fourth statement follows from this relation since 7^ is an isomorphism in 
this case. The last statement is [HM07, theorem 1.27(iv)]. □ 



B.2.9 Definition. A projective system : I ^ TGrp is called surjective (strict surjective) if S^(J i) is 
surjective (strict surjective) for all i <j el. It is called universally surjective (universally strict surjective) 
if the canonical morphism lim 3* — ^(i) is surjective (strict surjective) for all i e I. 

B.2.10 Proposition. Let -.1 ^ TGrp** be a projective system. The following holds: 
(i) If ^ is universally surjective (universally strict surjective), then is surjective (strict surjective). 

(ii) If 5* is strict surjective and universally surjective, then is universally strict surjective. 

(iii) If is surjective and all morphisms in have compact kernel, then is universally surjective. In 
this case, all canonical morphisms lim ^ — &^(i) also have compact kernel. 

Proof. 

(i) Let G( :- d^(i), <Pij :- £^(j i) and let pi : lim ^5* ^ Gj be the canonical morphism. The diagram 



lim^ 




commutes by definition. If 3* is universally surjective, then both pi and pj are surjective and therefore q>ij 
is also surjective. Now, assume that is universally strict surjective. Then is in particular universally 
surjective and therefore surjective by the above. It remains to show that (pij is strict and since (pij is 
surjective, this amounts to proving that (pij is open. So, let U be an open subset of G^ . Since both p, and pj 

are surjective, it follows that (pij(U) - pi(pJ^(U)). In fact, if xeU, then we can choose y e p~^(x) c p~.^(U) 
and get (pij(x) - (pij(pj(y)) - pi(x) e pi(p~'^{U)). Conversely, we have pi(pjHU)) = (pijopj{p-.^{U))<^(pij(U). 
Since pj is continuous, the preimage Pj^(U) is open in lim and as pi is a strict surjective morphism, it 
is open and so <Pij(U) = pi(pJ^(U)) is open. Hence, (pij is strict surjective. 

(ii) This is [HM07, proposition 1.27(iii)]. 

(iii) This is the second part of [HM07, proposition 1.22]. □ 

B.2.11 Definition. For a subclass c TGrp*^ the following full subcategories of TGrp^ are defined: 

• pro-S^ (spro-'^, uspro-S^, sspro-'^, usspro-'^) consists of all topological groups which are isomorphic to 
the limit of an arbitrary (surjective, universally surjective, strict surjective, universally strict surjec- 
tive) projective system -.1 ^ TGrp such that S?(i) e for all i e I. 

• proto-'^ (cplproto-'^) consists of all separated (separated and complete) topological groups G for which 
there exists a filter basis ^ on G consisting of closed normal subgroups of G such that lim J/' = 1 
and GIN e ^ for each NejY. 

^®Note that qij is well-defined since pj = VijPj aiid therefore Ker(p^) £ KerCp;). 

^^This is well-defined: Since (pij :Gj -> G, is continuous, we have (Pij(.Gj) = (pij(c\{p j(G))) £ c\(,(pij o p j{G)) = c\{p i(G)) = G'^. 
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B.2.12 Definition. We introduce the following list of properties a subclass Q TGrp® might satisfy: 

(CO) ^ ^ and if G e TGrp is isomorphic to a group in Sg', then G is already contained in S^.^" 

(CI) If G e ^ and if <c G, then H e 

(C2) If G e "if and iV <c G, then G/N e 

(C3) If n e N and Gi,. . . ,G„ e ^, then n"^iGj e . 

B.2.13 Proposition. Let c TGrp^ The following holds: 

(i) If^' c ^, then ★pro-S^' c ★pro-S^ for ★ e {0,s, us,ss, uss} and ★proto-'i^' c ★proto-S? for ★ e {0,cpl}. 

(ii) There exist the following inclusions of full subcategories of TGrp®, where the dashed inclusion with 
label CO only holds if satisfies CO and where the dashed arrow with label cplACO sjrmbolizes that 
the converse inclusion holds if^ satisfies CO and consists of complete and separated groups: 

pro-^ 
spro-Sf 




cplproto-<^-<-c^ACO 

Proof. 

(i) This is obvious. 

(ii) The inclusions cplproto-'i^ c proto-'i^, c usspro-Sg', usspro-*^ c uspro-'i^, sspro-Sf c spro-"^ and spro-"^ c 
pro-'rf are obvious. The inclusions usspro-'if Q sspro-'^, uspro-S^ Q spro-Sf follow from B.2.10. 

Let G e cplproto-Sg". By definition, G is a complete and separated group and there exists a filter basis jy 
on G consisting of closed normal subgroups such that G/N e for each N ejY and lim jY -1. Since each 
AT e ^ is closed in G and since G is complete, each A^^ e ^ is also complete by [Bou07a, chapitre II, §3.4, 
proposition 8]. Hence, : G ^ G^ is an isomorphism by B.2.3 and G^ e usspro-S^. This shows that 
G £ usspro-'i^ and therefore cplproto-Sg" c usspro-'i^. 

Let G e usspro-S^ and suppose that ^ satisfies CO. Then there exists a universally strict surjective pro- 
jective system :! ^ TGrp such that e for all i e 7 and G S lim SP. We can assume without loss 
of generality that G = lim Since consists of separated groups, G is also separated by B.1.1. Let 
Gi :- S^{i), cpij :- SP{i i) and let : G ^ G; be the canonical morphism. According to B.2.8 the set 
jV :— {Ker(pi) | i e 7} is a filter basis on G consisting of closed normal subgroups and having 1 as limit 
point. Since is universally strict surjective, pi is strict surjective and thus induces an isomorphism of 
topological groups G/Ker(pj) = Gj. As Gi e"^ and ^ satisfies CO, this shows that G/Ker(p/) e and so 
G E proto-'^^. Hence, usspro-'i^ c proto-'^^ if Sg" satisfies CO. Moreover, if Sg" consists of complete and sepa- 
rated groups, then G - lim is also complete and separated by B.1.1. Hence, usspro-'^ c cplproto-'i^ if 
satisfies CO and consists of complete and separated groups. □ 

B.3. Complete proto-^ groups for classes of compact groups 

B.3.1 Proposition. Let be a CO-class of compact groups. There exist the following inclusions and equal- 
ities of full subcategories of TGrp®, where the dashed arrow with label CI sjanbolizes that the converse 
inclusion holds if satisfies CI: 

pro-<Tf 

\ 

I Cl 

cplproto-S^ = usspro-Sf = sspro-S^ = uspro-S^ = spro-S^ 



This property is well-defined due to our assumptions on the set theory. 
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Proof. Since compact groups are complete, the equality cplproto-'^ = usspro-Sf follows from B.2.13. The 
inclusion usspro-'^ c sspro-'^ is also part of B.2.13. To prove the converse inclusion, let G e sspro-'rf. We 
can assume without loss of generality that G - lim where ^ is a strict surjective projective system 
in TGrp whose objects are contained in The projective system 3* is in particular surjective and as 
consists of compact groups, the morphisms in have compact kernel. Hence, it follows from B.2.10 that 
^ is universally surjective. Now, is a strict surjective and universally surjective projective system and 
so an application of B.2.10 shows that ^ is universally strict surjective. Hence, G e usspro-"^. 
The inclusion uspro-Sg' c spro-S^ is part of B.2.13. To prove the converse inclusion, let G e spro-S^. We can 
assume without loss of generality that G - lim where £^ is a surjective projective system in TGrp whose 
objects are contained in . Since consists of compact groups, all morphisms in 5* have compact kernel 
and so it follows from B.2.10 that 1^ is universally surjective. Hence, G e uspro-Sg'. 

So far we have proven that cplproto-S^ - usspro-S^ - sspro-'^ and uspro-*^ - spro-S^. The inclusion sspro-S^ c 
spro-S^ is obvious and the converse inclusion follows from the fact that consists of compact groups and 
the fact that morphisms of compact groups are strict by A.3.2. 

Finally, let G e pro-Sg' and assume that also satisfies CI. We can assume without loss of generality that 
G = lim 3*, where 3* = {(pij : Gj G, | el < j} is a projective system in TGrp such that Gi 
for all i e I. Let pi : G ^ Gi he the canonical morphism. Let 3^' - {cp'- ■ : G' ^ G' \ (ij) e I x I,i < j} he 
the modification of ^ as described in B.2.8(v), that is, G'- cKptiG)) <c Gt and w' , : G'- G' is induced 
by <pij. Then G = lim ^ = lim 5*' and the canonical morphism p'^ : lim ^3* — >• G^ has dense image for each 
i e / by B.2.8. As G is the limit of a projective system of compact groups, G is also compact by B.1.1. 
Hence, lim is compact and so the canonical morphism : lim G ■ <c Gi is closed by the closed map 
lemma. This implies that G - = cl(Im(p'.)) = Im(p^) and therefore 5*' is a universally surjective projective 
system. Moreover, as satisfies CI and G^ <c Gj, the objects of 3*' are contained in "rf. This shows that 
G is isomorphic to the limit of a universally projective system whose objects are contained in , that is, 
G e uspro-'^. □ 

B.3.2 Definition. For a class ^ of compact groups we introduce the following additional property: 
(C4) 1 £ and if G is a compact group and A''i,A''2 <\cG such that GINi,GIN2 e then G/NinN2 £ 

B.3.3 Proposition. For a class of compact groups there exist the following implications: 

(i) C0aC1aC3=>C4. 

(ii) C0aC4^C3. 

(iii) CO A C4 ^ for any compact group G the set S^(G) :- {N \ N <icG A GIN e Sg'} is a filter basis on G. 
Proof. 

(i) Since satisfies CO, there exists G £ As G is separated, 1 is a closed subgroup of G and so it follows 
from CI that le'^. Now, let G be a compact group and let Ni,N2 <c G such that G/Ni, GIN2 £ The 
quotient morphism qi-.G ^ GINi induces a continuous morphism q'^ : G/Ni_nN2 GINi and so we get a 
continuous morphism ( : G/NinN2 GINi ^ GIN 2- As G is compact, the quotient GIN\nN2 is also compact 
and as GINi is separated, the product GIN\ x G/A^2 is also separated. Hence, t is a continuous map from 
a compact space to a separated space and therefore it is a closed map. Moreover, i is also injective and 
so ( induces an isomorphism of topological groups GINi n A^2 = Im(j). Now, GINi x G/A^2 £ by C3 and 
since ( is closed, Im(() is a closed subgroup of GINi x GIN2 and so we get Im({) £ by CI. Finally, we get 
GINinN2e^hy CO. 

(ii) Let Gi,G2 £ Let G := Gi x G2 and let pi.G^Gihe the projection for i £ {1,2}. As pi is continuous 
and Gi is separated, Ni :- Ker(pi) is a closed normal subgroup of G. Moreover, as is surjective and as G 
and Gi are compact, pi is strict and so the induced morphism GINi ^ G; is an isomorphism of topological 
groups. This implies that GINi,GIN2 £ because Sg" satisfies CO and as satisfies C4, we conclude that 
GINinN2 £ Since NinN2^ H) x {!], we have GINinN2 = G and therefore G = Gi x G2 £ '1^'. It now 
follows by induction that Sg" is closed under finite direct products, that is, satisfies C3. 

(iii) By C4, we have 1 £ so that G £ ^^(G) and therefore S^iG) ^ 0. Moreover, we obviously have 
i S^(G). The fact that ^ satisfies C4 also implies that S^(G) is closed under finite intersections. Hence, 
S^(G) is a filter basis on G. □ 

B.3.4 Definition. A class ^ of compact groups is called a formation if it satisfies C0,C2 and C4. It is called 
a variety if it is a formation and satisfies CI. 

B.3.5 Proposition. Let be a CO-class of compact groups. The following are equivalent for a topological 
group G: 

(i) G £ cplproto-S^ - •kpro-'^ for ★ £ {uss,ss, us,s}. 
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(ii) G is compact and there exists a filter basis onG consisting of closed normal subgroups of G such 
that Dngj/N 1 and GIN e ^ for all TV e ^. 

If satisfies CI, then (i) is also equivalent to: 

(iii) G e pro-<^. 

If ^ satisfies C4, then (i) is also equivalent to: 

(iv) G is compact and fl^ve,?' (G)-^ ~ ^■ 

If satisfies CI and C4, then (i) is also equivalent to: 

(v) G is isomorphic to a closed subgroup of a direct product of groups contained in . 

Proof. 

(i) (ii): Let G e cplproto-S^. Since cplproto-"!^ Q pro-Sf by B.2.13, there exists an isomorphism G = lim 

where is a projective system whose objects are contained in S^. As consists of compact groups, B.1.1 
implies that G is compact. As G is a proto-'^ group, there exists a filter basis ^ on G consisting of closed 
normal subgroups of G such that lim Jf = \ and GIN e for each AT e J/ . As G is compact and all iV e ^ 
are closed in G, the filter basis J/' consists of compact sets and so it follows from A.1.21 that [\^^,j/'N - 1. 

(ii) => (i): It follows from A.1.21 that lim J/ -1. Hence, G is a compact proto-"^ group so that in particular 
Gecplproto-'ig'. 

(i) o (iii): This follows from the equality cplproto-'^ = pro-S^ which is part of B.3.1. 

(ii) ^ (iv): This always holds due to 1 = r\N^J/N ^r\N<\cG N. 

(iv) => (ii): This holds because S^(,G) is a filter basis on G by B.3.3. 
(i) (v): This always holds due to B.1.3. 

(v) ^ (i): By assumption there exists an isomorphism G ^ G' onto a closed subgroup G' <c X := OjE/G/, 
where Gi£'^ for each i e I. Let : X — > Gj be the projection. As all Gj are compact, X is also compact. In 
particular, Ki := Keripi) is a closed normal subgroup ofX and so iVj := G'nKi is a closed normal subgroup 
of G'. As r\i£iKi = 1, we also have DieiNi = 1. The projection pi'.X^Gi is a strict surjective morphism 
by A.3.2 because X is compact and therefore pi induces an isomorphism XIKi ^Gi&^. Moreover, the 
composition of the inclusion G' ^ X composed with the quotient morphism X — XIKi gives a morphism 
G' — >• XIKi with kernel equal to G' nKi -Nt. As G'INi is compact, the induced morphism G'lNi ^ XIKi is 
strict injective by A.3.2 and therefore G'INi is isomorphic to a closed subgroup of XIKi. The assumption 
that satisfies CO and CI thus implies that G'INi e "i^- Hence, 1 = Clt^iNi ^ fliv^cG' ^ therefore G' 

satisfies (iii). Now, as also satisfies C4, the direction (iii) => (i) holds so that G' e cplproto-'^ and as G' = G 
we can finally conclude that G e cplproto-Sg'. □ 

B.3.6 Proposition. Let be a CO-class of compact groups. The following holds: 

(i) If <^ satisfies CI (C2), then cplproto-<^ also satisfies CI (C2). 

(ii) If satisfies CI and C4, then the full subcategory cplproto-S^ of TGrp is closed under the formation 
of limits. In particular, it is a complete category. 

Proof. 

(i) Let G e cplproto-'^^ and let JY he a. filter basis on G consisting of closed normal subgroups such that 
lim jY = 1 and GIN e ^ for all N e jY. Suppose that ^ satisfies CI and let be a closed subgroup of 
G. It follows from B.2.6 that jHnJr '■ H lim HIH nJY- HnnJ/ is an isomorphism. For each N £ the 
composition of the inclusion H ^G with the quotient morphism G GIN gives a morphism H GIN with 
kernel equal to H r\N. The induced morphism HIH r\N ^ GIN is strict injective by A.3.2 and therefore 
HIHnN is isomorphic to a closed subgroup of GIN. Since 'W satisfies CO and CI, it follows that HIHnN e 
and this proves that H = HhhJ^ ^ usspro-Sg' = cplproto-'^^. 

Now, assume that satisfies C2 and let H be a closed normal subgroup of G. Let g : G — GIH be the quo- 
tient morphism. It follows from B.2.7 that 7g(^) : GIH lim {GIH)lq{JY) - (,GIH)q{jy) is an isomorphism. 
Let N e The quotient morphism q^-.G ^ GIN is closed by the closed map lemma and therefore Qn^H) 
is a closed normal subgroup oiGIN. As GIN e and as satisfies C2, it follows that (GIN)lqN(H) e . 
By A.2.7 we have the following isomorphisms 

(GIH)lq(N) = GIHN = (GIN)lqN(H) 

and as satisfies CO, we conclude that (GIH)lq(N) e . Hence, GIH = {GIH)q(j/) e usspro-S^ - cplproto-S^. 

(ii) According to B.1.1 it is enough to show that cplproto-'^ is closed under the formation of products and 
passing to closed subgroups. As cplproto-'^ satisfies CI by the above, it remains to show that cplproto-'^ is 
closed under the formation of products. So, let {Gj | i e 7} be a family in cplproto-^. Since satisfies CI 
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and C4, it follows from B.3.5 that for each i e I there exists a family {Gjj | j e Jj} in and an isomorphism 
(Pi'.Gi^ G'^ onto a closed subgroup <c Ilje Gjj. These isomorphisms induce an isomorphism 

Since G'^ is closed in Ojej; Gij, it follows that Ilie/G'. is closed in nie/OjeJi Gij.^^ Hence, (p is an isomor- 
phism from YlieiGi onto a closed subgroup of a direct product of groups in and as satisfies CI and C4, 
this implies that OiE/Gi e cplproto-'^. □ 

B.3.7 Proposition. Let G be a compact group and let be a formation of compact groups. The following 
holds: 

(i) Let SHG) :^{N\N <]c G}. Then S!'/G) = {N\N<i^GA GIN £ 'g'} is a filter on (S\G),<=.). Moreover, 
<f^(G) it is a lattice with respect to intersections and products. 

(ii) R<^(G) njv£g^(G)'^ ^ closed normal subgroup of G. It is called the "^-radical of G. 

(iii) If : G — ' G' is a surjective morphism of compact groups, then (p{§^{G)) = §^(,G') and ^(Rs^CG)) = 

R<^(G'). 

(iv) G is a complete proto-S^ group if and only if R<^(G) - 1. 

(v) The group n^(,G) := G/R<^(G) is the maximal complete proto-'^ quotient of G, that is, n^(,G) is a 
complete proto-'rf group and if if is a closed normal subgroup of G, then GIH is a complete proto-Sf 
group if and only if 2? > R<^(G). 

Proo/. 

(i) By B.3.3, the set S^{G) is a filter basis on G. So, to prove that it is a filter on (<g'*(G),c), it remains to 
show that for A'' £ ^^(G) and M e <f '(G) such that N^Mwe also have M e S^{G). The quotient morphism 
q :G ^ GIN is closed by the closed map lemma and consequently q{M) <c GIN. As satisfies C2 and as 
G/iV £ ^, we conclude that (G/N)lq(M) e S^. By A.2.7 we have an isomorphism 

G/M = {.GIN)I{MIN) = {.GIN)lq{M) £ ^ 

and therefore G/M £ that is, M £ ^^(G). Hence, (^^CG) is a filter on (<g'*(G),c). 

To prove the second assertion, it is enough to show that S^{.G) is closed under finite intersections and 
products because the set of all normal subgroups of G is already a lattice with respect to these operations. 
By the above, <?,^(G) is closed under finite intersections. If Ni,N2 £ S^{G), then A^i • A^2 is a closed normal 
subgroup of G by A.3.4. Since Ni-N2> Ni and since S^(.G) is a filter on (SHG), q), it follows that iVi • iV2 e 
<?4(G). 

(ii) This is obvious. 

(iii) Let N £ S^{G). Then q){N) is a closed normal subgroup of G' as q) is closed by the closed map lemma. 
The composition of ^ with the quotient morphism G' G'l(p(N) is a strict surjective morphism with kernel 
iV-Ker(^). Hence, G/(N ■KeT((p)) = G'l(p(N). As N-Ker((p) is closed, moreover N e <g'^(G) and iV-Ker(^) > N, 
it follows that A^-Ker(^) £ <f^(G). Consequently, GI(N -Keriq))) e which implies G'l(p{N) £ and therefore 
(p(N) £ ^^(G'). This shows that (p(S^(G)) c ^^(G'). Conversely let N £ ^^(G'). Then <p-\N) is a closed 
normal subgroup of G and the composition of <p with the quotient morphism G' — G'/N is a strict surjective 
morphism having kernel (p~^{N) -Keriq)). Hence, GK(p~^{N) -Keriq))) = G'lN £ and so we conclude that 
(f-Hm ■ Ker(.(p) £ ^^(G). Now, (p(,(p-HN) ■ Ker(^)) = AT and this shows that S^(.G') c y(^^(G)). 

As ^^^^G) is a filter basis on G, we can apply A.3.3 to get 

(/)(Rc^(G))=(^( n n <^(^)= n n^r^^g'). 

Neg^(G) m8\(G) ms\(G') 

(iv) This follows immediately from B.3.5. 

(v) First, we prove that GIR'^{G) is a complete proto-*^ group. This group is obviously compact as G is 
compact and R<g'(G)<cG. Let g : G — G/R<g'(G) be the quotient morphism. By the above, we have 

n Ar = R^(G/R<^(G)) = g(R<^(G)) = L 

iV£<f^(G/R*(G)) 

As satisfies C4, it follows from B.3.5 that GfR^(,G) is a complete proto-Sf group. 



In general, if {X; | i e /} is a family of topological spaces and Yi is a closed subspace of Xi for each i e /, then nie/^j is a closed 
subspace of X := nieZ-^t because Wi^iY^ = Hje/ Pj^(Yi)> where iX-^X; is the projection. 
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Now, let Hhea closed normal subgroup of G such that G/H is a complete proto-Sf group. By B.3.5 we have 

Rcg(G/H)= n N=l. 

Let q:G ^ G/H be the quotient morphism. By the above, we have 1 = R<^(G/J7) = q(Rc^{G)) and therefore 
Rsg-(G) < H. On the other hand, let be a closed normal subgroup of G such that B,<g(G) < H. Let q :G ^ 
G/H be the quotient morphism. The group G/H is compact and we have Rcg(G/H) = q(Rcg(G)) = 1 and so it 
follows from B.3.5 that G/H is a complete proto-S^ group. □ 

B.3.8 Proposition. Let Sg' be a variety of compact groups. The following holds: 

(i) If : G — G' is a morphism of compact groups, then <p(Rc^(G)) < Rc^(G'). 

(ii) If G is a compact group, then the quotient morphism q:G^ G/R<^(G) is universal among morphisms 
into complete proto-'^^ groups, that is, if (/) : G ^ G' is a morphism into a complete proto-Sf group G', 
then there exists a unique morphism (p' : G/R^(G) — G' making the diagram 



G 



^G' 



G/n^(G) 

commutative. 

(iii) If ^ : G ^ G' is a morphism of compact groups, then there exists a unique morphism n^((p) : n^{.G) ■ 
7i^(G') making the following diagram commutative 



G 



G' 



Y 

n<g(G) 



■ n^(G') 



where the vertical morphisms are the quotient morphisms. 
(iv) The maps 

TGrp'=<"" cplproto-<^ 
G — n^(G) 



G^G' 



define a functor. 



Proof. 

(i) The map cp is closed according to the closed map lemma and therefore B :- (p(G) is a closed subgroup 
of G'. As G' is compact, it follows that B is also compact. The morphism y/ obtained by composing the 
canonical inclusion B ^ G' with the quotient morphism G' G'/R<^(G') has kernel B n R<^(G') Oc-B- The 
induced morphism xji' : B/{B n R<^(G')) G'/R^giG') is closed and strict injective so that B/(B n Rc^(G')) is 
isomorphic to a closed subgroup o{ G'/R<g(G'). Since ^ satisfies CI, it follows from B.3.6 that cplproto-'r^ 
also satisfies CI and so we conclude that nR<^(G')) is a complete proto-'^ group. Now, B is a compact 
group and B n Rc^(G') is a closed normal subgroup of B such that B/(B n R<^(G')) is a complete proto-S^ 
group. Thus, B.3.7 implies that BnRcg(G') > Rcg(B). The corestriction (p' .G ^ B = Im(^) is a surjective 
morphism of compact groups and so it follows from B.3.7 that q)'(Rcg(G)) = Rcg(B). Altogether, we have 

R<^(G') > S n R^(G') > R^(B) = (p'(R^(G)) = (p(R^(G)). 

(ii) Since G' is a complete proto-'^^ group, we have R<g-(G') = 1 and by the above we have ^(R-^(G)) c 
Rsg-(G') - 1, that is, R<^(G) c Ker(^). Hence, it follows from A.2.8 that (p induces a morphism of topological 
groups q)' : G/R^(G) — G' such that ip' oq-<p. This shows existence of such a morphism. The uniqueness is 
evident. 

(iii) Let q\G ^ ti^{G) and q' -.G' ^ n^if}') be the quotient morphisms. Then q' o (p : G ^ n<ig{.G') is a 
morphism of compact groups and so we have q' o (p{Rfg(!G)) < R<g'(;r<g'(G')) = 1 by the above. Hence, R<g'(G) < 
Ker(q'' o (p) and therefore q' °(p induces a morphism 7Tcg((p) : n^giG) — n^(,G') making the diagram 

v i' 
G G' — 7T<g(G') 




7I^(G) 
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commutative. This shows existence of such a morphism. The uniqueness is evident. 

(iv) This follows immediately from the uniqueness of n^{(p). □ 

B.3.9 Proposition. Let G be a compact group, let if be a closed normal subgroup of G and let be a 
variety of compact groups. Then 

R<^(G/ii) = HB^iOyH < G/H 
and there exists a canonical isomorphism 

G/HR^(G)^ji<g(G/H). 

Proof. Let q:G ^ G/H be the quotient morphism. An application of B.3.7(iii) yields HRcg(G)/H = q(Rcg(G)) = 
RcgiG/H). Hence, using A.2.7(vii), we have a canonical isomorphism 

n<g{GIH) = (G/H)/R^(G/H) = (G/H)/(HB^(G)/H) = G/HR^(G). 

□ 

B.3.10 Proposition. The following holds: 
(i) The class Ab'^°™ of compact abelian groups is a variety. 

(ii) If G is a compact group, then Com'(G) = R^b^^CG). 

(iii) The functors (-)^^ and n/^\jCim coincide on TGrp™™. 

Proof. 

(i) It is evident that Ab™™ satisfies CO - C3 and therefore it also satisfies C4, that is, Ab'"'™ is a variety. 

(ii) The quotient G/Com^(G) is a compact abelian group and therefore it is in particular a complete proto- 
Ab™™ group. Hence, it follows fi-om B.3.7 that Com*(G) > Rfi^[jCom(G). Conversely, let iV be a closed normal 
subgroup of G such that G/N e Ab™™. Then G/N is in particular a separated abelian group and therefore 
N > Com*(G). Hence, 

RAb"'"«5)= n -;V>Com*(G). 

G/iVeAb"" 

(iii) This is now obvious. □ 



B.4. Profinite groups 
B.4.1 Convention. A class of finite groups is always considered as a subclass of TGrp** with respect to 
the discrete topology. 

B.4.2 Definition. For a class of finite groups we introduce the following additional properties that 
might satisfy: 

(C4') If G is a finite group and Ni,N2 < G with G/Ni,G/N2 e then also G/Ni nN2&'^. 
(C4") If G is a group and NuN2 < G with GINi,GIN2 € then also GINi n e 

B.4.3 Proposition. For a class of finite groups there exist the following equivalences: 
(i) C0aC4'<^C0aC4". 
(ii) C0aC2aC4*=>C0aC2aC4'. 
In particular, the definition of a formation (variety) of finite groups given in [RZOO] coincides with the 
definition given in B.3.4. 

Proof 

(i) Suppose that C0aC4' holds and let G,Ni,N2 as in C4". Let G' := G/(iViniV2) andiVi := NiKNinN2)<lG' . 
Since G/Ni ^ ^ and since is a class of finite groups, we have 

IG'I = [G : iVi niV2] < [G : iVi] • [G : iV2] < oo. 

As G'/iV^' = G/Ni £ ^, it follows from CO that G'/N'^ e <^ and now it follows from C4' and CO that 

3 G'/ATi n = G7{1} s G' = G/ATi n iV2 => G/iVi n iV2 e 

Hence, C4" is satisfied. The converse implication is obvious. 

(ii) The implication ^> is obvious, so suppose that CO A C2 A C4' holds. It follows from the above that 
CO a C2 a C4" holds and then it remains to show that 1^"^. Since satisfies CO, there exists G&^ and 
according to C2 we have 1 = G/G e <if . □ 
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B.4.4 Proposition. The following holds: 

(i) The class Grp*^ of finite groups is a variety. A pro-Grp^ group is called a profinite group. 
(ii) For a set of prime numbers P the class ^ of finite P-groups is a variety. A pro-'i^ group is called a 
pro-P group. 

Proof. This is obvious. □ 

B.4.5 Proposition. For a locally compact group G the following are equivalent: 

(i) There exists a filter basis of 1 e G consisting of open subgroups. 

(ii) G is totally disconnected. 

If moreover G is compact, then the above is also equivalent to: 

(iii) There exists a filter basis of 1 e G consisting of open normal subgroups. 

(iv) G is a profinite group. 

Proof. This is [HM06, theorem 1.34] (note that instead of (iv) it is stated that G e spro-Grp^ but as Grp^ 
satisfies CI we know that spro-Grp^ - pro-Grp^). □ 

B.4.6 Proposition. The following holds: 

(i) Let G be a quasi-compact group and let U be an open subset of G. If [Hi | i e 7} is a family of closed 
subgroups of G such that ClieiHi Q U, then there is a finite subset J of / such that Clj^jHj Q JJ. 

(ii) If G is compact and if {f/j | j e /} is a filter basis on G which consists of open subgroups of G such that 
riieiUi = 1, then 

'^ = {f]Uj\J'^lA Card( J) < oo} 

is a filter basis of 1 e G. 



Proof. 

(i) Since DieiHi c U, we get 



G\U^G\f]Hi=\jG\Hi. 



Hence, {G \Hj | i e /} is an open cover of G\U. Because G \ i7 is a closed subset of the quasi-compact space 
G, it is also quasi-compact and so there exists a finite subset J of 7 such that G \ t/ c [Jj^jG\Hj. This 
implies DjEjHj^U. 

(ii) Let n be a neighborhood of 1 £ G. Then O contains an open subset U qG with IeU. Since flje/ C/j = 1 ^ 
U, the statement above implies the existence of a finite subset J of 7 such that Djej Ui^U. As Hjej Ui e 
this shows that for each neighborhood Q of 1 e G there exists some U e'^ with f/ Q Q. Hence, is a filter 
basis of IeG. □ 



B.4.7 Proposition. Let he a CO-class of finite groups. The following are equivalent for a topological 
group G: 

(i) G e cplproto-'^ = -kpro-'^ for e {uss, ss,us,s}. 

(ii) G is compact and there exists a filter basis ^ of 1 e G consisting of open normal subgroups of G such 
that G/U e for each Ue'^. 

If Sg' satisfies CI, then (i) is also equivalent to 

(iii) G e pro-<^. 

If satisfies C2, then (i) is also equivalent to 

(iv) G is a compact totally disconnected group and G/U e ^ for each open normal subgroup f/ of G. 
If satisfies C4, then (i) is also equivalent to 

(v) G is compact and Du^gt (g) = 1- 

If satisfies CI and C4, then (i) is also equivalent to 

(vi) G is isomorphic to a closed subgroup of a direct product of groups contained in . 

Proof. 

(i) => (ii): It follows from B.3.5(i) => B.3.5(ii) that G is compact and that there exists a filter basis on G 
consisting of closed normal subgroups of G such that Clue^ U = 1 and G/U e ^ for each U Since 
consists of finite groups, we conclude that each U is open in G. As ^ is a filter basis, it is closed under 
finite intersections and so it follows from B.4.6 that ^ is a filter basis of 1 e G. 

(ii) => (i): Since is a filter basis of 1 e G, we have = 2J(1) and therefore lim = lim5J(l) = {1}. 
According to A.1.21 this implies nu^<^U = 1. Now the statement follows immediately from B.3.5(ii) =» 
B.3.5(i). 

(i) o (iii): This is B.3.5(i) o B.3.5(iii). 
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(ii) => (iv): It follows from B.4.5(m) => B.4.5(ii) that G is totally disconnected. Let U be an open normal 
subgroup of G. Since is a filter basis of 1 e G, there exists V with V <U. By assumption G/V e 
and as G/U s (.G/V)/(.U/V), it follows from CO and C2 that G/U e 

(iv) => (ii): It follows from B.4.5(ii) => B.4.5(iii) that there exists a filter basis of 1 e G consisting of open 
normal subgroups of G. By assumption we have G/U e for each U e^. 

(i) o (v): Since G is compact and ^ consists of finite groups, we have S^(.G) - <f^(G) and therefore the 
statement follows from B.3.5(i) o B.3.5(iv). 

(i) o (vi): This is B.3.5(i) B.3.5(v). □ 

B.4.8 Corollary. The following are equivalent for a topological group G: 

(i) G e cplproto-Grp'^= ★pro-Grp^for ★ e {0,uss,ss,us,s}. 

(ii) G is compact and there exists a filter basis of 1 e G consisting of open normal subgroups of G. 

(iii) G is compact and totally disconnected. 

(iv) G is compact and r\u<ioG U = 1. 

(v) G is isomorphic to a closed subgroup of a direct product of finite groups. 



Proof. This is obvious. 

B.4.9 Proposition. The category pro-Grp*^ is complete. 
Proof. This is an application of B.3.6. 



□ 



□ 



B.5. Procyclic groups 

B.5.1 Proposition. The class Grp'^''^" of all finite cyclic groups satisfies CO, CI and C2 but not C4. In 
particular, Grp'^''^" is not a formation. A pro-Grp^'"^" group is called a procyclic group.^^ 

Proof. It is obvious that satisfies CO, CI and C2. To see that 'W does not satisfy C4, consider the following 
counter-example: Let G = C2 x C2 and A^^i = C2 x {l},iV2 = {1} x C2. Then G/Ni and G/iV2 are finite cyclic 
groups but G/Ni nN2- G/{1} = G is non-cyclic. □ 

B.5.2 Proposition. The following holds: 

(i) The quotient of a procyclic group by a closed subgroup is again procyclic. 

(ii) A closed subgroup of a procyclic group is again procyclic. 

Proof. This is an application of B.3.6. □ 

B.5.3 Definition. Let G be a topological group. A subset X qG is said to topologically generate G, if the 
abstract group {X) generated by X is dense in G, that is, := cl((X)) = G. 

B.5.4 Proposition. Let 5* be a surjective projective system of compact groups with index set I, objects Gi 
and morphisms (pij : Gj Gi, i < j. Let G = lim ^ and let pf.G ^ Gihe the canonical morphism. Then a 
subset X^G topologically generates G if and only if Pi(X) topologically generates Gj for each i e /. 

Proof. Let X topologically generate G. Since 5* is a surjective projective system of compact groups, it 
follows from B.2.10 that is already universally surjective, that is, pi is surjective for each i el. As pi is 
a morphism of compact groups, it is closed by the closed map lemma and therefore we get 

Gi = pi(G) = Pi(cl({X})) = cl(pi({X))) = cl({pi(X))). 

Hence, piiX) topologically generates Gi for each i e I. Conversely, let Pi(X) topologically generate Gj for 
each i e I. Let Y := cl((X))). Since pi is closed, we have 

Pi(Y) = pi(cl({X))) = cl(pj((Z») = cl((pi(Z)» = Gj. 

Hence, an application of [RZOO, proposition 1.1.8] yields 

Y = cl(Y) = lim ^ = G 

and therefore X topologically generates G. 

B.5.5 Proposition. Let (p : G ^ H he a surjective morphism of compact groups 
generates G, then (p(X) topologically generates H. 

^^More precisely it should be called a pro-(finite cyclic) group. 



□ 

. If X c G topologically 
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Proof. Since (p is continuous and (due to the closed map lemma) closed, we have 

H = q)(G) = (/)(cl((X») = cl((p((X») = cl(((p(X)». 



□ 



B.5.6 Proposition. For a topological group G the following are equivalent: 

(i) G is procyclic. 

(ii) G is compact, totally disconnected and topologically generated by one element. 

(iii) There exists an isomorphism 

G - n H(p), 

where P is a set of prime numbers and each H{p) is a procyclic pro-p group. 

Proof. 

(i) => (ii): An application of B.4.7 shows that G is compact and totally disconnected. As Grp*^''^" satisfies CI, 
there exists an isomorphism G = lim where is a surjective projective system in TGrp^ whose objects 
are finite cyclic groups. We can assume without loss of generality that G is equal to such a projective limit. 
Let 5* have index set (/, <), objects Hi and morphisms (pij : Hj Hi for i < j. For each f e 7 let Xi be the 
set of all elements of Hi which generate Hi. As Hi is cyclic, Xi is non-empty. Since (pij is surjective, cpij 
maps generators oiHj to generators oiHi, that is, (pij(Xj) Q Xi. Hence, we can define a projective system 
3*' with index set (/,<), objects Xi and morphisms (Pijlxj '■ Xj — X^. As each Hi is finite, Xi is also finite 
and so it follows from proposition [RZOO, proposition 1.1.4] that X := lim is non-empty. By definition, 
the diagram 




Hi 



<Pij 



Hi 



commutes for all i <j €.1, where p'^ is the canonical morphism and li is the inclusion. Hence, the family 
{Li op'.\i£l} induces a morphism rj-.X ^G making the diagram 

1 




commutative for each i e I. Now, since X ^0,we can choose an element xeX and by the commutativity of 
the diagram above this element satisfies 

Pi o rjix) = t j o p'-(7j(x)) e Xi 

for each i e /. Thus, piorjix) is a generator of ifj and so it follows from B.5.4 that ri(x) is a topological 
generator of G. 

(ii) => (i): It follows from B.4.8 that there exists a filter basis of 1 e G consisting of open normal subgroups 
of G. Then G = lim G/'^ and it follows from B.5.4 that qu(x) topologically generates G/U for each U e'^. 
As each U is open in G, the quotient G/U is discrete and therefore already G/U - (quM). Thus, G/U 
is a finite cyclic group for each U e'^ and this shows that G is procyclic. 

(i) => (iii): If G is procyclic, then G is in particular pronilpotent and so by [Wil97, proposition 2.4.3] there 
exists an isomorphism G = YlpGp, where Gp is the p-Sylow subgroup of G. The group Gp is a pro-p group 
and as Gp is a closed subgroup of G, it is procyclic by B.5.2. Hence, G is isomorphic to a product of procyclic 
pro-p groups for different prime numbers p. 

(iii) => (i): As each H(p) is compact, the group G is also compact. Let 



^ := { n U(p) I mp) <omp) A Card({p | f/(p) ^ if(p)}) < oo}. 
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Since H(p) is profinite, it follows from B.4.8 that nu<oH(p)U = 1 for each p eP. Hence, Clue'^U = 1 and 
as is closed under finite intersections, an application of B.4.6 shows that is a filter basis of 1 e G. If 

GIU - n H(p)/mp). 

p£P 

This product is finite since U(p) = H{p) for almost all p. Moreover, as H(p) is a procyclic pro-p group, it 
follows that H{p)IU{p) is a finite cyclic p-group. Hence, G/U is a finite product of finite cyclic p-groups for 
pairwise different prime numbers p and therefore GIU is a finite cyclic group by the Chinese remainder 
theorem. Thus, G is procyclic by proposition B.4.7. □ 

B.5.7 Proposition. Let p be a prime number and let « e Nu {oo}.^^ The following holds: 

(i) Up to isomorphism there exists a unique procyclic group Cpn of order p", namely Cpn = Z/p"Z if 
n <oo and Cpn = Zp if n — oo. 

(ii) The group Zp has a unique closed subgroup H of index p", namely H - p'^Z if n < oo and if = 1 if 
n — oo. 

Proof. This is part of [RZOO, theorem 2.7.1]. □ 

B.5.8 Theorem. For each supernatural number n - OpP"*^', there exists up to isomorphism a unique 
procyclic group C„ of order n, namely := Op CpMp). 

Proof. Let n = OpP"*'''- By B.5.6 the group Hp Cpn(p} is procyclic and by [RZOO, proposition 2.3.2] the order 
of this group is equal to 

p p 

This proves existence of a procyclic group of order n. To prove uniqueness, let Q be a procyclic group of 
order n. By proposition B.5.6 there exists an isomorphism Q = llpH(p), where H(p) is a procyclic pro-p 
group. In particular 

Y\ p'^^p^ :=n = #n = Y\#mp). 

p p 

As H(p) is a pro-p group, its order is a (supernatural) power of p by [RZOO, proposition 2.3.2]. So, the 
equation above implies that #H(p) = p"*^^ and therefore H(p) = Cpnip) by B.5.7. Hence, 

^ - n Cp^fp) 
p 

and this proves uniqueness. □ 

B.5.9 Proposition. Let H be a compact abelian group with topological generator (o. If n e N>o, then is 
an open subgroup of Q with [O : £1"] | n and Q" = <w">c- 

Proof. It follows from A.5.2 that is a closed subgroup of n. Let g : Q — ' Q/Q" be the quotient morphism. 
Then 

n/Q" = q(n) = q({co)c) = {q(co)),. 
As o)" e Q", it follows that {q((o)) is finite and since Q/Q" is separated, we can conclude that 

(qm = {q(a)))c = Q/Q" 

is finite. Hence, O" is open and [O : Q"] - Ord(q(a))) | n. 

Since the map : Q — Q, a: >— x", is continuous and closed, it follows that 

= ^„{n) = M«(cl«w») = cl(M„((w») = cl«M„(w)» = cl«w"». 

□ 

B.5.10 Theorem. Let D.he a procyclic group and let A(n) be the set of supernatural divisors of #D.. The 
following holds: 

(i) There exists a bijection between the set of closed subgroups of D. and A(Q), given hy H ^[Q.: H]. 

(ii) The above bijection induces a bijection between the set of open subgroups of Q and A(0) n N. 

(iii) If re e A(n) n N, then the open subgroup of index re of Q is equal to . 

Proof 



®^ Confer [RZOO, chapter 2.3] for a discussion of supernatural numbers. 
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(i) Let Hhea closed subgroup of Q. By [RZOO, proposition 2.3.2] we have 

#n = [n : 1] = [Q -[J? : 1] = [Q 
and consequently [D.:H]e Aifl) so that the map is well-defined. 

To show that the map is injective, we prove that H is the only closed subgroup of D. of index ra = [H : H]. 
We can assume that CI - Hp Cpm(p). Then H is procyclic according to B.5.2 and so it follows from B.5.6 that 
H = IlpH(p), where H{p) is the p-Sylow subgroup subgroup of if. The group H(p) is then necessarily a 
closed subgroup of C^mCp). Since 

^n^[n:H]^ #(Q/if) = #(YlCpMp)/mp)) = Yl#(Cpmip)/H(p)) 
p p p 

it follows that [C^mtp) : H{p)] - p"*^'. Hence, H{p) is the unique subgroup of index p"*^' of C^mCp) and 
therefore H is unique. 

To show that the map is surjective, let n = FIpP"^''' e A(Q). As #n = UpP"''-^\ it follows that p"'''' divides 
pm(.p) fQj. g^jjjj prime number p. Let2?(p)be the closed subgroup of index p"*^^ of C^mCp). Theni? := YlpH(,p) 
is a closed subgroup of Q. and similar to the above one can show that [D. .H] = n. 

(ii) This is evident since O is compact. 

(iii) Let H be the open subgroup of index n of O. Let w be a topological generator of CI. As Cl/H is discrete, 
it follows that Cl/H = (w mod H). As #(C1/H) = n, we conclude that co"' eH and therefore fi" = (a)">c < H. 
Hence, 

and this implies that = Q". □ 

B.5.11 Proposition. For a topological group G the following are equivalent: 

(i) G is a Z-torsion-free procyclic group. 

(ii) G is isomorphic to a group of the form Zp := OpeP where P is a set of prime numbers. 

Proof. Let G be a Z-torsion-free procyclic group. Then G is isomorphic to YlpepCpMp), where P is a set 
of prime numbers and n(p) e N>o U {oo}. As G is Z-torsion-free, each Cpnip) is Z-torsion-free and therefore 
n(p) = oo for all p eP. In particular, Cp„(p) = Z^ for each p e P and therefore G = Zp. Conversely, it is 
evident that Zp is a Z-torsion-free procyclic group. □ 

B.5.12 Lemma. Let P be a set of prime numbers. For a supernatural number re = Op p"*^^ let 

P(re):= rip"*"' 
peP 

and 

P'(re):= n P"'"'- 
ptP 

Then n=P(n)-P'(n), P(nm) = P(n) ■ Pirn) and P'(nm) = P'(n) ■ P'(m) for all supernatural numbers re, m. 

Proof. This is evident. □ 

B.5.13 Proposition. Let P be a set of prime numbers and let CI = Zp. Then [Q : Q"] = P(re) for all n e N>o. 

Proof. We can assume without loss of generality that CI = Zp. First suppose that P = {p} for a prime 
number p. The ring Zj, is local with maximal ideal (p). Hence, if is a prime number different from p, 
then qeZp and consequently qZp = Zp. As n- P(n)-P'(n) - p"-''^^ -P'in), it follows that nZp - P(n)Zp and 
an application of B.5.7 now shows that [Zp : P(re)Zp] = P(re). This proves the claim in the case P - [p]. Now 
let P be arbitrary and let re = OpP"*^^- Since reZp = OpeP 'iZp, it follows from the above that 



[Zp : reZp] = n : reZ^] = [] P^n) = [] P 



n(p) 



= re. 



p^P peP peP 

□ 
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C. Miscellaneous 

In this chapter miscellaneous results are collected. 



C.l. Category theory 
C.l.l Proposition. Let ^ be a category and let / : X — Y be a morphism in Sg' having a kernel k:K^X.^'^ 
The following holds: 

(i) If / is a monomorphism, then k-Q. 

(ii) If Sg' is preadditive and k-0, then / is a monomorphism. 

Proof. 

(i) By definition of the kernel, the diagram 

K—^X ^ Y 



commutes. Hence, we have f ok =0ok =0 = f oQ and as / is a monomorphism, this implies that = 0. 
(ii) Let 

X' ^X ^Y 

be a commutative diagram in . Since is preadditive, we get 

f°gl^f°g2^f°gl-f°g2=0^f°(,gl-g2)^0. 

Hence, the diagram 

X'^X^Y 



^ AO 
k 



K 

commutes, where the dashed arrow is induced by the universal property otk. As = 0, we get gi-g2 = 0, 
that is, gi = g2 and so /" is a monomorphism. □ 



C.2. Double cosets 

C.2.1 Definition. Let G be a group and let U,V be subgroups of G. A (U,V)-double coset in G is an 
equivalence class of the equivalence relation ~ on G defined by 

g~g' ^(3ueU,ve V)(g' = ugv). 

The set of all equivalence classes is denoted by U\G/V. 

C.2.2 Proposition. Let G be a group and let U,V be subgroups of G. The following holds: 

(i) The equivalence class of ^ e G with respect to ~ is equal to UgV. 

(ii) A subset R^G is a complete set of representatives of the (U, V )-double cosets if and only if 

G - U UgV. 

(iii) The set U\G/V is the orbit space of the right action of V on J7\G defined by f/\G x y ^ f/\G, 
(Ug, v) " Ugv. Similarly it is the orbit space of the left action of U on G/V defined by f/ x G/V — G/V, 
(u,gV)^ugV.^^ 

(iv) \U\G/V\ < min{|{7\G|, \G/V\}. 

Proof. Let E be the equivalence class of g. li u eU and v eV, then by definition ugv ~ g and therefore 
UgV qE. On the other hand, ifg'eE, then g' ~ g and so there exist ueU,v€V such that g' = ugv e U gV. 
Hence, E c UgV. The remaining assertions are now obvious. □ 

C.2.3 Proposition. Let G be a group and let U,V be subgroups of G. The following holds: 



This implies of course that has a zero object. 
"This also explains the notation U\G/V. 
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(i) Suppose that <V for each ge.G. If i? is a complete set of representatives of GA'^, then R is also a 
complete set of representatives ofU\G/V. 

(ii) Suppose that ^ <U ior each g€.G. liR is a complete set of representatives oiU\G, then R is also 
a complete set of representatives o{U\G/V. 

Proof. We only prove the first statement, the second is proven similarly. By assumption we have a de- 
composition G - UgzRgV and therefore G - UgeoUgV. It remains to show that this union is disjoint. 
So, let g e UgiV nUg2V for some gi,g2 £ R- Then g = uigivi = U2g2V2 for some u\,U2 e U,vi_,V2 £ V. 
Since <V for all g eG, we can write Uigi = giv'^ for some e V. Now, Migifi = U2g2V2, therefore 
giv'^vi = g2V2V2 and consequently g2^gi = (i'2^2)(i''ii'i)~^ e V. Hence, gi = g2. □ 

C.2.4 Proposition. Let G be a group and let U,V be subgroups of G. Let i? be a complete set of represen- 
tatives of the (U,V) double cosets in G. The following holds: 

(i) For each p e i? let Tp be a right transversal ofUPnV in V. Then T-{pt\peR and t e Tp) is a right 
transversal of C/ in G. 

(ii) For each p e i? let pT be a left transversal ofUnPV in f/. Then T = {tp \ p eR andt € pT] is a left 
transversal of V in G. 

Proof. Let g£G. Since we have a decomposition G = Upefl C^P^, we can write g = upu for some p€R,u€ 
U,v eV. As Tp is a right transversal of n V in V, we have a decomposition V = UteTp (U^ nV)t and so 
we can write v = wt for some w eJJP nV, t eTp. Now, we have 

g - upv - upwt - upw{p~^ p)t - (upwp~^)pt. 

As upwp-^ e U ■ P(UP nV)^U-(,UnPV)QU and pt€T, this implies that geUT. Hence, G^U^^tUt. It 
remains to show that this union is disjoint. For this, let ti,T2 e T and g e f/ri nf/T2. Then g = uipiti = 
"2P2^2 for some Ui eU and pj £R,ti£ Tp. with Tj = pjij. In particular, g e f/piV n Up2V and therefore 
pi-p2--P- Moreover, 

Uiptl = M2P^2 => p~^M2^MlP = t2ti-^ £ V 

and because u^^ui e U, we get t2t^^ e i/'', so t2t^^ eUP nV. Since ii,i2 e Tp, this implies = t2 and 
consequently ti = T2. The second assertion is proven in the same way. □ 



C.3. G-modules 

C.3.1 Proposition. Let G be a topological group and let A be an abstract G-module. The following are 
equivalent: 

(i) A is a topological G-module with respect to the discrete topology on A. 

(ii) For each a e A the stabilizer subgroup Ga - {g ^ G \ ga - a] is open in G. 

(iii) A = A^, where is the set of open subgroups of G. 

Proof. Let jU : G x A — > A be the map defining the abstract G-module structure on A. 

(i) => (ii): By assumption, ^ is continuous with respect to the discrete topology on A and so is its restriction 
to the open subset G x {a} of G x A. Hence, IJ-lo^^^^iia)) -GaX [a] is open in G x {a} and therefore Ga is open 
inG. 

(ii) => (iii): As a eA^" for each a e A, this is obvious. 

(iii) (i) Let g e G, a e A and a' - ii{g,a). By assumption, there is an open subgroup U '^G such that 
a e A^. Hence, gU x [a] is an open neighborhood of (g,a) e G x A mapped to a' by ^. This shows that fj, is 
continuous. □ 

C.3.2 Proposition. Let G be a topological group and let (^, 3) be a filter basis on G consisting of open 
normal subgroups of G. Let be an inductive system in Ab with index set (jV,^), objects Ay e Ab and 
morphisms (pv,u '■ iorU^VE Ji . The following holds: 

(i) If each A{/, U e J/ , has the structure of an abstract G/{7-module and if each morphism (pYjj, U 3 

y e ,yK is GIV -equivariant, then the abelian group colim J? admits a unique structure of a discrete 

G-module such that for each U ejY and g^G the diagram 



colim J' > colim ^ 

A A 
lU 'u 
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commutes, where iJ.u,g denotes the action of(g mod U) on Ajj, denotes the action ofg on cohm J' 
and lu denotes the canonical map. 
(ii) Let J', J'' be two inductive systems as in (i) having the same index set {JY,^) and let : Au — 
A'^,U e ^ be GfU -module morphisms such that for each pair U ia J/' the diagram 



Au >A'j^ 



<Pv,u 



fv.u 



Av ^A'y 

commutes. Then there exists a unique G-module morphism y/ : colim ^ — colim J'' with respect to 
the unique G-module structure on the inductive limits such that for each U^V £JY the diagram 

V 

colim ^ > colim ^' 



A 



Au ^A' 



commutes. 



Proof. 

(i) The colimit A := colim obviously exists in Ab. We use the standard presentation of the inductive limit 
having as underlying set a quotient of Uueji^-^u and denote the equivalence class of a e Au in A by [U,a]. 

Any element of A is of the form [U,a] for some U e J/ , a e Au- If A admits a structure of an abstract 
G-module such that the diagram above commutes, then the G-action is necessarily given by 

g[UM = \U,{gnioAU)al (CD 

This proves uniqueness of such a G-module structure. It remains to prove that the above indeed defines 
a discrete G-module structure on A. First, we have to check that it is independent of the choice of a 
representative of an element [{7,a] e A. If [f/,a] = [¥,6] e A, then there exists W ejV such that W'^UnV 

and (pw,u(o-) - 'Pw,v(b)- Hence, 

(g mod W)(pw,u(a) - (g mod W)(pw,vib) ^ (pw.ui^g mod U)a} - (pw,v((g mod V)b) 
^ [U,{g mod U)a] = [V,(g mod V)bl 

Obviously lUJ,a] = UJ,a] and (g'g)[U,a] = g'(g[U,a]) for all [U,a] e A and g,g' e G. If [U,aUV,b] g A, 
then [U, a] + [V, b] = [W, (pw,uM + (pw,v(b)] for any W e ^ with W^UnV. Hence, 

g([U,a] + [V, b]) = g[W,(pw,u(a) + (pw,v(b)] = [W,(g mod W)(<pw,uM + (pw,v(b))] 

= [W,(g mod W)(pw,uM + (g mod W)(pw,v(b)] = [W,(pw,u((g mod U)a) + (pw,v((g mod V)b)] 

= [U, (g mod U)a] + [V, (g mod V)b] = g[U, a] + g[V, b]. 

This shows that the G-action given by equation C.l defines an abstract G-module structure on A. If 
[U,a] e A is any element, then g[U,a] = [U,a] for all gElJ and therefore [U,a] e A^. Hence, A is indeed a 
discrete G-module by C.3.1. 

(ii) Let A = colim J' and A' = colim J''. By the commutativity assumption, y/ is necessarily given by 

yr([U,a]) = [U,yfu(a)] 

for each [U,a] e A. It remains to verify that this indeed defines a G-module morphism. If [U ,a],[V ,b] e. A, 
then [U,a] + [V, b] - [W, (pw,uia) + (pw,v(b)] for any W eJ/ with W <UnV and therefore 

il/(lU,a] + [V, b]) = yf([W, q>w,uia) + (pwyib)\) = [W, y/wi<Pw,uia) + (pwy(b))\ 

[W ,yrw('Pw ,uia.)) + fwifwyib))] = [W, q)'^ jjiy/uia)) + tp'^ y(ii>v^b))] 

= [f/,i//i7(a)] + [V,T/^v(6)] = v^([f/,a]) + T//([y,6]). 

Finally, for each geO, 

gyr([U,a]) = g[[/,i//[/(a)] = [U,{g mod [/)i//c/(a)] = [t/,i/^c/((g mod U)a)] 

Vm^g mod C/)a]) = i//(g[C/,a]), 
so 1^ is G-equivariant. □ 
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C.4. Normal cores 

C.4.1 Proposition. Let G be a group and let Hhea subgroup of G. The normal core of in G is defined 

as 

The following holds: 

(i) NCG(-ff) is the largest normal subgroup of G that is contained in H. 

(ii) If r is a right transversal of 7? in G, then NCg(-H') = HteTH*. 

(iii) If [G :H]< oo, then also [G : NCoiH)] < oo. 

(iv) If G is quasi-compact and H is an open subgroup of G, then NCgC-W) is also an open subgroup of G. 
Proof. 

(i) It is obvious that NCg(H) < H and since 

ncg(h/ = ( n H^)^' = n H^^' = n = ^coim 

geG geG geG 

for any g'eOit follows that NCeCif) < G. If iV < G such that N<H, then N = N«<He for all g e G and 
therefore N < NCg(H). 

(ii) If ^ e G, then g = KT(g}t for some i e T and therefore = H''T(e)t = (ji^T(g))t = jjt Hence, NCgC-W) = 

(iii) Let T be a right transversal of if in G. Since T is finite, we have 

[G : NCg(H)] ^[G:p[H*]<Y[\G: H'] < oo. 

(iv) Let r be a right transversal of H in G. Since H is open and G is quasi-compact, T is finite and so 
NCG(if ) is a finite intersection of open subgroups of G which is again open in G. □ 



C.5. The compact-open topology 
C.5.1 Proposition. Let X be a set and let SB c ^(X). The following holds: 

(i) Let 3'{9B) be the set of all topologies on X which contain Then 

(^>:= n T 

is the smallest topology on X which contains SS. It is called the topology on X generated by 55. 

(ii) The topology (^) has the following explicit description: 

{SB) = {X, 0} u (U n Uij I / e Set A (Vi e /)( c/AJi^0A|Ji|<ooA {Uij)uIJ^J^ c SB)). 

(iii) If T is a topology on X, then (t) = t. 
Proo/! 

(i) The set 5"(^) is non-empty because it contains the discrete topology and then it follows immediately 
that (,S§) is a topology on X. It is also evident that it is the smallest topology on X containing 

(ii) Let be the set on the right-hand side of the equation. Since (SS) is a topology containing S§, it is 
obvious that (SS) 3 6^. Conversely, it is easy to verify that is a topology on X which contains 5§ and this 
impUes (SS) Q s^. 

(iii) This is evident. □ 

C.5.2 Definition. A subbase for a topological space (X, t) is a subset S§ Q ^(X) such that {S§) = t. 

C.5.3 Definition. Let X and Y be topological spaces and let y e Y. The function e Homjop(X,y) 
defined by Cy^ix) = y for all x e X is called the constant function with value y.^ 

C.5.4 Proposition. Let X and Y be topological spaces. For subsets A^X and B'^Y we define 

T(A,B) = {/ e HomTop(X,y) I /(A) qS}. 

The following holds: 
^^Note that Cy ^ is also defined for X = 0. In this case Cy = 0. 
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(i) If B cy, then T(0,B) = HomTopC^T)- 

(ii) IfAcXandA7^0,thenT(A,0) = 0. 

(iii) If A c X and B c y, B ^ 0, then c^^ e T(A,B) for all 6 e B. In particular, T(A,B) ^ 0. 

(iv) If A' c A cZ and B'qB<^Y, then T(A,B') c T(A',B). 

(v) If Ai,A2 and Bey, then T(Ai u Ag.B) = T(Ai,B)n T(A2,B). 

(vi) If A c X and Bi,B2 ^ y , then T(A,Bi nBg) = T(A,Bi) n T(A,B2). 

Proof. All statements are easy to verify. □ 

C.5.5 Definition. Let X and Y be topological spaces. The compact-open topology on Homjop(X,y) is the 
topology generated by 

{T(K, U)\K^X compact A {7 c y open}. 

C.5.6 Convention. If nothing else is mentioned, then Homjop(X,y ) is always considered with the compact- 
open topology and any subset H c Homjop(X',y) is considered with the subspace topology which is then 
called the compact-open topology on H. 

C.5.7 Proposition. Let X and Y be topological spaces. If Y is separated, then Homjop(X,y) is also 

separated. 

Proof. This is [Bou07b, chapitre X, §3.4, remarque 1]. □ 

C.5.8 Proposition. Let X be a compact space and let Y be a discrete space. Then Homjop(X,y ) is discrete. 

Proof IfX = and Y e Set, then HomjopC^, Y) = i0) is discrete. If X and Y = 0, then HomjopC^, Y) = 
is also discrete. Now, assume that both X and Y are non-empty. Let / e Homjop(X,y). For each y e Y 
the set {y] is closed in Y because Y is discrete and since / is continuous, Ky - f~^(y) is a closed subset otX 
which implies that Ky is compact. As {y} is also open in Y and f(Ky) c {y}, we conclude that / £ T(Ky,{y}). 
Now, 

X = f-\Y)=\Jf-Hy)= \jKy. 

Since X is compact and non-empty, we can find yi,...,yn £ Y such that X = {J'^^^Ky- and Ky. ^ for all 
j E {1, ...,«}. Let y = n"=i T^iKy^ , {yi}). Since f e TiKyAy)) for all y e Y, we have in particular feV.lfgeV 
is another element, then g e T(,Ky^,{yi}) and as Ky^ ^ 0,we thus have g{Ky^)- {yi) for all i e {!,...,«}. But 
as Ky^ = f~^(yi), this implies f ~ g on Ky. , and &sX - [Jl^-^Ky^ we can conclude that f = g. Hence, V - {f} 
and since V is a finite intersection of elements of the subbase given in C.5.5, it is open. This shows that if] 
is open for each / e Homjop(X,y) and therefore Homjop(X,y) is discrete. □ 

C.5.9 Proposition. Let X,Y and Z be topological spaces and let Y be locally compact. Then the map 

HomTop(X,Y)xHomTop(Y,Z) HomjopC^.Z) 

(U,v) ' ► UOV 

is continuous. 

Proof. This is [Bou07b, chapitre X, §3.4, proposition 9]. □ 

C.5.10 Proposition. The following holds: 

(i) Let X be a topological space and let G be a topological group whose left and right uniform structures 
coincide (confer [Bou07a, chapitre III, §1]). Then Homjop(X,G) is a topological group with respect to 
pointwise multiplication. 

(ii) Let G be a topological group and let A be an abelian topological group. Then YiorajQ,fp{G,A) is a 
topological group. 

Proof. 

(i) It follows from [Bou07b, chapitre X, §1.4, corollaire 2] that Homset(-X',G) is a topological group with 
respect to the topology of compact convergence and so the subgroup Homjop(X,G) c Homset(-X^>G) is a 
topological group with respect to the topology of compact convergence. Since G is a uniform space, it follows 
from [Bou07b, chapitre X, §3.4, theoreme 2] that the topology of compact convergence on Homjop(X,G) 
coincides with the compact-open topology. Consequently, Homjop(X,G) is a topological group with respect 
to the compact-open topology. 

(ii) As A is abelian, the left and right uniform structures on A coincide and therefore Homjop(G,A) is a 
topological group by (i). Hence, the subgroup HomjGrp(G,A) of Homjop(G,A) is also a topological group. □ 
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C.5.11 Proposition. Let A be an abelian topological group and consider Z as a topological group with 
respect to the discrete topology. Then the map 

0:HomTGrp(Z,^) ^ ^ 

/ — /(I) 

is an isomorphism of topological groups. 

Proof. It is easy to verify that <1) is an isomorphism of abstract groups and so it remains to verify that 4> is 
a homeomorphism. For e Z the k-\h power map jUj, : A — > A is continuous by A.2.5. Let i?^ be a compact 
subset of Z and let U be an open subset of A. Since Z is discrete, we have K-{xi,..., Then 

T(ir, U) n HomTGrp(Z, A) = i/ | / e HomjGrpCZ, A) a (V i e {1, . . . e U)] 

= n {/ I / e HomTGrp(Z, A) a f(xi) e f/} = f] {/ I / e HomTGrp(Z, A) a h^. (f (1)) e U} 

n {/ I / e HomTGrp(Z, A) a /(I) e M^^t/)} 

and therefore 

a)(T(i:,f/)nHomTGrp(Z,A)) = t^'xl^^). 

i=l 

As /i/fe is continuous for all k eZ, the sets ril^^^fix^iU) are open in A and as T(i^,i7)nHomjGrp(Z,A) is a 
general element of the subbase of the compact-open topology on HomjGrp(Z,A), we conclude that O is an 
open map. But choosing K = {!}, we also get 

4)(T({1}, U) n HomTGrp(Z, A)) = ii^\U) = U 

and therefore 

0-\U) = T({1},U) n HomTGrp(Z, A) 
showing that O is continuous. Hence, O is a homeomorphism. □ 
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